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Abstract

We study approximate reasoning about continuous-state
labeled Markov processes. We show how to approximate a
labeled Markov process by a family of finite-statelabeled
Markov chains. We show that the collection of labeled
Markov processes carries a Polish space structure with a
countabl e basis given by finite state Markov chainswith ra-
tional probabilities. The primary technical tools that we
develop to reach these results are

e A finiteemodel theorem for the modal logic used to
characterize bisimulation

e A categorical equivalence between the category of
Markov processes (with simulation morphisms) with
the w-continuous dcpo Proc, defined as the so-
lution of the recursive domain equation Proc =

HLabels PPI'Ob (PI‘OC)]‘,

The correspondence between |abel ed Markov processes and
Proc yields a logic complete for reasoning about simula-
tion for continuous-state processes.
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fields of physics, economics and computer science. Exam-
ples of such systems are brownian motion, gas diffusion,
population growth models and changes in stock prices. In
order to come t@omputational grips with such systems one
needs a notion of discrete approximation. The purpose of
this paper is to studjnteracting versions of such general
Markov processes from the point of view of approximation.

Continuous time Markov processes arise naturally in per-
formance modeling of computer systems.

Example 1.1 A system resource scheduler may be modeled
asaqueud 33] —a Markov processin which jobs comein,
and are processed by a server. Therate at which jobsarrive
(or their inter-arrival times) and the rate at which they are
serviced are given by various distributions.

The next example shows that continuous state systems
arise in even superficially discrete paradigms.

Example 1.2 Consider a probabilistic process algebra
with recursion. The natural model of a probabilistic pro-
cess with recursion may have uncountably many states. For
instance consider the process P = a.P +10.P, where the
probabilistic choice operator takes either branch with equal
probability. This process produces a uniform distribution
over all infinite strings of a’sand b’s, so a continuous state
spaceisinevitable.

The next example comes from a real-life situation (currently

Markov processes with continuous state spaces or conunder study by one of the authors in collaboration with an
tinuous time evolutions (or both) arise naturally in several avionics software company) and shows the importance of
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1 Pp.on (D) is the probabilistic powerdomain [28]

concurrency and verification.

Example 1.3 Consider the flight management system
(FMS) of an aircraft. The FMSis responsible for periodi-
cally monitoring the state of the aircraft—the altitude, wind
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speed, direction, roll, yaw etc. It also monitors navigational
data from satellites and makes corrections, as needed, by
issuing commands to the engines and the wing flaps. The
physical systemis a complex continuous real-time stochas-
tic system; stochastic because the response of the physi-
cal systemto commands cannot be completely deterministic
and also because of unexpected situations like turbulence.
From the point of view of the FMS, however, the system is
a discrete-time continuous-space system with the time unit
being the sampling rate. Furthermore the system will have
to react to inputs from the pilots, who may change the flight
planin mid-flight.

Example 1.4 The fundamental example of a continuous
stochastic systemis brownian motion. Thiswas observed by
Brown in 1827 and studied systematically by Einstein [ 20],
Smoluchowski [46] and others. The basic phenomenon
that Brown observed is that grains of pollen moved in an
apparently random fashion in the air as a result of colli-
sions with air molecules. Mathematically, one can think
of a stochastic process as a “ random variable extended in
time” The stochastic process underlying brownian motion
is the Weiner process 1W: a function from reals (represent-
ing time) to random variables satisfying:

e In the performance modeling example, we want to

know the expected length of time a job will need to
wait, the average number of jobs in the queue, the
probability that the number of jobs in the queue ex-
ceeds a certain number, the expected fraction of time
that the server is busy—these numbers guide decisions
on the amount of resource needed, resource bottle-
necks etc.

In the process algebra example, we are interested in
computing various conditional probabilities relating
occurrences of events, for example see [23]. Recur-
sion forces us to use measure-theoretic apparatus such
as the Radon-Nikodym theorem for this purpose.

In the FMS example we would want to know average
response times of components, drift probabilities and
large deviation bounds.

In the Wiener process example, we wish to know prop-
erties like the distribution of times whéiv (¢t) > ¢,

the asymptotic distribution, if a steady state asymptotic
distribution exists, and the distribution after a certain
time.

e Gaussianproperty: W(t1),... ,W(t,) isamultivari-
ate normal distribution;

e W(t+s)—W(s)hasanormal distributionwith mean
0 and variance proportional to ¢;

o W(t+s)—W/(s)isindependentof W (¢'+s")—W(s')
whenever s’ >t + s;

An important reason for the focus on “quantitative” rather
than “logical” properties for observations is the incoherence
between the notions of approximation and logical reason-
ing. In section 3.4, we present an example of a continuous
state systenP, a logical formulag and a chain of finite
state approximants tB such that

e ¢ is satisfied infinitely often in the approximating se-

¢ the sample paths of W' can be chosen to be continuous
quence.

with probability 1.

This mathematical model is the starting point of many
stochastic systems; see the book “ Sochastic Differential
Equations’ by @ksendal [41] for a survey.

e ¢ is invalidated infinitely often in the approximating
sequence.

The problem is that with a two-valued logic one has to
In a series of previous papers [7, 13] we studied Markov make a sharp decision whereas, in general, approxima-

processes with continuous state spaces, caiéetal la- tion schemes approach the correct answer in an incremental
beled Markov processes or PLMPs. We gave a definition  fashion. If one uses approximation techniques to determine
of bisimulation betweeL MPs, and gave a logical char-  the result of a boolean answer one will not be able to tell
acterization of this bisimulation. We have also explored the when the approximation has converged. This general kind
expressiveness and semantics of probabilistic programmingf example of the subtle interaction between approximation
languages with continuous state spaces [23]. In this papernd logic leads us to revisit Kozen’s seminal ideas on logics
our aim is to establish the foundations of computing with in the context of probability [34, 35]—moving from truth
these processes, with the aim of computing approximationsyalued boolean functions to real valued measurable func-
to the observations that one makes on continuous stochastigions. In this viewpoint, the notion of approximation ac-
systems. quires a precise quantitative character — we are demanding

the result of an observation (e.g. an integral) within some
Observations What are the observations of interest in error bound. In this world-view, the wild instability of log-
such systems? At the outset we wish to emphasize the imdical reasoning (as shown by the example in section 3.4) in
portance of quantitative properties and the need for tech-the context of approximationsis replaced by the more stable
nigues to compute these quantities. decrease in the permitted erkor
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Our results.  Our main result is a systematic approxima- SinceProc is a (compactl-continuous dcpo, a standard
tion scheme for labeled Markov processes. We have esseneonstruction (its Lawson topology) yields a Polish space in-
tially given the collection of labeled Markov processes the ducing the required Polish space structur@om P. More-
kind of structure enjoyed by the real numbers, namely thatover, the equivalenceBLMP ~ Proc can also be viewed
there is a countable collection of elements, the rationals,as a full abstraction result relating an operational model
which approximate all the elements and determine the be-(PLMP) and a denotational moddPgoc).

havior of all continuous functions. Our primary technical
result is:

The set oPL MPs is a Polish spaéevith a count-
able dense subset given by finite ratioRbM Ps.

This shows that finite ration&L M Ps can be used to ap-
proximate anyPL M P— we provide a construction of these
finite approximants for anPLMP. Furthermore, our ap-
proximation results allow us to approximate integrals of
continuous functions by computing them on finite rational
PL M Ps, using standard techniques such as:

e Parthasarathy[42] shows that the space of all measures
on a Polish spacd is itself a Polish space. Further-
more, the set of measures, whose supports are finite
subsets of the countable set dens&inis itself dense
in the space of measures. Finally,f, — u, then
J fdpn, — [ fdu for all bounded continuous func-
tions f.

e Edalat [16, 17, 19, 18] has exploited domain theo-
retic methods to defing-integration and show thdt-
integrability w.r.t. a bounded Borel measure extends
Riemann integrability to compact metric spaces. The
R-integral of f with respect to measuye is approxi-
mated by the sums gfwrt simple valuations less than

.

These two ways of approximating integrals can both be used
by us since we have shown that we have a (compact) Polish

The proof of this result breaks up naturally into two
parts:

e We develop the notion of “ finite ” approximants to a

PLMP and analyze the logical properties of the set of
“finite” approximants to &L M P. For anyPLMP, we
explicitly provide a (countable) sequence of approxi-
mants to it such that:

1. For every logical property satisfied by a process,
there is a element of the chain that also satisfies the

property.

2. The sequence is a chain in the simulation ordering.

The key technical tools in this development are the log-
ical characterization of bisimulation [13] and a con-
struction (in Section 3) of a class of approximants.

We perform an analysis dProc in the spirit of “A
domain equation for bisimulation” [1]. In particular,
we show that there is a perfect match between simu-
lation/bisimulation on the one hand and the partial or-
der/equality inProc on the other hand. The key tech-
nical tool in this development is showing that a variant
of the logic of [13] is the “internal” logic oProc.

Some new and interesting consequences of the

space oPLMPs. However, the results of the present paper equivalence are:

do notuse the results of Edalat or Parthasarathy.

The route to our results is based first on the observation
that the category odPLMPs is a natural “timed” extension
of the pose(]0, 1], <). Since the usual Polish space struc-
ture of [0, 1] is recovered from the posft, 1] by the Law-
son topology, we study the domain theoretic structure of
PLMPs. Indeed, we establish the following equivalence of
categories:

PLMP ~ Proc

Summary of paper

wherePLMP is the category with objecL M Ps and with

e The equivalence endowBLMP with least upper

bounds ofu-chains (wrt the simulation ordering). This
shows thaPL M P can be used as the target of interpre-
tation of a syntax that includes recursion.

e The internal logic ofProc is a logic complete for rea-

soning about simulation ¢?L M Ps.

In Section 2 we recall background

morphisms simulations; ar#lroc is the solution to the re-
cursive domain equation

Proc ~ H Prrob(Proc).

Labels

2A Polish space is a topological space underlying a complete separable

metric space.

material on labeled Markov processes. Section 3 devel-
ops the class of approximants, and studies its properties. In
section 4, we analyze the solution of the recursive domain
equationD ~ ;¢ apel s Prrob(D). Finally, in section 5 we
prove the equivalenceBLMP ~ Proc. In section 6, we
place our work in the context of extant research.

In this extended abstract, we omit all proofs.
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2. Background: Labeled Markov Processes Example 2.3 (From[14]) Consider a process with two la-
bels {a,b}. The state space is the real plaiR®. When
In this section we recapitulate the definitions of labeled the process makes anmove from statez, yo), it jumps
Markov processes from [14, 7]. However, the presenta-to (z,yo), Where the probability distribution far is given
tion of bisimulation has been reformulated in a more re- by the densit;l(ae—a(w—wo)z, whereK, = \/a/m. When
lational style very close to the original definition of Larsen it makes ab-move it jumps from statéxo, o) to (zo,y),
and Skou [36]. We assume that the reader is familiar with where the distribution of; is given by the density func-
process algebra and labeled transition systems [40] and theion Kﬁefﬁ(yfyo)z_ Thus the probability of jumping from
concept of bisimulation in the nonprobabilistic setting. (z0,10) to a state withz-coordinate in the intervak, t] un-
Labeled Markov processes are probabilistic versions of ger ana-move istt K, e~(=70)? 4. Note that the prob-
labeled transition systems. For each label there is a transiypjjity of jumping to any given point is, of course, In

tion probability distribution which gives the probability dis-  thjs process the interaction with the environment controls
tribution of the possible final states given the initial state. yhether the jump is along theaxis or along the-axis but
This is the “reactive” model due to Larsen and Skou [36] the actual extent of the jump is governed by a probability

who used it in a discrete state-space setting. We extendegjistribution. If there were just a single label we would have
this to continuous-state systems, thus forcing our formalism g, ordinary (time-independent) Markov process.

to be couched in measure-theoretic terms. For instance, we
cannot ask for the transition probability to any set of states
— we need to restrict ourselves to measurable sets. In factExample 2.4 We first show how to “label” states with val-
we need to assume that the state space has an analytic spages.

structure — these generalize Polish spaces. However, in
this paper we focus on more combinatorial issues and sup-
press some of the finer points of measure theory, see [14]

Our second example is from queuing theory.

e To label states with an integem, add a self loop la-
beledf, to s by defining a transition;, (s, X) = 1 if
s € X, 0 otherwise.

for details.

A key ingredient in the theory is thiansition proba- e To labels with a real number, add self loops labeled
bility function (also called stochastic kernel [21] or Markov d, on s for all rationalg < r, and self-loops labeled
kernel [35]). e, for all rationalg > r. Thus the value on stateis
Definition 2.1 A transition (sub-)probability function on inf{q | 7e,(s,5) > 0} = sup{q | 7q,(s,5) > 0}.
ameasurable space (S, X) isafunctiont : S x ¥ — [0,1] Now, consider a process that is a single queue with
such that for each fixed s € S, the set function 7(s, ) isa countably many buffers. The process is modeled as a
(sub-)probability measure, and for each fixed X € ¥ the PLMP. The state set i x R. Intuitively, the first number
function (-, X') isa measurable function. will represent the number of buffers filled and the second

will represent the length of time to be spent in this state.
Each staték, ¢t) has a transition labeledto stategk +
1,t),andifk > 0,to (k —1,t'). The probabilities on these
are given by the arrival and departure probabilities for the
b_queue — for example fok/ /M /1 queues these are given
by exponential distributions. Besides these, we label each
state withk andt, as described above.

One interpretsr(s, X) as the probability of the process
starting in states making a transition into one of the states
in X. We will work with sub-probability functions; i.e.
with functions wherer (s, S) < 1 rather thanr(s, S) = 1.
We view processes where the transition functions are su
probabilities as beingartially defined, opening the way for

a notion of approximation.

— . ) The next example is from stochastic process theory.
Definition 2.2 A partial labeled Markov process S with la-

bel set A isastructure (S,i, %, {7, | a € A}), where S is Example 2.5 We represent a Wiener process with déift

the set of states forming an analytic space, 7 is the initial The set of states iR, with the usuab-algebra. The start
state, and ¥ is the Borel o-field on S, and state is0. For every rationalf > 0 we have a labet,,
and for every state we have am,, labeled transition whose
Yae Ay, : S x X ——[0,1] probability distribution is normal, with meart- C x ¢ and

varianceg. Each state is also labeled with its real number,

Is a transition sub-probability function. as described above. Each labglintuitively represents the

We will fix the label set to be4 once and for all and will ~ Passage of time units. Now we can check that this process

write (S, i, £, 7) for partial labeled Markov processes. Also  satisfies the Kolmogorov consistency conditions [41, p.9],

we will just say labeled Markov process rather thpantial so it corresponds to the continuous time Wiener process—

labeled Markov process. the a, correspond to rational time observations of the un-
We give a few examples to illustrate the ideas. derlying continuous process.
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2.1. Bismulation and Logic Definition 2.8 Let S = (S,i,%,7) be a labeled Markov

process. A reflexive and transitive relation (a preorder) R

The fundamental process equivalence that we consider ison S is a simulation if whenever sRs’, with s, s’ € S, we

strong probabilistic bisimulation or just “bisimulation” for have that for all a € A and every R-closed measurable set
the present paper. Our definition is adapted from the defini-A € ¥, 7,(s, A) < 7,(s', 4).

tion given by Larsen and Skou [36], with extra conditionsto R is a strict ssimulation if there isan ¢ > 0 such that

deal with measure-theoretic issues. Probabilistic bisimula-for all R-closed A € 3, we have 7, (s, A) < 7,(s', A) — €

tion means matching the moves and probabiliéegtly— whenever 0 < 7,(s', A). We say s is simulated (strictly
thus each system must be able to make the same transitionsmulated) by s’ if sRs’ for some simulation (resp. strict
with the same probabilities as the other. simulation) relation R.

Let R be abinaryrelationona sét We say asek C S
is R-closed if R(X) 4 {t|3s € X,sRt} is a subset of
X. If R is reflexive, this becomeR(X) = X. If Ris
an equivalence relation, a setisclosed iff it is a union of
equivalence classes.

Note that strict simulation is quite stringent and the require-
ment is really something that is commonly found only with
finite-state processes.

The notion of simulation meshes properly with the logic
in the sense of the following proposition. Later in this paper,
Definition 2.6 Let S = (S5,4,%,7) be a labeled Markov we prove its converse.
process. An equivalencerelation R on S is a bismulation
if whenever sRs', with s, s’ € S, wehavethat for all a € A
and every R-closed measurable set X € X, 7,(s,X) =
7a(s', X). Two states are bisimilar if they arerelated by a  Although £ is enough to characterize bisimulation, char-
bisimulation relation. acterization of simulation needs (finite) disjunction — the
The intuition of this definition is that the relatioR relates  Tull paper contains an example to illustrate this. Notice
those states that can be “lumped” together. Bisimulation that sinceL has no negation, the logical characterization
is the largest such relation. Bisimulation is an equivalence Of Pisimulation implies that two-way simulation is bisimu-
relation [14, 11]. lation.

The logicL has the following syntax:

T| o1 Aoga|(a),d

wherea is a label and; is a rational number. This is the In this section we develop the basic approximation re-
basic logic with which we establish the logical characteri- sult — for any labeled Markov process we build a chain
zation. In later sections we will work with this logic aug- (in the strict simulation ordering) dfnite acyclic labeled
mented with disjunctionf: Markov processes (FAMPs — finite-state processes with
acyclic transition graphs))S; } such that:

Proposition 2.9 If s is simulated by s’, then for all formu-
las¢ € Ly, s |E= ¢ impliess’ = ¢.

3. Approximations and Finite Models

L] 1V .
Given aPLMP S = (S, i, %, 7) we writes |= ¢ to mean 1. For any formulab sgti;fied byS ,thereis an such that
that the state satisfies the formula. The definition of the S; satisfiesp — this is a finite model theorem since

it gives finite models for any formula satisfied by the

relation= is given by induction on formulas. The definition i i
system being approximated.

is obvious for the propositional constantconjunction and
disjunction. We say |= (a),¢ iff 3X € .(Vs' € X.§' = 2. S; is simulated byS, for all .

) A (1a(s, X) > q). We write [¢]s for the set{s € S |

s E ¢}, andS E ¢ if i = ¢. We often omit the subscript ~ Finally, we also present the example that illustrates the sub-
on [¢#]s when no confusion can arise. The main theorem tleties of logical reasoning in the presence of approxima-
relating£ and bisimulation is the following [13, 14]. tions.

Theorem 2.7 Let (S,4, %, 7) be alabeled Markov process.
Two states s, s’ € S are bismilar iff they satisfy the same
formulas of L.

3.1. Finite-state approximation

The key tool in our analysis is the construction of some
The notion of simulation is the natural unidirectional ver- approximants via an “unfolding” construction. There are
sion of the definition of bisimulation. We also introduce a two parameters to the approximation, one is a natural num-
concept calledstrict simulation which will correspond to  bern, and the other is a positive rational The number
the “way-below” relation. Our definition of simulation fol-  gives the number of successive transitions possible from the
lows [12]. start state. The numbemeasures the accuracy with which
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the probabilities approximate the transition probabilities of Proof (Outlined). The proofis by induction on the structure

the original process.

Given a labeled Markov process= (S,i,%, 1), anin-
tegern and a rational number> 0, we defineS(n, ¢) to be
ann-step unfolding approximation &. Its state-space is
divided inton + 1 levels which are numberéd1,... n. A
state is a pai(X,!) whereX € ¥ andl € {0,1,...,n}. At
each level, the sets that define states form a partitiorbof
The initial state ofS(n, €) is at leveln and transitions only

occur between a state of one level to a state of one lower

level. Thus, in particular, states of lev@have no outgo-

ing transitions. In the following we omit the curly brackets

around singletons.

Definition 3.1 Let (S,7,%,7) be a labeled Markov pro-
cess, n € N and € a positive rational. e denote the finite-
state approximation by S(n,e) = (P, p,p) where P is a
subset of £ x {0, ... ,n}. Forn € Nande > 0,S(n, €) has
n + 1 levels. Sates are defined by induction on their level.
Level 0 hasonestate (.S, 0). Now, given the setsfromlevel 7,
we define states of level [ 4 1 asfollows. Supposethat there
arem statesat level [, thenlet (B;) jer stand for the follow-
ing partition of [0,1]: {{0}, (0,e/m], (¢/m,2¢/m],...}.
Sates of level [ + 1 are obtained by the partition of S that
is generated by the sets 7, (-, ')~ (B;), for (C,1) a state at
level I and every label a € {ay,...,a,}. Thus ifaset X
isinthispartition of S, (X,l + 1) isa state of level [ + 1.
Transitions can happen from a state of level [ + 1 to a state
of level [, and the transition probability function is given by

ifk=101+1,
0 otherwise.

mMX$%wJ»:{£§m@B»

The initial state p of S(n, €) is the unique state (X, n)
suchthati € X.

Suppose thaB = UB;, is a (finite) union of sets at the
same level (i.e.(B;,l) € S(n,¢€)). We write (B,1) in-
stead of{(By,!), (B»,1),ldots, (By,1)}. In this situation,
we have that

Pal(X,141),(B,D) = 5 pa(X, 1+ 1), (B, 1),
jerI

since sets at the same level form a partitions € S, we
denote by( X, 1) the unique state (at levél such thats €
X,.

It turns out that every stateX, [) in S(n, €) is simulated
in S by every states € X. The next theorem is the main
result of this section.

Theorem 3.2 If a state s € S satisfies a formula ¢ €
Ly, then there is some approximation S(n,¢€) such that

(Xs,n) = ¢.

of formulas. Letdepth(¢) be the maximum nesting level
of modal operators i. We prove that for all formulag
and everyl > depth(¢) there is an increasing sequence
(Xn)n> Of sets inX which satisfy:

(i) Un>1Xn =[9]s;

(i) H(C],l) € S(n,1/2™),j
Cjn>1,

=1,...,m,suchthatX,, =
J 1
(iii) the stateq(C},1) satisfy¢ in S(n,1/2").

This implies the stated theorem. [ |

Itis possible to explicitly reconstruct the original process
from the approximants. See the full paper for details.

3.2. Example

We compute a few approximations of a simple continu-
ous process (Figure 1). States are from the st} U[0, 3],
the initial state isl and transitions are as follows:

e Letz €[0,1],0<y <1

pa(z,[0,y)) = 254,
pa(l‘,{l}) = 14$7
pa(z,(1,1+y]) =4,
pa(, (2,2 +y]) = 7,

e if z € (1,2], pa(z,s) =1.
o if x €(2,3], pp(z,t) =1.

Figure 1. A simple continuous process

Let us compute the approximatidf(2,1/2). At level
0, we have stat€S,0). At level 1, we partitionS ac-
cording to the partition of0, 1] into intervals of sizel /2:

{{01,(0.1/2], (1/2,1]}, If 2 € [0,1], thenp,(z,S) =
4 1= g 1 +4—3 342 hence
=0 if oz ¢[0,2]
Pa (@, ){ €(1/2,1 if ze€]0,2]
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and 3.3. A countablebasisfor labeled M ar kov processes

pb(a:,S):{ 0 if 5¢(23]

1 if ze(23] The space of all labeled Markov processes appears too

This yields, for level 1, the sef6, 2], (2, 3] and{s, t}. The large to be used in a computational way. In fact this space
transitions are as in the following picture which represents has a countable subset which serves to approximate all la-
the approximatios (1, 1/2). beled Markov processes. For brevity, in this section, we will
just say “rational tree” when we mean a finite-state process
(S,0) with a tree-like transition graph and rational transition prob-
abilities.
a[3/4]] \
Lemma 3.3 Let 7 be a rational tree that is strictly simu-
(0,2,1)  ((2,3,1) ({st},1) lated by a labeled Markov process S. Then thereiis a finite

approximation S(n, €) strictly simulating 7.
The initial state is([0,2],1) and satisfies the formula
(a)),_ T, foralle > 0. The following theorem shows that rational trees that are
Now for level two ofS(2,1/2), we must consider the strictly simulated by a process form a directed set, estab-
partition of[0, 1] into intervals of sizel /2 x 1/3 since there  lishing one of the properties needed to show that labeled

are3 states at level. Markov processes form a continuous domain.
pa(z, {s,t}) = { 0 if zg(1,2] Theorem 3.4 Let 7 and 7" be two rational trees that are
i Lot ze(1,2] strictly simulated by a labeled Markov process S. Then
po(@, {5, 1)) = { 0 if z¢(23] thereis a rational tree which is strictly simulated by S and
1 if ze(23] also strictly simulates both 7 and 7.
Now for z € [0, 1], we have . . .
v €[0.1] 3.4. Incoherence of logictapproximation: An ex-
_ses o [ (4/6,5/6), z€0,1/3] ample
o090 = 2 e { G0 220
po(2,]0,3]) =0 We consider the logidCTL* [3], used for defining
pa(z,[0,2]) = == 7 =3/4 probabilistic properties on Markov processes. State a
palz, (2,3) = £ € (0,1/6] if z€(0,2/3] if sis labeleds. A sequence of states= (sg, s1,...) sat-
TS 4 (1/6,2/6] if ze(2/3,1], i i _ o
isfies X4 if s1 = 4. A measure is imposed on the set of

sequences that start from a state, in the usual way. A state
Pr- . if the measure of all sequences which start
the state and satisfy is greater thar. We consider
thePCTL* property

The sets formed by unions of the §et ¢} with other sets of
level one are not useful and we ignore them. Thus the SEtSTrom
constituting the partition of at level 2 are{0}, (0,1/3],

(1/3,2/3], (2/3,1], (1,2], (2, 3], {s,t}. Transitions are il-

lustrated in the following picture, where we omit the levels. ¢ = Proi X ((PrsosXa) V (Pr<o»Xb))

In order not to clutter up the picture, we have not labeled = ' '

the dotted lines that representransitions with probability Suppose we want to check = ¢ on the following
3/4. PLMP P: its state set igs} U [0,1] U [0,1]2. There is

a transition froms to [0, 1], with uniform probability. Also

Vz € [0, 1], there is a transition from to {z} x [0, 1] with

3/4] uniform probability. Furthermore, state,y) € [0,1]% is

0,2 ~7 N (2,3] (5.1} !abeleda if y > .0.8 — 0.2z. Also, (x,y)',ylg 0.2+ 0.2z

S AN ald] g A ’ is labeledb. It is easy to see that this isRLMP, and
/ Ta[%] % T,, thats |= ¢ — for all statesz € (0,1], we have that

51 Sl el g x = Prsg.oXa.

0y 0,3 3 G G2 23 (st} Now consider the finite approximations 1 given in-
tuitively by partitioning[0, 1] with a finite grid (see figure

The initial state is((2/3,1],2) and satisfies the following  2). Each rectangle in the grid is a state, and is labeléd

formulas: all states in it are labeled in P, and similarly forb. The
(@) _ T, (a)3/s_(a)oT,and{a), 5_(b), T Wheree > 0. grid also partitions the-axis, and each interval on it cor-
Note that the sefl, 2] will never be splitin any approxima-  responds to a state also. Each such interval has transitions
tions, since it contains only bisimilar states. to the rectangles directly above it, with probability given by
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Figure 2. (a) 4 successive grids, showing how further refinement can toggle the status of a property.
The states labeled a and b are shaded. (b) The finite PLMP corresponding to the second grid.

the height of the rectangle. The start state has a transition tanain of processes will be constructed by solving a recur-

each interval state, with probability given by the size of the sive domain equation giving a dcpo very close, in spirit, to

interval. It is easy to check that each grid induces a finite the domain of synchronization trees constructed by Abram-

approximation taP. sky [1]. Finally, we show that simulation in the domain is
Consider the first grid — we have a state labdlednd characterized by, .

thus the right interval does not satisRr—¢..Xb, so the

propertye is not satisfied. However refining the grid further 4.1, Background

by adding the liney = 0.7 makesPr~.( > X a be true of this

state, so the property is satisfied. Continuing in this way, A partial order is a dcpo, if it is closed under limits of

if at the 2n’th stage we add the lines = 27" andy = gjiracted sets. We will only consider dcpos with a bottom
0.2(1+27"), the property is violated, butat tfién + 1)t glement) < z, if for all directed setsS such that: C | | S,
stage if we add = 0.2(4 — 27"), the property is satisfied. 3s; € S) b C s;. AdcpoD is continuous, if for all € D,
Note that these are not approximants that are producedy,q set{b | b < d} is directed and has Iulh. A dcpoD is
by our concrete construction. If one carries out that con- ,_ontinuous, if there is a countable subSetuch that for
struction on this example one will see a different anomaly. 5 7 ¢ p. the set{b € S| b < d} is directed and has lub
The formulag is never true in the approximants though it ; g,ch a ses is called a basis.
is true for the system being approximated. Thus there is Definebf < {z]b < z} and(b)t 4 {z|bC z}. The
a failure on continuity even with the approximants that we g, topology on a dcp®, written o(D), consists of all
have constructed. The message is that one cannot sensiblyq 7 satisfying(U)t = U and for all directed set§ C D,
approximately reason about the truth of formulas. Our mea-g ., S ¢ U impliesS N U # . In anyw-continuous dcpo,
surable functions approach allows one to speak of coming{bﬂ | b€ basis forD} is a base for the Scott topology.

closer and closer to the truth. A valuationv on a dcpoD is a monotone and contin-
) uous function from(c (D), C) to ([0, 1], <) that satisfies:
4. A domain of processes VU,V € o(D) v(UUV)=vU) +v(V)—-vUNV)).
For anyz € D, the point valuation),(U) = 1if z € U,
So far we have defined processes in terms of standard) otherwise. The probabilistic powerdomain Bf written
concepts of probability theory. In this section we describe Pr..(D), is the set of all valuations o ordered point-
how to view the collection of processes as a dcpo. The do-wise.
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Definition 4.1 The probabilistic powerdomain of D is the Definition 4.6 7,(p, U) 4 p(a)(U) for p € Proc, and U

set of all valuationson D ordered by v C p & (YU € a Scott-open set in Proc.

a(D)) [v(U) < u(U)]. o _ _ _
Definition 4.7 An equivalence relation R on Proc, is a

If D is w-continuous, so i¥.qn (D) with a countable base  gomain-bisimulation if: sRt implies that for all labels a,

given by valuations of the formry x 1,1 + ... + ry X and all Scott-open R-closed C, s(a)(C) = t(a)(C). We

1.n Wherer; are rationals. There is a unique extension of gy that s is domain-bisimilar to ¢ if there exists a domain-
valuations to measures on the Borel sets associated with thjgmylation R such that sR+.

Scott topology [44, 28, 2, 37].
The Lawson topology on a dcpb, written A(D), is Domain-bisimulation is an equivalence relation.
generated by the badé \ (F)t, whereU € (D), and
F is a finite subset ofD. In any w-continuous dcpo, a
countable base for the Lawson topology is given{bf \
({b1,... ,bp})1 | b,b; € abasis forD}. Forw-continuous

Definition 4.8 A preorder R on Proc is a domain-
simulation if sRt impliesthat for all labelsa, and all Scott-
open R-closed sets C, s(a)(C) < t(a)(C).

dcposD, the Borel algebra generated hyD) is the same Domain-simulation is a preorder. Considéy inter-
as that generated_by(D). The Lawson 'Fopology ow- preted ovelProc.

continuous dcpos is separable and metrizable. In the case

that the Lawson topology is also compact, we get a Polish pl=T

space fotw-continuous dcpos. The following result [32] re- PEGL APy ifpE P andp |= ¢

lates Scott compactness and Lawson closedness. PpEO Vo ifp=o¢iorplE ¢

= if >
Lemma4.2 In a w-continuous dcpo, every Scott-compact Pl (a)ng p(@)lg] >

upper set .A is Lawson closed and is expressible as the where[¢] = {p | p E #}. [4] is a Scott-open subset of
countabl e intersection of Scott open sets. Proc. Using lemma 4.8 of [28]:

We use this lemma and the fact that all measures on metriq_emma 4.9 The following are equivalent;
spaces are regular to characterize the ordering relation on

valuations of a lawson compakbx 1 pCy,
Lemma4.3 If \(D) iscompact, Yv1, v5 € Ppron(D): 2. pissimulated by g,
o 11 C vy = (Vupper A)[ri(A4) < va(A4)] 3. pF ¢impliesq = ¢.

e (V Lawson closed upper A)[v1(4) < va(A)] = 1 C Corollary 4.10 p is domain-bisimilar to ¢ iff p = ¢ iff
Vo] Vo eLy)pEF o ql=¢.

Lawson compactness is stable under inverse limits:

5. Relating Proc and LMP
Lemma4.4 (A.Jung) w-continuous Lawson compact

dcpo’sare closed under inverse limits. In the preceding sections we have developed the theory
of probabilistic processes from two points of view. Now,
4.2. Thedomain Proc we connect these viewpoints. In this section, we [gs¢

for the domain-theoretic notion of satisfaction gad; for
We fix a (countable) sefabels of labels and use the thePLMP concept of satisfaction.
Jones-Plotkin probabilistic powerdomain [29, 28]. For no-
tational convenience, we writabels — D for the product ~ From Proc to LMP. Letp be an element in the proba-
H D. Processes are given by the recursive domain equadbilistic powerdomairProc. Consider the putative labeled

Labels Markov process{, = (|Proc|,p,7,) where we are con-
tion: sidering the elements @roc under the Lawson topology
Proc = Labels — Pprop(Proc). (yielding a Polish space) [38], and is given by the unique

extension of valuations to measures on the Borel sets as-
sociated with the Lawson topology. Using the fact that

Proposition 4.5 The above domain equation can be solved 7a(., U) is upper semicontinuous for each Scott-opgnve

in the category of w-continuous, Lawson-compact dcpos. prove thatr, (., E) is a measurable function for measurable
E C |Proc|. This make3d{ = (|Proc|,p,7,) a labeled

First, we define some rudimentary transition probabilities. Markov process such th&Vo) [p Ep ¢ & U Em ¢)].

We will write C for the partial order in the domain.
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Furthermore, using lemma 4.3, we show thabrder on
Proc is a simulation between the corresponding labeled
Markov processes. Overall, this construction yields a 1-1

functor[[-]]lf,';/lopc : Proc — LMP.

From LMP to Proc. By induction on the height of the
DAG, we can map any finite acyclic labeled Markov pro-
cesses (FAMPP to ap € Proc such that for any formula
¢ PEM¢ < pFED ¢

For generaPLMPs S, section 3 yielded us a family of
FAMP’s that are increasing in the simulation order. This
chain of FAMP’s when embeddedProc yields a chain in
Proc, and we defin@S]]lL)If/loF? = pas the lub of this chain.
In combination with the results from section 3, we deduce

thatp Ep ¢ <= S Ewum ¢. Overall, this construction
Proc

yields a functorf-]{ \i5 : LMP — Proc.
Theorem 5.1 [-]5MP [[-]]B\‘;lopc form an equivalence be-

l?roc’
roc.

Combined with the completeness df, for domain-
simulation, we get:

tween LMP and

Corollary 5.2 L\, givesalogical characterization of simu-
lationin LMP.

6. Conclusions and Related Wor k

The present paper exploits the remarkable interplay be-
tween measure theory and domain theory to yield a theory
of approximation for probabilistic processes. On the one
hand, we need our earlier results on the logical characteri-
zation of bisimulation to set up the correspondence. On the

chains to the underlying Petri net model. Probabilistic ex-
tensions of IO Automata [45, 49] have also been developed.

By and large, the above work focuses on discrete state
systems. An early investigation into continuous state spaces
was by deVink and Rutten [10]. While their work applies
only to ultrametric spaces, it should be interesting to ex-
plore whether their coalgebraic approach can be extended
to ordinary metric spaces such as the reals.

Most work on continuous-time systems has focused on
discrete-space continuous time systems of the sort one
sees in queuing theory. The pioneering work is by Jane
Hillston [27] on developing a process algebra for perfor-
mance evaluation, using a variant of bisimulation for pro-
cess equivalence. We are currently investigating the appli-
cability of our approximation techniques in this area, while
looking at distributions other than the exponential distribu-
tion.

Baier, Katoen and Hermanns [5] have used approximate
reasoning for continuous-time Markov chains for verifying
PCTL* formulas. While they point out the problems in
using approximation for logical reasoning, they do not pro-
vide an explicit example. In terms of the domain theory,
the work of Baier and Kwiatkowska [6] is closest to this pa-
per. They study the solution of a similar recursive domain
equation in a variety of categories. The focus of their pa-
per is the interaction of nondeterminism and probability in
the discrete state-space setting — they do not consider the
issues of continuous state spaces and approximations.

We have already mentioned the relevance of the founda-
tional work of Edalat and of classical measure theory to our
work in the introduction.

In previous work we had developed a theory of metrics
betweenPL M Ps [15] for robust reasoning on probabilis-

other hand, domain theory is crucial to get the completenesdic processes. Intuitively, the metrics of [15] measured the

of the logic for simulation and establish the required Polish
space structure on labeled Markov processes.

The foundational work on the use of probability in se-
mantics is due to Kozen [34, 35] and Saheb-Djahromi [43,
44]. These are concerned with domain theory and pro-

closeness of the probability numbers of processes. The met-
ric distance in this paper is unrelated to the closeness of
probability numbers and have very different convergence
properties, eg. some of the metrics of [15] do not yield Pol-
ish spaces.

gramming languages rather than with process equivalences,

but they both introduced nontrivial measure-theoretic ideas.
Kozen'’s paper [35] introduced a probabilistic dynamic logic
— however our logic derives from the modal logic of Larsen
and Skou [36].

The first paper with an abstract categorical approach to
stochastic processes is by Giry [22], though it did not deal
with process equivalences. The study of the interaction of
probability and nondeterminism, largely in the context of

exact equivalence of probabilistic processes, has been ex

plored extensively using different models of concurrency.
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