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In this note we derive a formula for the positive and negative frequency parts of a solution in 
terms of the Feynman propagator. Our arguments are valid in the presence of particle creation. 
We also derive a formula for an operator /' that gives the particle creation rate. The formalism 
uses complex structures to capture the notion of positive and negative frequencies and thus 
avoids using analyticity arguments. The results obtained clarify the relation between approaches 
to quantum field theory based on the complex structure and approaches in which the propagator 
is the basic object. We will consider only scalar fields for simplicity. 

I. INTRODUCTION 

In this note we derive a formula for the complex struc­
tures associated with a quantum field theory in curved 
space-time. The action of the complex structures as well as 
the action of an operator describing particle creation are giv­
en in terms of the Feynman propagator. In an approach to 
field theory begun by SegaP and by Lichnerowicz/ the com­
plex structure is used to capture the notion of positive and 
negative frequency decompositions of solutions of the wave 
equation. This approach has been extended by Ashtekar and 
Magnon-Ashtekar3.4 and by Kay5 to include particle cre­
ation effects. Unfortunately, their constructions are difficult 
to carry out in practice. The main results of this note is to 
give concrete expressions to their abstractly defined opera­
tors. These formulas allow one to see the relation between 
the approach to field theory of SegaP and Ashtekar and 
Magnon-Ashtekar3.4 based on complex structures and the 
approach of Schwinger, 6 De Witt/ and Rumpf! based on 
Feynman propagators. 

An application of these results would be to check that a 
propagator does define a positive and negative frequency de­
composition. It has become popular to use Euclideaniza­
tion9

•
lo to define a propagator. In this approach the defini­

tions of positive and negative frequencies are not explicit and 
it is of interest to obtain them. This is especially true in cos­
mological space-times where the definition of "early time" 
particle states is physically obscure. 10 

II. DEFINITIONS 

Let M be a globally hyperbolic Lorentzian manifold of 
class C 00 with a C 00 metric gab defined on it. The free, neu­
tral scalar field of mass m is described by the Klein-Gordon 
equation 

(1) 

where 0 is the Laplace-Beltrami operator and the field <p (x) 
is a real function on M. The Cauchy problem for Eq. (1) and 
for data on a space like hypersurface ~ is solved by' 

<p(x) = L{<P(Y)V;D(x,Y)-D(X,y)va<P(Y»)dlTa(Y), (2) 

where d~ is the volume element on ~ and D (x,y) is the dif­
ference between the advanced and retarded Green functions 

ofEq. (1). D (x,y) is skewed in its arguments. Associated with 
solutions ofEq. (1) is a canonical, skewed two-form n called 
the symplectic structure: 

n [<pt(X),<P2(X)] = L (<pt V°<p2 -<P2 V°<Pt )dlTa· (3) 

Because <PI and <P2 are solutions ofEq. (1), n is independent 
of the hypersurface ~. 

The Feynman propagator GF(x,x') is defined as a (dis­
tributional) solution to 

(0 - m2)GF(x,x') = - 8(x,x') , (4) 

which is symmetric in x and x'. To obtain a unique solution 
to Eq. (4) we must of course impose boundary conditions. If 
we have a positive and negative frequency decomposition 
(e.g., static space-times), then we can impose the "causal" 
boundary condition; positive frequencies are propagated 
into the future while negative frequencies are propagated 
into the past. If there is no such canonical decomposition, 
then one is forced to use other procedures which are known 
to be equivalent in flat space-time. II For a discussion of the 
construction of Feynman propagators in curved space-time 
see Ref. 12. 

The Feynman propagator may be written as the sum of 
real and imaginary parts 

GF(x,x') = - !D(x,x') + !ir(x,x') , (5) 

where r is a real symmetric solution to Eq. (1). We will con­
sider the various distributions GF , i5, r, and D to act on 
smooth test functions of compact support and we wiII always 
denote such test functions by f, g, and h. 

When D (x,x') acts on a test functionf, it generates a 
solution of Eq. (1), since D is itself a solution of Eq. (1): 

<Pix) = J D (x,x'}f(x')d7'(x') , (6) 

where d7'(x') is the covariant four volume element. Con­
versely, if we consider a solution <p (x) ofEq. (1) with com­
pact spatial support, we can always find a test function h (x) 
(not unique) such that 

J D (x,x')h (x') d7'(x') = <p (x) . (7) 

To see this consider two spacelike hypersurfaces ~ I and ~2 
with ~I to the past of ~2' Define a new function ~ (x) by 
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setting ~ (x) = ifJ (x) to the futut;.e of I2 and ~ (x)_O to the 
past of II' BetweenI2 and I 1 , ifJ is constructed to be smooth 
and match its values on II and I2 . This can be done in many 
ways and is the source of the nonuniqueness. Finally, set 

h (x) = (0 - m2)~ (x). (8) 

The h (x) defined by Eq. (8) will reproduce ifJ (x) when substi­
tuted back in Eq. (6). This can be shown as follows: Let h (x) 
be obtained from ifJ (x) by the above construction. Then we 
have for Eq. (6) 

ifJ h (x) = f D (x,x')(O' - m2
) ~ (x') dr(x') , (9) 

where the prime on 0 means that it acts on the variable x'. 
We now pick hypersurfaces If in the future and I p in the 
past and integrate Eq. (9) by parts twice over a region bound­
ed by If and..E p' The volume term will vanish since D (x,x') is 
a solution ofEq. (1) and for the boundary term we get 

f I ~ (x')V,QD (x,x') - D (x,x,)v,a~ (x') Jdaa(x'). (10) 
JIJ 
The integral over Ip iJ zero since we set ~ = 0 in the past. In 
the future, however, ifJ (x') = ifJ (x'), so it is obvious from Eq. 
(2) that the solution ifJh is the same as the ifJ we started with. 
We will denote solutions by ifJh' ifJg, etc. to denote that they 
correspond [via Eq. (6)] to test functions. 

The action ofthe symplectic structure on solutions ifJg 
and ifJh can be expressed as a volume integral over the test 
functions g and h. We substitute for ifJg and ifJh in Eq. (3) 
using Eq. (6) to get 

n (ifJg,ifJh) = L {[ f D (x,x')g(x') dr(X')] 

v,a[ f D (x,x")h (x ")dr(x") ] }daa (x), (11) 

where the double arrow on V is an abbreviation 

aVb = aVb - bVa. (12) 

In Eq. (11) we interchange the surface and volume integrals 

n(ifJg,ifJh) = f [L ID(x,x,)vaD(X,X")Jdaa(X)] 

xg(x')h (x")dr(x')dr(x"). (13) 

However, since D is itself a solution ofEq. (1), it satisfies Eq. 
(2) so the surface integral in Eq. (13) reduces to D (x' ,x") and 
we get 

n (ifJg,ifJh) = f D (x',x")g(x')h (x")d1'(x')d1'(x"). (14) 

This process of changing surface integrals into volume inte­
grals will be frequently carried out by using Eqs. (2) and (6) 
and the fact that D and r are solutions of Eq. (1). 

A complex structure J acting on a real vector space V is 
a linear operator on V with the property that J 2 = - 1. 
Such operators always exist on infinite dimensional spaces. 
Let Vdenote the space of real solutions to Eq. (1). Then if we 
have a decomposition of real solutions to Eq. (1) into positive 
and negative frequency parts ifJ (+) and ifJ (-), respectively, 
we can define a complex structure on Vby 

JifJ=iifJ(+)-iifJ(-)· (15) 
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Note that JifJE V even though ifJ ( + ) and ifJ ( - ) do not. ifJ ( + ) 

and ifJ ( - ) are complex solutions and belong to the complexi­
fied vector space Vc = V' Ell i V" , where V' and V" are copies 
of V. Conversely, if we have a complex structureJ on V, we 
can define 

P + ifJ = ifJ ( + ) = ;i (iifJ + JifJ ) , 

P - ifJ = ifJ ( - ) = ;;<iifJ - JifJ ) , 

(16a) 

(16b) 

where P + and P - are maps from V into Vc' P + and P -
are the positive and negative frequency projection operators, 
respectively. It can be seen immediately that 

P + 2 = P +, P - 2 = P -, and 

P + + P - = identity. (17) 

In stationary space-times there is a canonical complex 
structure.) In general, there is not. However, if the space­
time has asymptotic static regimes in the past and future, we 
can define asymptotic complex structures in the past and 
future Jp and Jf , respectively. The fact that Jp #f is what is 
responsible for particle creation.3

•
4 Ashtekar and Magnon­

Ashtekar have used the complex structure to define particle 
states and construct Fock spacesY In their approach, they 
require that J and n be compatible in the sense that, for every 
real solutions ifJ ofEq. (1), 

n (ifJ,JifJ »0. (18) 

This condition is imposed to ensure that the commutation 
relations between the field operators and the decomposition 
of a field operator into creation and annihilation operators 
are consistent. 

We can define an operator 
/ = (Jf - Jp)(Jf + Jp) - 1. (19) 

The existence of an S matrix relating the past and future 
Fock spaces depends on whether / is Hilbert-Schmidt.1l

•
14 

The particle creation amplitUdes can be given completely by 
/ and vanish if / does. For details see Refs. 3-5 and 13. 

III. RELATION BETWEEN PROPAGATOR AND 
COMPLEX STRUCTURE 

We will first derive an expression for the Feynman 
propagator in terms of Jf and Jp • We will take the Feynman 
propagator to be given by 

GF(x,x') = I'(out I TifJ (x)ifJ (x') I in) . (20) 
(out I in) 

This gives the usual Feynman propagator in flat space-time 
since lout) and lin) are the same there. In the formalism of 
Ref. 4 the Jf and Jp define lout) and lin), respectively. The 
quantum states are regarded as holomorphic functions on V, 
the space of classical solutions of Eq. (1). The usual Fock 
representation is recovered by taking the germ of the holo­
morphic function at the origin. The out vacuum state is the 
unit function while the image under S, of the in vacuum, is 
the function 

S I in) = K exp(!(v,/ v) +), (21) 

where VE Vand ( , ) + is the inner product in the future one 
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particle Hilbert space given by 

(a,b ) + = --.!..a (a,J! b ) + _1_ ifl (a,b ) . 
2h 2h 

(22) 

The action of creation and annihilation operators C (tP ) and 
A (tP ), respectively, associated with a solution tP is 

C(tP }f(v) = (tP,v) + f(v) , 

A (tP }f(v) = X' '" f(v) , 

where VE Vandf(v) is a holomorphic function on V. 

(23a) 

(23b) 

We will calculate Eq. (20) with G F "smeared out" with 
test functions hand g, where we have chosen hand g so that 

supp h n past of supp g = tP (24) 

to incorporate the time ordering. We then obtain for the 
smeared out Feynman propagator 

GF(h,g) = J GF(x,x')h (x)g(x')dr(x)dr(x') 

= i(outlS lin) -1(outl [C(tPh) +A (tPh)] 

X[C(tPg)+A(tPg)]Siin}. (25) 

The inner products are taken in the future Pock space. Using 
the holomorphic function representation (21) for S lin) and 
Eq. (23) for the creation and annihilation operators, 

GF(h,g) = iK (1, [C(tPh) +A (tPh)][C(tPg) +A (tPg)] 

xexp! (v,f v» , (26) 

whereK is a constant. We note that only terms with annihila­
tionopertorson the left survive [since (out I C(tP) = 0] so we 
are left with 

GF(h,g) = iK (1,[A (tPh)C(tPg) +A (tPh)A (tPg)]exp!(v,v». 
(27) 

The first term is calculated easily using Eq. (23): 

A (tPh)C(tPg) exp!(v,/v) 

= !f",.«tPg,v) exp!(v,fv» 

= (tPg,tPh) exp!(v,/ v) + (tPg,v)!f "'. exp!(v,/ v) . 
(28) 

Since we are taking the inner product with the constant 
term, only the first term contributes, giving a term equal to 
(tPg 'tPh)' Similarly, the second term can be shown to give rise 
to a term (tPg'/ tPh)' There is a factor of (outISlin) in both 
terms which cancels the factor K = (outlS lin) ~ 1. Using 
the definition of the inner product (22), we get 

GF(h,g) = -!n [(1 + /)tPg,tPh] 

(29) 

Thus, we have expressed the Feynman propagator in 
terms of the complex structures and /. Our subsequent 
analysis will consist of explicitly displaying the action of Jf , 

Jp ,and f in terms of G F' This will elucidate the relationship 
between the complex structure approach 1-4 and the propaga­
tor approach to field theory. 

Consider the case where there is a unique complex 
structure J, i.e., f = 0 and there is no particle creation. 
Then we obtain the following expression by setting f = 0 in 
Eq. (29): 
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J GF(x,x')h (x)g(x')dr(x)dr(x') 

= -!n (tPg,tPh) + !ifl (tPg,JtPh)' (30) 

where we have choseng and h as in Eq. (24). Comparing Eqs. 
(30) and (5), we see that in this case 

J y(x,x')h (x)g(x')dr(x)dr(x') = n (tPg,Nh)' (31) 

We invert Eq. (31) to obtain J as follows: Pick a spacelike 
hypersurface.2. Then define the action of Jon tP by 

JtP (x) = 1 I tP (x') v,ay(x,x') - y(x,x,)v,atP (x') JdO'a(x'). 

(32) 

For J to be a complex structure we must have J 2 = - 1. 
Imposing this condition and using Eq. (2), we obtain 

1 I y(x,y)V;y(x',y) - y(x',y)V;y(x,y)jdO'a(Y) 

=D(x,x'). (33) 

Thus, if y is to define the action of J via Eq. (32), it must 
satisfy Eq. (33). We thus impose Eq. (33) as a condition on y 
and are then assured that Eq. (32) defines a complex 
structure. 

To obtain compatibility in the sense ofEq. (18) we de­
mand that y be positive definite in the sense that 

J y(x,x')g(x)g(x') dr(x) dr(x'»O 

for any real test function g(x). It also follows that 

n(tPg,Nh) =f1(tPh,JtPg) 

(34) 

(35) 

from the symmetry of y. By comparison ofEqs. (31) and (14) 
we see that if D and y annihilate the same test functions 
(which they must since J is a linear operator), we must have 
the following condition: 

kerDe kery. (36) 

The complex structure we have defined is clearly the same 
one as was implicit in Eq. (30), as can be seen by computing 
n (tPg,JtPh) using Eqs. (32) and (14) and the fact that y satis­
fies Eq. (2). 

We can express Eq. (32) as a four volume integraL If we 
use Eq. (6) in (32), we find that 

JtPix ) = 1 [ J D (x',y}f(y)dr(y) ]v,ay(x,x') 

- Y(X,x,)v,a[ J D (x',y}f(y)dr(y) ]dO'a (x'), (37) 

interchanging the orders of integration 

JtPf(x) = f [l ID(x',y)V'Oy(x,x') 

- Y(X,X')V'OD(x',Y)ldO'a(X')Y(Y)dr(y). (38) 

Since y is itself a solution ofEq. (1), it satisfies Eq. (2) so we 
get 

JtPix ) = J y(x,y}f(y)dr(y). (39) 
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The fact that this J is unique is guaranteedll
•
15 if y is Lie 

derived by the timelike Killing field. To see that the ythat we 
have produced is indeed the one which defines the vacuum in 
Eq. (20) we note that if we have some complex structure 
which defines a vacuum and we use Eq. (20) to define GF , 

then 2 ImGF is n (ifJh ,JifJg) by the argument following Eq. 
(20). If we use our definition of J and directly compute 
n (ifJh ,JifJg), a straightforward calculation reveals that we re­
cover y. Thus, the J we have defined is indeed the one implic­
it in y. 

We can summarize the situation as follows: A propaga­
tor G F arises from a single complex structure J if and only if 
it satisfies in addition 

(a) ReG F(X,X') = !D (x,x'), if x>x', 

= - jD(x,x') ifx<x', 

and zero if x and x' are spacelike related; 
(b) r(x,x') 2 ImGF(x,x') is symmetric in x and x' and 

satisfies Eq. (1); 
(c) Ker y(x,x') = KerD (x,x'); 
(d) Eq. (33) is satisfied by y(x,x'). 
Condition (d) is stated by Lichnerowicz2 and the exis­

tence of a y satisfying these conditions is discussed by 
Moreno. 16 

We can obtain explicitly the positive and negative fre­
quency parts ofa solution ifJh(X) by using Eq. (16). One ob­
tains the result (for x to the future of supp h but not in supp 
h). 

ifJ ~ + l(X) = f GF(x,x')h (x')dr(x'), 

ifJ ~ - l(X) = f G ~(x,x')h (x')dr(x'), 

(4Oa) 

(4Ob) 

where the • denotes complex conjugation. To obtain the so­
lutions everywhere we use Eq. (2). 

We now consider the case where there are two asymp­
totic complex structures' Jp and JJ. In this case there will be 
particle creation by the space-time geometry since J' =FO. 
Also, the expression for the propagator given by Eq. (29) is 
appropriate. This is the most general situation that can be 
described by an S matrix connecting particle states in the 
distant past and the distant future. We see immediately from 
Eq. (29) that if there is particle creation, the real part ofGF is 
not simply the symplectic structure. If we define 

jj (x,x') = - 2 ReGF(x,x'), (41) 

we can tell whether there is particle creation by comparing jj 
andD. 

If there is p~ticle creation, we can extract the action as 
follows: Define D as follows: 

D (x,x') = jj (x,x') - D (x,x'). (42) 

where fi acts on test functions g and h we obtain 

D(ifJg,ifJh) = f D(x,x')g(x)h (x')dr(x)dr(x') 

= n (J' ifJg,ifJh)' (43) 

Let i be a test function with the property 

f D (x,x')g(x')dr(x') = J'ifJg. (44) 
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Using Eq. (44) to rewrite the RHS ofEq. (43) in the form of 
Eq. (14), 

n (J' ifJg,ifJh) = f D (x,x')g(x)h (x')dr(x)dr(x') 

= f D(x,x')g(x)h (x')dr(x)dr(x'). (45) 

Since this is valid for arbitrary test functions h, we get 

/ ifJg(x) = f D (x,x')g(x')dr(x'). (46) 

For this to be well defined we must required 
A. 

KerDC KerD. (47) 

We now turn to the question of recovering JJ and Jp 
from GF • The Feynman propagator defines the positive and 
negative frequencies in Eq. (40). In analogy with this we 
define 

<P ~ + )t(x) = f GF(x,x')h (x')dr(x'), (48a) 

(48b) 

to the future of but not including supp h. We obtain the 
solutions everywhere by choosing a spacelike hypersurface 
to the future of supp h and inducing the appropriate Cauchy 
data on it. We then use Eq. (2) to solve the Cauchy problem. 
Similarly, we obtain the past decomposition by defining 

ifJ ~ + )J(x) = f GF(x,x')h (x')dr(x'), 

ifJ ~ - H(x) = f G ~(x,x')h (x')dr(x') 

(49a) 

(49b) 

in the past of but not including supp h. The Cauchy problem 
can again be used to obtain the solutions everywhere. We 
recover Jf and Jp by using Eq. (15). Thus, 

JAh(X) = f r(x,x')h (x')dr(x') (50) 

to the future of supp h, while to the past of supp h 

JpifJh(X) = f y(x,x')h (x')dr(x'). (51) 

These complex structures are not the same since the real part 
of GF no longer governs the Cauchy evolution. Since we 
want J A and JpifJ to be solutions of Eq. (1), we must de­
mand that y is a solution of Eq. (1). Then we can use Eq. (2) 
in Eqs. (50) and (51), and using Eq. (6) we can write the 
volume integrals as surface integrals to obtain 

J Ah (x) = L I ifJh (x,)v,ay(x,x') 

- y(x,x,)v,a<ph (x') )dO'a (x') (52a) 

for.I being a hypersurface to the future of supp h and x to the 
future of .I. Similarly, we have 

JpifJh (x) = L I ifJh (x,)v,ay(x,x') 

- y(x,x,)v'aifJh(x'»)dO'a(x') (52b) 

for.I to the past of supp h and x to the past of .I. We use these 
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forms to impose J; = J} = - 1 and obtain convolution 
conditions exactly like Eq. (33). This is the case even though 
ynow involves as well as 11 andJ. The formulas (48) and (49) 
can also be written in terms of surface integrals. We regard 
GF(x,x') as a function of x' for fixedx. This is a well behaved 
(nonsingular) solution ofEq. (1) for all x'-=/=x. Thus, if we 
restrict x' to the future of x, we may use Eq. (2) in (48) or 
( 49). We then perform the four volume integrals so that 
SD (x,x')h (x')d1"(x') becomes ¢h(X) and obtain 

¢ h + )lex) = L I GF(X,X,)v,a¢h(X') 

- ¢h (X,)v,aGF(X,X') )dCTa (x'), (53a) 

¢ h + l1(X) = L I GF(X,X,)v,a¢h (x') 

- ¢h (X,)v,aGF(X,X') )dCTa(X'), (53b) 

for I being a hypersurface to the future of x. There is an 
analogous formula for the past decomposition. In this form 
the positive and negative frequency parts can be defined 
without reference to the test functions. Rumpf had earlier 
used these formulas to define positive and negative frequen­
cy parts. S His arguments used the analyticity properties of 
the propagator regarded as a function of m 2

• As in the one 
complex structure case we require for consistency (a) 

A 

KerDCKerD, (b) y is a symmetric solution ofEq. (I), and 
(c) yobeys Eq. (33) on hypersurfaces in the distant past or 
distant future. 

There are three principal approaches to quantum field 
theory in curved space-time: That of Lichnerowicz2

•
16 based 

on Eq. (33), that of Segal, I Ashtekar, 3.4 and Kay' using com­
plex structures, and that of DeWitC and Rumpf in which 
the propagator is the fundamental object. In this paper we 
have indicated the relations between these three approaches 
by explicitly displaying the complex structures in terms of 
the propagator and obtaining Eq. (33) as a necessary condi­
tion. We have also obtained conditions which a propagator 
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must satisfy in order to qualify as being a legitimate propaga­
tor. Finally, since the propagator can often be explicitly cal­
culated we can explicitly determine /' and hence the S ma­
trix, a calculation which is very difficult in the original 
formulation of Ashtekar and Magnon-Ashtekar3.4 and Kay.' 
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