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Question 1[20 points] Give a context-free grammar for the language

{ambncpdq | m+ n = p+ q}.

Solution: Here we have to match the a’s and b’s with c’s and d’s respectively. However, the
a’s do not need to match with c’s or d’s separately. Thus we need to consider possible cases.
Suppose there are more a’s than d’s we can match all the d’s with a’s and then we match
the left over a’s with c’s. If there are fewer a’s than d’s we match all the a’s with d’s and
then match b’s with the d’s until we run out of d’s. In both cases we are left with matched
sets of b’s and c’s. Here are the rules for the grammar, Σ = {a, b, c, d}, V = {S,A,B,C}, S
is the start symbol:

S −→ aSd|A|B, A −→ aAc|C, B −→ bBd|C, C −→ bCc|ε.

Question 2[20 points] Given any language L ⊆ Σ∗ we define lefthalf(L) as follows:

lefthalf(L) = {w ∈ Σ∗|∃y ∈ Σ∗, xy ∈ L and |x| = |y|}.

In assignment 1 you were asked to show that if L regular then lefthalf(L) is also regular.
Now I am asking you to prove that if L is context free then lefthalf(L) may not be context
free. This means that you have to come up with one example of a context-free language L
such that lefthalf(L) is not context free. You must give a grammar for L and a proof that
lefthalf(L) is not context free. This “proof” could just be a remark that it is like a language
we have proved to be not context free in class.

Solution: Take the language L = {anbncmddc3m} over the alphabet {a, b, c, d}; note that
there are exactly two d’s inside. This is clearly seen to be context free:

S −→ XY X −→ aXb|ε Y −→ cY ccc|dd.

Now lefthalf of this language has all kinds of junk in it but let us define L′ = lefthalf(L) ∩
a∗b∗c∗d. So this has exactly the words that end in exactly one d. So the halfway point was
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just between the two occurrences of d. This means that when we cut this word in half we
had n+n+m+1 = 3m+1 where n is the number of a’s and the number of b’s and m is the
number of c’s just before the d’s. This simple equation tells us that n = m. So the words in
L′ are exactly {anbncnd|n ≥ 0} which, except for the extra d at the end is exactly our basic
example of a language that is not context free.

Question 3[20 points] Suppose that we have a language L defined over the alphabet {a, b, c}
and suppose that L is context-free. We define a new language perm(L) to be the set
of all permutations of all words in L. For example, if L = {abc, aab} then perm(L) =
{abc, acb, bac, bca, cab, cba, aab, aba, baa}. Show that perm(L) need not be context-free by
giving an example of a language L that is context-free but where perm(L) is not context-
free. You need not give a pumping lemma proof if your example is just like one we have
seen in class.

Solution: Consider the regular language (abc)∗; this is regular and hence, certainly context-
free. Now in this language we have equal numbers of a’s b’s and c’s. Now when we construct
perm(L) we will obtain words of the form anbncn (among lots of other words). We have
already shown that pumping will result in words that do not have all three of the a’s, b’s
and c’s present in equal numbers. Hence perm(L) cannot be context-free.

Question 4[20 points] Give a high-level description of a Turing machine that reads a word
over the alphabet {a, b, c} and accepts it if it has the form anbncn; i.e. it has an equal
number of a’s, b’s and c’s and the a’s all appear before the b’s which appear before the c’s.
Please do not write down a detailed transition table or a picture, just explain in words what
the machine does. If you provide a detailed description, we will give you zero. Learning to
explain something in simple but clear language is an important skill.

Solution: The Turing machine shifts everything one place to the right and places an end-
marker symbol at the left end of the tape as well as another end-marker symbol at the right
end of the word on the input tape. Our Turing machine scans from left to right and looks
for an a, as soon as it sees one it deletes it and moves into a phase where it keeps going
right looking for b’s, as soon as it sees one it deletes and moves into a phase where it scans
to the right looking for c’s. As soon as it sees one it deletes the c and goes back to the left
and of the tape and repeats. As it scans it ignores blank cells corresponding to letters that
were deleted earlier. If at any stage it sees a letter out of place, for example if it sees an a
to the right of the b’s or a b to the right of a c it stops and rejects. If at the end there are
no letters left it accepts. If there are any letters left over after the last deletion of an a, b, c
triplet it rejects.

Question 5[20 points] For this question the alphabet is {a, b}. Suppose that the language
L is CE but not computable; this means that L cannot be CE. We define a new language as
follows:

K = {aw|w ∈ L}
⋃

{bv|v ∈ L}.

1. Show that K is not computable. [4 points]

2



2. Show that K is not CE. [8 points]

3. Show that K is not co-CE. [8 points]

Solution: Here is a beautifully-written elegant version of the solution due to Kimberly
Trickey, one of the many excellent students I had in 2014:

1. Define f : Σ∗ → Σ∗ by f(w) = aw. Clearly, f is total computable. From the definition
of K we have

x ∈ L ⇐⇒ f(x) ∈ K,

thus we have a mapping reduction L ≤m K. Since L is not computable K cannot be
computable.

2. We define the function g(w) = bw; again, this is obviously total computable. We have
x ∈ L ⇐⇒ g(x) ∈ K so we have shown another mapping reduction L ≤m K. Since
L is CE but not computable we have that L is not CE so K cannot be CE.

3. Since L is CE and not computable it is not coCE. Thus the mapping reduction in part
(1) shows that K is not coCE.
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