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Question 1[20 points] Are the following statements true or false? Prove your answer in
each case. We have some fixed alphabet Σ with at least two letters. In the following A and
B stand for languages, i.e. subsets of Σ∗.

• If A is regular and A ⊆ B then B must be regular. [3]

• If A and AB are both regular then B must be regular. [7]

• If {Ai|i ∈ N} is an infinite family of regular sets then
∞⋃
i=1

Ai is regular. [5]

• If A is not regular it cannot have a regular subset. [5]

Solutions

• Certainly not! Any finite set is regular so we can take B to be any non-regular language
and A to be a finite subset of B.

• This is also false. If A is Σ∗ and B is any set containing ε then AB = Σ∗, so I can
choose B to be any non-regular set that contains ε and we have a counterexample.
For another counterexample: if A is ∅ and B is anything at all, then AB = ∅ which is
regular but I can choose B to be nastily non-regular.

• This is also false. I can take Ai = {aibi} which is regular because it is finite but the
union over all i is our basic example of a non-regular set {anbn|n ≥ 0}.

• Certainly not, see part 1.

Question 2[20 points]
Show that the following language is not regular using the pumping lemma.

{anba2n|n > 0}

Solution I will format the answer in the form of the game against the demon.
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1. Demon chooses some pumping length p > 0.

2. I choose apba2p.

3. The demon’s choice of x, y is constrained by the requirement that |xy| ≤ p and |y| > 0.
Thus, y has to consist exclusively of a’s and cannot be the empty string: y = ak for
some k such that p ≥ k > 0.

4. I choose i = 0, so I get my pumped string to be ap−kba2p and since p− k ̸= 2p we have
a pumped string that is not in the language.

This shows that we have a winning strategy against the demon and the language is therefore
not regular.

Question 3[20 points]
Is the following language regular or not? The alphabet is Σ = {a, b}.

L = {w ∈ Σ∗|∃x, y ∈ Σ∗, w = xy and #a(x) = #b(y).}

Here #a(x) means the number of a’s in x and similarly for #b(y). What this means in words
is the following: given any word w in L you should be able to break it into two contiguous
pieces called x and y so that the number of a’s in x is the same as the number of b’s in y.
It is possible that one of x or y could be empty. For example, aab ∈ L since we can break
the string into x = a and y = ab and there is one a in x and one b in y. If the language is
regular explain why, if it is not regular explain why not.

Solution Actually the language L is a well-disguised version of Σ∗! I claim that any word
in Σ∗ has the property characterizing members of L. To see this, fix any word w, we define
a numerical function G associated with positions in w. We define a position to mean any
place between two letters of w or the left of w or the right end of w. Now given a position p,
we define G(p) to be the number of a’s to the left of p minus the number of b’s to the right
of p. Let the number of a’s in w be called α and the number of b’s in w be β. Suppose we
are at any position in the string and we shift position to the right by one place. If we skip
over an a the value of G increases by 1 because there is now one more a to the left of the
position and the number of b’s to the right has not changed. If we skip over a b, the value of
G also increases by 1 because we have one less b to the right of the position but the number
of a’s to the left has not changed. Thus whatever we skip over as we move right we increase
G by 1. We start at the left end of w and calculate G(p), it is simply −β a negative number
or 0. If it is zero the string is definitely in L. As we move to the right one position at a time,
we are increasing the value of G by 1 at every step. When we hit the right end of the string
the value of G is α, a positive number or 0. If this value is 0 the string is in L. If neither
α nor β is 0 we went from a negative number to a positive number in steps of 1, we must
have hit 0 at some position in the middle. If we call the word on the left of this position x
and the word to the right of this position y we see that we satisfy the condition to be in L.
Thus, every word is in L so L = Σ∗ which is of course regular.
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Question 4[20 points] In assignment 1 we had a question that asked you to prove that if a
language is regular then the left-half of the language is also regular. Similarly, if I define the
middle thirds of a regular language by

mid(L) = {y ∈ Σ∗|∃x, z ∈ Σ∗ s.t. xyz ∈ L and |x| = |y| = |z|}

then mid(L) is also regular. I am not asking you to prove this; it is too easy after you have
done left-half. What if I delete the “middle” and keep the outer portions? More precisely
define,

outer(L) = {xz|∃y ∈ Σ∗, xyz ∈ L, and |x| = |y| = |z|}

then is it true that outer(L) is regular if L is regular? Give a proof if your answer is “yes”
and a counter-example, with a proof that it is not regular, if your answer is “no.”

Solution: The point is that the equality of the lengths can be used to ensure a matching
which is a typical signal of non-regular behaviour. We consider the language L defined by
the regular expression a∗cb∗. If we take outer(L) we may get the letter c in some of the
words, so we filter them out by taking the intersection with a∗b∗. Now outer(L) ∩ a∗b∗ is
{anbn | n ≥ 0}. Why? Well the words that are in this intersection are those words that
had the c removed when we removed y. This means everything to the left of the c consists
entirely of a’s, but this means that all of x consists of a′s. Similarly, everything to the right
of the c must be b’s, but this means that all of z has to consist purely of b’s. But we know
that |x| = |z| thus we get that the intersection is indeed {anbn|n ≥ 0}. Since the latter is
not regular, neither is outer(L).

Question 5[20 points] Consider the language L = {anbm|n ̸= m}; as we have seen this is
not regular. Recall the definition of the equivalence ≡L which we used in the proof of the
Myhill-Nerode theorem. Since this language is not regular ≡L cannot have finitely many
equivalence classes. Exhibit explicitly, infinitely many distinct equivalence classes of ≡L.

Solution Let me clear up some misconceptions. First, the relation ≡L is defined between
all pairs of strings, not just strings in L. Second, we require either that both xz and yz are
in L or that neither of them are in L; some of you seem to think that the defining condition
states that both xz and yz must be in L. Third this condition has to hold for all z ∈ Σ∗ not
just one z1.

I claim that ai ̸≡L aj for i ̸= j. Recall what the relation ≡L means. It has a universal
quantifier in the definition, so the negated version has an existential quantifier in it. In
order to check that x ̸≡L y we need to find one string z such that xz ∈ L and yz ̸∈ L or
vice versa. In our case, we have x = ai and y = aj so consider z = bi. Clearly xz = aibi ̸∈ L
and yz = ajbi ∈ L. Thus the equivalence classes [ai] are different for every i and I have now
shown you infinitely many distinct equivalence classes.

1Did I ever mention the importance of reading the quantifer?

3



Supplementary Question 1[0 points]
If L is a language over an alphabet with strictly more than one letter we define CY C(L) =
{uv|u, v ∈ Σ∗, vu ∈ L} . Show that if L is regular then CY C(L) is also regular. Give an
example of a non-regular language such that CY C(L) is regular.

Solution Let M = (S, s0, δ, F ) be a DFA recognizing L. The idea is to guess where the word
u ends and the word v starts. We need to remember our guess to verify it in the end and we
need a tag to tell us if we are reading u or v. We construct an NFA N = (Q,Q0,∆,Φ) as
follows. We set Q = S×S×{0, 1}. We define Q0 = {(s, s, 0)|s ∈ S}. The transition relation
is ∆((s, s′, 0), a) = {(δ(s, a), s′, 0)}, if s ∈ F then we have the ε-move ∆((s, s′, 0), ε) =
{(s0, s′, 1)}, ∆((s, s′, 1), a) = {(δ(s, a), s′, 1)}. The final states are Φ = {(s, s, 1)}.

Supplementary Question 2[0 points] Consider regular expressions as an algebraic struc-
ture with operations of · and + and constants of ∅ and ε. Now consider equations of the
form

X = A ·X +B

where A and B are regular expressions. Show that this always has a solution given by
A∗ · B. Show, in addition, that if A does not contain the empty word this is the unique
solution.

Solution To show that this is a solution we simply insert the proposed solution for X into
the equation and check.

A · (A∗ ·B) +B = (A · A∗ + ε) ·B = A∗ ·B.

To show that this is the only solution when ε ̸∈ A we proceed by induction. I will show that
any word that appears in any regular expression that solves the equation must be in A∗ ·B.
I am fed up with writing the · explicitly so I will just use juxtaposition henceforth. Let w be
a word that appears in a regular expression that solves the equation for X and assume that
the claim is true for all shorter words. There are only two possibilities w ∈ AX or w ∈ B.
If w ∈ B then it is certainly in A∗B. If w ∈ AX then we can write it as w = w1w2 where
w1 ∈ A and w2 ∈ X. Since ε ̸∈ A we know that |w1| > 0. Thus the length of w2 is strictly
less than the length of w and by the induction hypothesis we have that w2 ∈ A∗B, but since
w1 ∈ A this means that w1w2 ∈ A∗B.

If ε ∈ A we can get other solutions. For example, Σ∗ is a solution if ε ∈ A.
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