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There are 5 questions for credit, two supplementary questions and one for your spiritual
growth. All the regular questions are excellent practice for the mid-term. If you are finding
the regular questions challenging enough do not spend time on the supplementary questions.
They will certainly not help you prepare for the mid-term.

Question 1[20 points] Are the following statements true or false? Prove your answer in
each case. We have some fixed alphabet Σ with at least two letters. In the following A and
B stand for languages, i.e. subsets of Σ∗.

• If A is regular and A ⊆ B then B must be regular. [3]

• If A and AB are both regular then B must be regular. [7]

• If {Ai|i ∈ N} is an infinite family of regular sets then
∞⋃
i=1

Ai is regular. [5]

• If A is not regular it cannot have a regular subset. [5]

Question 2[20 points]
Show that the following language over the alphabet {a, b} is not regular using the pumping
lemma.

{anba2n|n > 0}

Question 3[20 points]
Is the following language regular or not? The alphabet is Σ = {a, b}.

L = {w ∈ Σ∗|∃x, y ∈ Σ∗, w = xy and #a(x) = #b(y).}

Here #a(x) means the number of a’s in x and similarly for #b(y). What this means in words
is the following: given any word w in L you should be able to break it into two contiguous
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pieces called x and y so that the number of a’s in x is the same as the number of b’s in y.
It is possible that one of x or y could be empty. For example, aab ∈ L since we can break
the string into x = a and y = ab and there is one a in x and one b in y. If the language is
regular explain why, if it is not regular give a pumping lemma proof.

Question 4[20 points] In assignment 1 we had a question that asked you to prove that if a
language is regular then the left-half of the language is also regular. Similarly, if I define the
middle thirds of a regular language by

mid(L) = {y ∈ Σ∗|∃x, z ∈ Σ∗ s.t. xyz ∈ L and |x| = |y| = |z|}

then mid(L) is also regular. I am not asking you to prove this. What if I delete the “middle”
and keep the outer portions? More precisely define,

outer(L) = {xz|∃y ∈ Σ∗, xyz ∈ L, and |x| = |y| = |z|}

then is it true that outer(L) is regular if L is regular? Give a proof if your answer is “yes”
and a counter-example, with a proof that it is not regular, if your answer is “no.”

Question 5[20 points]

Consider the language L = {anbm|n ̸= m} over the alphabet {a, b}; as we have seen this is
not regular. Recall the definition of the equivalence ≡L which we used in the proof of the
Myhill-Nerode theorem. Since this language is not regular ≡L cannot have finitely many
equivalence classes. Exhibit explicitly, infinitely many distinct equivalence classes of ≡L by
showing, for each equivalence class, one string that belongs to it.

Supplementary Question 1[0 points]
If L is a language over an alphabet with strictly more than one letter we define CY C(L) =
{uv|u, v ∈ Σ∗, vu ∈ L} . Show that if L is regular then CY C(L) is also regular. Give an
example of a non-regular language such that CY C(L) is regular.

Supplementary Question 2[0 points] Consider regular expressions as an algebraic struc-
ture with operations of · and + and constants of ∅ and ε. Now consider equations of the
form

X = A ·X +B

where A and B are regular expressions. Show that this always has a solution given by
A∗ · B. Show, in addition, that if A does not contain the empty word this is the unique
solution.

Spiritual Growth[0 points] Consider a probabilistic variant of a finite automaton. Come
up with a formalization of what this might mean. Suppose that you have a reasonable
definition and now you define acceptance to mean that your word causes the machine to
reach an accept state with probability at least 2

3
. Show that such automata can recognize

non-regular languages.
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