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Abstract

We investigate the effective resistance R, and conductance C, between the root
and leaves a binary tree of height n. In this electrical network, the resistance of each
an edge e at distance d from the root is defined by r. = 2dX8 where the X. are
i.i.d. positive random variables bounded away from zero and infinity. It is shown that
ER, = nEX. — (Var(X.)/EX.)Inn+0O(1) and Var(R,) = O(1). Some of the results
are extended to the case when the underlying tree is a supercritical Galton—Watson
tree. (In this case the correct scale for r. is bX, where b is the branching number of
the tree.)

1 Introduction

Electric networks have been known to be closely related to random walks and their inves-
tigation often offers an elegant and effective way of studying properties of random walks.
See Doyle and Snell [7] and Lyons and Peres [15] for very nice introductions to the subject.
For the better understanding of certain random walks in random environments, it is natural
to study random electric networks, that is, electric networks in which edges are equipped
with independent random resistances. This model was studied by Benjamini and Rossig-
nol [3] who considered the case of the cubic lattice Z? where the resistance of each edge
is an independent copy of a Bernoulli random variable. Using an inequality of Falik and
Samorodnitsky [10], they proved that the effective resistance to the boundary of a cubic
box of side n has submean variance in Z?, whereas the variance is of the order of the mean
when d > 3. In this paper, we study the corresponding problem for binary trees and for
supercritical Galton—Watson trees.

An electric network is a locally finite connected graph G = (V, E') with vertex set V and
edge set E such that each edge e € FE is equipped with a number r, > 0 called resistance.
(In this paper we only consider finite graphs.) Alternatively, an edge is associated with
a conductance ¢, = 1/r.. The effective resistance between two disjoint sets of vertices
A,B C V is defined as follows: assign “voltage” (or potential) U(u) = 1 to each vertex
u € Aand U(v) = 0 for all v € B. Then the function U can be extended, in a unique
way, to all vertices in V according to two basic laws given by Ohm’s law and Kirchhoff’s
node law. In order to describe these laws, we need the notion of current. Given two vertices
u,v € V joined by and edge e € F, the current flowing from « to v is a real number i(u, v).
Ohm’s law states that for each edge of the graph, i(u,v)r. = U(u) — U(v). Kirchhoff’s node
law postulates that for any vertex u ¢ AUB, Y, . . i(u,v) = 0. (For the proof that these
two laws uniquely determine the function U : V' — [0, 1], see [7] or [15].) Now the effective
conductance between the vertex sets A and B is defined as the total current flowing into the

network, that is,
CA=B)=> Y i(uv).
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The effective resistance between A and B is R(A « B) =1/C(A < B).

Several useful tricks of network reduction are known that help simplify resistance cal-
culations. Since in this paper we focus on trees, it suffices to recall two of the simplest
rules. One of them states that two resistors in series are equivalent to a single resistor whose
resistance is the sum of the original resistances. The other rule states that two conductors
in parallel are equivalent to a single conductor whose conductance is the sum of the original
conductances. Apart from these two simple rules, a formula called Thomson’s principle will
be useful for our purposes. Thomson’s principle gives an explicit expression for the effective
resistance. It states that

R(A < B) = inf 7.0(e)?

©cF
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where the infimum is taken over the set F' of all unit flows. A unit flow is a function © over
the set of oriented edges {(u,v) : u ~ v} which is antisymmetric (i.e., ©(u,v) = —0(v,u)),
satisfies ) O(u,v) = 0 for any vertex u ¢ AU B, and has

Y eww)=> > Omuv)=1.

u€A vg A~ vEB u¢ B:u~v

vy

It can be shown that the unique flow ®* which attains the above infimum is just the current
i(u,v) (see, e.g., Doyle and Snell [7], page 50).

In the first part of the paper we consider the case of a complete infinite binary tree T
with root r. The depth of a node v in T is the number of edges on the path from the root to
v. We say that an edge e has depth d if there are d edges on the path starting with edge e
and ending at the root. The resistance of an edge e at depth d is defined by 2¢X. where the
X, are independent copies of some strictly positive random variable with finite mean. This
exponential weighting corresponds to the “critical” (with respect to transience/recurrence)
case of the biased random walk in random environment obtained by traversing an edge e,
starting from either endpoint, with probability proportional to its conductance (the inverse
of its resistance). This type of exponential scaling of resistances was considered, for example,
by Lyons [13]. He showed that in an infinite rooted tree with branching number b, if the
(deterministic) resistance of an edge equals A\? then the effective resistance between the root
and “infinity” is infinite if A > b and finite if A < b. Thus, our choice of scaling corresponds
to the critical case. Similar biased random walks have been studied in depth by Lyons and
Pemantle [13], 14, [I7], who beautifully characterize the type of such random walks in many
situations. (However, our model does not quite fit within their framework, as the transition
probabilities fail to satisfy a certain independence requirement.) For more background on
the connection between effective resistance of networks and random walks, see Lyons and
Peres [15], Peres [18], [7] or [19].

For a random network such as that described in the previous paragraph, interesting and
non-trivial behavior emerges. Let R,, be the effective resistance between the root r and the
set of vertices at depth n, and let u and o2 be the mean and variance of X,, respectively.
The primary results of our paper are that as long as X, is bounded away from both zero
and infinity,

2
ER,=pn— —Inn+0(1) and  Var[R,] = O(1).
I

(These results are contained in Theorems [5| and below.) We also derive correspond-
ingly precise results about the conductance C,, = 1/R,,. Interestingly, in order to estimate
the expected resistance, our main tool is a sharp upper bound for the variance of the con-
ductance. Intuitively, concentration of the conductance implies that the behavior of the
electric network is not very different from the one with deterministic resistances 2¢y. Thus,
Section [2] is devoted to the variance of the conductance C,. In particular, we show that
Var[C,] = O(n™*). In Section [3| we derive the bounds for the expected resistance and



conductance mentioned above. In Section 4 we prove that the variance of R,, is of constant
order. The proof is based on Thomson’s formula and relies on ideas of de Bruijn [6] to
handle a certain type of recurrence relations.

In Section [5| we show how some of our results extend to supercritical Galton—Watson
processes (in this case the appropriate scaling for the resistances is [EZ;]¢ for edges at
depth d, where Z; is the number of offspring of the root). However, in this case we do not
tie down either the expected resistance or its variance precisely. Furthermore, in this case our
bounds are not deterministic, but hold almost surely conditional upon the Galton—Watson
process. In Section [5| we shall also observe that if the random variable X, is constant then
the “scaled analogue” of Question 4.1 from Lyons et al. [16] is easily answered; motivated
by this, we suggest a more general question.

From this point on, we assume X, is any random variable taking values in some interval
[a,b] with 0 < a < b. Most our arguments rely on a recursive decomposition of the tree.
This decomposition is made easier by rooting the tree at an edge instead of at a vertex;
this trick was also used in [I6] to facilitate conductance computations. More precisely, we
define the tree T, as follows: the root has one single child whose subtree is a complete
binary tree with n — 1 levels. Then, T,, decomposes exactly into a single edge connected
(in series) to two independent copies of T,,_1 (in parallel) as shown in Figure[ll We let R,
be the effective resistance of T,, taken between the root and the leaves. Let C,, = 1/R,, be
the corresponding effective conductance, so in particular R; is distributed as X and C] is
distributed as 1/X. The difference between R,, and the effective resistance of the complete
binary tree of height n—1 is at most b, so bounds on the moments of the former immediately
imply corresponding bounds for the latter.

Figure 1. Rooting the binary tree rooted at an edge instead of a vertex simplifies the recursive
decomposition.

We close this introduction by noting that the results of Benjamini and Rossignol [3] are
proved by adapting an argument first used by Benjamini et al. [4] to prove submean variance
bounds for first-passage percolation on Z2?. Addario-Berry and Reed [I] have studied first-
passage percolation on supercritical Galton—Watson processes; though their approach is
entirely different from ours, their result is strikingly similar: under suitable assumptions on
the edge lengths (which in their case are i.i.d.), the height of the first-passage percolation
cluster of (weighted) diameter n has expected value an — Blnn + O(1), for computable
constants a and b, and has bounded variance. We are not sure whether this similarity is
more than a coincidence.



2 The variance of the conductance

The purpose of this section is to derive an upper bound for the variance of the conductance
C,,. We start by noticing that R,, and C,, admit the following scalings.

Lemma 1. When a < X <b, we have an < R,, <bn and 1/b <nC,, <1/a, for alln > 1.

The lemma follows from Rayleigh’s monotonicity law [see [T, page 53] by bounding the
resistance of T, between that of two deterministic networks in which the random variables
either always take their minimum value a or their maximum value b. We first derive a bound
on Var [C,]. Using Chebyshev’s inequality; this bound yields a quadratically decaying tail
bound for R,,.

Theorem 2. There exists a constant K depending only on a and b such that Var [C1] < K
and for all integers n > 2,
« 22K
Var [C,] < Kzi < —.
i=1

(n—9)*~ nt

Figure 2. The decomposition of T}, into three conductors C1, Cn,1 and Cjp 2 at the origin of our
recurrence relations.

Our main tool in proving Theorem [2] is the Efron—Stein inequality, which provides an
upper bound on the variance of functions of independent random variables.

Theorem 3 (8, 20). LetY;, i > 1, be independent random variables, and let f : R™ — R be
a measurable function of n variables. Then,

n

SB[ YY) = f0 YY)

i=1

Var [f(Y1,...,Y,)] <

N | =

where Y/, i > 0, are independent copies of Y;, i > 0.

Proof of Theorem[3 It clearly suffices to treat the case n > 2. We decompose T}, into three
independent conductors C1, C, 1 and C), 2 as shown in Figure[2| Then, C,, is a function of
these three independent random variables:

Ci-(Cp1+Chpo)

n = . 1
Ci+Cp1+ sz ( )




By the Efron-Stein inequality and the symmetry of C, ; and C,, 2, we have

2

Cy-(Cni+Cra) C1-(Chq+Cnp)

Vi Cn < E > ) o )
ar [ } - ( Cl + Cn,l + Cn,2 C]_ + C;z,l + Cn,2

1
- .E
3

<C1 (Crng+Cr2)  C1-(Cna + Cn,z))2
Ci+Ch1+Crha Ci+Ch1+Cha

where C;, ; and Cj, , are independent copies of C, 1 and Cy, 2. Letting a = C, 1 + Cp, 2, the

second term of reduces to
Cia Cia 2
Ci+a Cj+a

Observe that, since 1/b < Cy,C] < 1/a, we have

E

Cia. Cia | _ a?(Cy — 1) o 1 1
Ci+a Cj+a (C1+a)(Ci+a)| — a b))’
Hence
1 Cla _ Cia 2 b4 1 _ l 2 EE [(C + C )4]
2 Ci+a Cl+a b a/) 2 1 m2/) -

Since both C,, 1 and C,, o are distributed as C,,_1/2, by Lemma [1} we have C,, 1 + Cj 2 <

1/(a(n — 1)), and this yields
Cia_ Cia V| _ 1(b\'(1_ 1\ 1 w K 3
Ci+a O+« ~ 2\a b a) (n—1)*%  (n—1%

We now use the first term on the right-hand side of to devise a recurrence. We have

1

-E
2

Ci(Cni1+Chnp2) C1(Cp, 1 + Cny2)
Cl + Cn,l + Cn,Q C(1 + O;l71 + Cn,?

012 |Cn’1 — C;l$1|
(01 + Cn,l + Cmg)(Cl + C’:L,l + Cng)
!le — C’I”L,l‘ .

IN

Accordingly,

2
3 Cl(C! | +C
|(§0rt - B0 | < mficn -]

Cl + Cn,l + On,2 a Cl + 01{7,,1 + Cn,2
= 2-Var [le]

1
= 5 - Var [C),—1].

Therefore, recalling we have the following recurrence relation:

K 1
Var [C),] < o +5 - Var [C),_4].
Expanding the recurrence yields readily
n—1 9—i
Var [C,] < K - -
o ()t



Since

n—1 4 [n/2] —i n—1 s
27 27" 27
S X it X o
IRV Y — 4
=1 (7’L Z) i=1 (Tl Z) i=[n/2| (’I’L Z)
24 . —n)2 20
< 5 doip22y o< e
i>1 i>1
the proof is complete. O

We remark that this theorem is tight up to a constant factor unless X is deterministic
(in which case Var [C,,] = 0). Indeed, by considering equation , since Cy1 and Cp 2
are both of order n~!, we see that fluctuations of constant size in the value of C; change
C,, by order n=2. Such fluctuations occur with positive probability, so we must have that
Var [C,] > en? for some € > 0 depending on X.

Theorem [2] also immediately yields tail bounds on the probability that the resistance R,
deviates from 1/EC,,.

Lemma 4. There exists a constant A > 1 depending on a and b only, such that, for all
t>0 and allmn > 1, we have

1 A

P - <z

{‘R” EC, >t} =P
In particular, E|R, — 1/EC,| < 1+ A.

Proof. Manipulating the desired tail bound, we observe that

1 1 1
P{‘Rn -1} - P{‘ancn >t

"~ EC,
EC,
- P —1| > tEC,
{‘ Cn ‘> }

= P{|C, —EC,| >tE[C,]Cyr}
t
P {|Cn -EC,| > anQ} ,
by Lemmal|l] By Chebyshev’s inequality, and Theorem [2] we obtain the required bound
1
P n —
e,

with A = max{2°b*K, 1}, where K is the constant from Theorem Moreover, for alln > 1,
we have

IN

} n*b*Var [C,] A
>t < —mMmMm — < —

oo C)Cd
E|R, — 1/EC,| < 1+/ P{|R, — 1/EC,| > 2}dr < 1+A/ = 1+4,
1 1

which finishes the proof. O

3 The expected resistance and conductance

In this section we give precise locations for the expected values EC,, and ER,,, respectively.
Let 02 = Var [X] and let 4 = EX.



Theorem 5. There exist constants My and My depending only on a and b such that for all
ntegers n > 2,
2 1 21 M.
ERn—,un—J—lnn < M, and EC’n———w _—2.
ju pn pPn? n?

We remark that since Var [R,,] is certainly bounded from below by a positive constant
(unless X is deterministic, in which case we know R,, precisely), we have determined the
value of ER,, up to the order of its standard deviation. In the next section, we shall show that
Var [R,] = O(1). Furthermore, since Var [C,,] is of order n=%, we have likewise determined
EC,, up to the order of its standard deviation.

The techniques we use to handle the recurrence relation has been used by de Bruijn [6]
and Flajolet and Odlyzko [I1] in the context of heights of simple trees.

Proof of Theorem[5. We focus on EC,,; by Lemma [ bounds on EC,, immediately yield
bounds on ER,,. As in the proof of Theorem [2| we decompose T},11 into three independent
conductors Cq, Cp41,1, and Cpy1 2 (see Figure . Let C,, and C/, be independent copies of
the conductance between the root and level n. Since

Cy - (Cry11+Chyi2)

Ci+Cny11+Cnyr2’

Ch41,1 and C 41 2 are both distributed as C,,/2, and C; is distributed as 1/X, we have, in
distribution,

Cn+1 =

Cn+Cl 1
2 1+X(Cn-£-c;1>7

where X is independent of all the other random variables appearing in . The second
factor in can be rewritten as

i 7\ 2
% _ 1_X(On+0n)+x2_<cu+cn>
1+X( n;n> 2 2

(4)

CnJrl -

Cn+C\? 1
—X3~< n ”) . . (5)
2 Cn+Cl
1+X<72 )

Using the equality (5)) to replace the term 1/(1 + X(C,, + C/)/2) in and taking expec-
tations, we obtain
EX

ECn1 = EC,— —— (E[C] + [BC,J%) +

E [X?]
4

(E[C7] +3E[C]] EC,)
X3¢, +C)*
16 (1 +X (70";0%)) ’

where we have used the equalities E [(C,, + C},)?] = 2(E [C2]+[EC,]?) and E [(C,, + C},)3] =
2(E [C3] + 3E [C2] EC,,). By Lemma [1] we have deterministically

-E

(6)

@ 1 XMC.tCOpt b
16b4n4 1+% — 16 (1—|—X (CH;C%)) - 16&47’],43
SO @ yields
E [X?
E[CnJrl]:E[Cn]—%-(E (C2] + [EC,)?) + [4 ]-(E [C3] + 3E [C2] EC,,) +O(n™%),

(7)



where the order notation O(-) depends only on a and b. We observe that, by Theorem
E [C}] + [EC,.)* = Var [Cy] + 2[EC,]* = 2[EC,]* + O(n™*). (8)
Furthermore, since E [(C,, — EC,,)?] = O(n™!)- Var [C,] = O(n™°) by Theorem we have
E[C}] = E[(C,—-EC,)*] +3E [C?] EC, — 3[EC,]? + [EC,]?

= O(n"®)+3(Var|[C,] + [EC,])*) EC, — 2[EC,]*
= 3Var|[C,|EC, + [EC,]*> + O(n™?),

" E [C2] + 3E [C2] EC,, = 4[EC,,)* + 6Var [C,,] EC,, = 4[EC,,]* + O(n~?). (9)

Combining @, , and @, we obtain
EC,;1 = EC, — EX[EC,]* + EX2[EC, ] + O(n™?).

Dividing through by EC,,+1EC,, and letting z,, = 1/EC,, gives

T = Top — BX - T LB [X%) L 0@n2), (10)
T, x2

We let 6,, = 211/, —1 and let €, = x,,+1/22, and remark that d,, and ¢, are both O(n~1).
Summing gives

n

Tnp1 =nEX +EX ) 6 -E[X?]) &+ 0(1). (11)
i=1 i=1
Since both §; and ¢; are O(i~1), immediately yields the bound
ZTny1 =nEX 4+ O(lnn) = (n + 1)EX + O(Inn), (12)

a bound we will bootstrap to prove the theorem. From we have

sir _  BXABX 0 BXY 0 o

Tn Ty
S0 since 41 /%, also equals 1 + §,,, solving for §,, we obtain

_EX-E[X?]e,

5 EX
" z, — EX

O = TEx

+0(n™?), (13)

as long as n is large enough to ensure that z,, — EX does not happen to be zero (say n > ng
for some fixed ng depending only on a and b). Similarly,

1 1 1
= oy O L o), (14)

Tn Ln Tn Tn T

for all n > 1. Combining , , and gives the identity

- 1 "1
= [EX]? Zn: bl var [X] zn: 1 +0(1)
—~ z;(x; —EX) Lz
1=ng 1=no
- var[x] 3 zi +o(1). (15)



Since z; = iEX + O(In4) by (12)), we have

"1 = 1 = 1 O(In4) Inn
—_= _—— = — 1
2 ; D EXT O(In ) 2 (z’EX * (z’EX)2> Ex oW
1=ng 1=no

i=ng

SO yields

Var | X
Ty —nEX = E)[( ] Inn 4+ O(1).

The first assertion of the theorem follows immediately, and second assertion of the theorem
follows since 41 = ER,,+1 + O(1) by Lemma O

We finish this section by stating an immediate corollary which will be useful in when
proving that the variance of R,, is bounded.

Corollary 6. There exists a constant B depending only on a and b such that for all n > 2,
E|R, — R,-1| < B.

4 The variance of the resistance

In order to show that the variance of the resistance is bounded, we bootstrap our weaker tail
bound on the resistance (Lemma . We again use the Efron—Stein inequality, together with
Thomson’s formula. This flow-based formulation of the resistance was used by Benjamini
and Rossignol [3] to show submean variance bounds for the random resistance in Z2. Given
a graph G, let E(G) be the set of edges of G. Recall that if F' denotes the set of unit flows
from the root r to depth n in T;,, then

_ 2
Ry = inf > reO(e)?y. (16)
ecE(T,)

Furthermore, there is a unique flow ©* (the current) which attains the above infimum. As
observed by Benjamini and Rossignol [3], page 4, it is a straightforward consequence of the
Efron—Stein inequality that

Var [R,] <

> E[6°(e)]. (17)

Let e; be the edge along the leftmost (principal) branch of T' connecting the nodes at depth
i and ¢ + 1. By symmetry we may rewrite the bound as

Var [R,] <

> 2E[0%(en)"], (18)

=0

so, by this approach, proving bounds on Var [R,] amounts to studying the behavior of the
flow along the principal branch of T. Denote by vg,v1,...,v, the nodes of T, along the
principal branch; so 7 = vy and €; = v;v;41. For alli = 1,...,n — 1, write T¢ , and Ty,
for the two copies of T),_; rooted at v; (with resistances multiplied by 2¢), and write Rfm-

5T

(resp. R, ;) for the effective resistance in T}; ; (resp. T}, ;) between v; and the descendants
of v; in T} ; (resp. Ty, ;) at depth n (See Figure |3)). By the definition of ©*, we must have

T
Rn,i

6*(62) = 6*(€i_1) . W



Since O is a unit flow, ©*(eg) = 1, it follows immediately that for ¢ > 1

T
Rn,z’

[ L — 19
Rfm‘ + R, 19)

O%(e;) = H A where A;
j=1
We will use the product representation to bound E [@*(61)4]. To do so, we first bound

H;‘:l Aj; by another product of random variables whose dependencies are easier to handle.
Before explaining the details of our bound, we briefly motivate our approach.

Figure 3. The decomposition we use along the leftmost branch in order to bound Var [R,].

First observe that while A; depends on the whole tree, A; depends only on the edge
labels in T£7 ; and T77 -, which makes it easier to control its influence on the other elements of
the product. We shall thus bound the terms in starting from A; rather than from A;.

Given some k with 1 < k < j, if Ay is far from 1/2, the resistances of the left and right
subtrees are far apart, so it is much more likely that Ag_; is also far from 1/2. However,
we are able to show that the effect of Ay on Ay on Ay decays exponentially in &' — k. Each
time we come across such a “lopsided” Ay, we will thus ignore (bound by 1) each Ay with
k' — k at most some large constant M. We now turn to the details.

We first let ¢ = 1/80 and choose an integer M large enough that the following conditions
hold:

1. (6b/a)(b/(a+ b))M < €/6;
2. M > 1600B/a, where B is the constant from Corollary |§|; and
3. for all n > M, €ER,,/6 > A+ 2 where A is the constant from Lemma

These conditions may seem opaque at the moment but will arise in the course of the proof.
We have chosen to list them at the start to make all dependencies clear. We remark that
M depends only on a and b. For fixed ¢ with M + 2 < i < n/2, we now define an integer
sequence k1, ..., k; (where 7 is random and will be specified momentarily) which, intuitively
speaking, is the set of indices k for which we do not ignore the contribution of Ay to the
product . We define the sequence as follows:

10



1. Let kl =1.

2. Given kj, if |R}, , /ER;,, —1| < ¢/3, |R;, /ER], —1| < ¢/3, and k; > 2 then set
kjy1 = k; — 1. Otherwise, if k; > M + 2 then set kj11 = k; — (M + 1). Otherwise set 7 = j
and stop.

So 7 is the number of factors we do not ignore. For j =1,...,7, we let
1 if kjy1 =k —1
Bj={27¢ Mhn=h (20)
1 otherwise.

(The variables Bj; in fact depend on our choice of i, but we suppress this dependence
for readability as ¢ will always be clear from context.) We remark that for a given j, if
kj+1 = k;j — 1 then due to our choice of ¢ and the bounds on thkj and on R}, , we have
1/2 —e < Ay, <1/2+ €. It follows immediately that

f[ >1i[Ak >HA

We further remark that k;; is a measurable function of {X, : e € E(Tf;kj) UE(T;,CJ_)}. As
alluded to above, the key property of the random variables B; is that for j' < j, knowledge
about Bj has very little effect on Bj, which allows us to prove a stochastic domination
result for the B;.

Lemma 7. There is a positive real number D such that given integers i, j,n with M + 2 <
i < m/2 and 2 < j < i, there is a sequence of independent Bernoulli random variables
B),,m > 1, with mean min{D/n? 1} such that for all j <7, B; < (5 +€)+ (5 —¢€) - Bj.

In proving Lemma [7| we will use the following fact about how changing the resistances
in a subtree of T;, can affect the effective resistance of T,,. Given any edge e = uv of T,
let T}, (e) be the network given by replacing all edge labels in the subtree rooted at e (i.e.,
the subtree induced by u, v, and all nodes which are descendants of both v and v) by
independent copies of the same variables. Let R, (e) be the effective resistance between the
root and leaves of T, (e) (see Figure. We say edge e = uv has depth k if one of {u, v} has
depth k and the other has depth k + 1.

Lemma 8. For any integer k with 0 < k < n—1 and any edge e at depth k, it is determin-
istically the case that

. b \*
— < _ .
|R.(e) — Ry 3bn<a+b)

Proof. Fix k € {0,...,n — 1}. By symmetry, it suffices to prove the claim with e = e.
The claim clearly holds with & = 0 (in fact, in this case \R () — Rn| < (b—a)n) so we
presume k > 1. Letting Rn w = Ry, (ex) and letting T, =T, (ex), we may equivalently view
T,, as a copy of T}, in which Te  is replaced by a single resistor €j; that has resistance R, &
independent from and dlstrlbuted as Ry i (see Figure {4 , and we hereafter do so. Without
loss of generality we may assume Rn,k > R, (and so R, > R,,).

Observe first that, since both R, ; and R, ; are between a2¥(n — k) and b2*(n — k) we
have Rnk —Rpi < (b— a)2¥n. Recall that ©* denotes the current in T),. Also,

k k
b
- <
HAJ - <a+b> ’
Jj=1

by Lemma [T}

11



Figure 4. Rn(ek) is the effective resistance of the tree Tn(ek)7 the network 7, with Tf;,k replaced
by the single resistor éj.

Form =1,...,n, let %, be the set of edges e at depth m in T}, such that ©*(e) < 1/2™.
Since ©* is a unit flow, .%,,, is non-empty for m = 1,...,k, and if ©*(e;) > 1/2* then .,
is also non-empty for m =k +1,...,n. We bound R, by considering a new flow O, which
we now define. First, if ©*(e;) < 1/2* then set O(e) = ©*(e) for all e ¢ E(Tf;’k,), and set

O(&1,) = ©*(ex). Otherwise, let § = ©*(ex) —1/2% > 0, let E = E(T,)\ (U, Zm U {&1}),
and let © be a flow satisfying the following three properties.

1. O(&x) = 1/2F = ©*(ep,) — 6.
2. For each e € E, O(e) = ©*(e).
3. For each m = 1,...,n and each e € %, ©(e) < 1/2™.

It is easy to see that such a flow always exists (redistribute the excess flow 0 along the edges
in U,,>, -%n). We first observe that if ©*(e,) < 1/2* then we have the bound

R, < ST 6(e)?re + O(Ek)* Ru
e€E(Tn)\{ér}
= > 0%(e)re + O (er)*Ru i + O (e)* (Rp i — Rnog)
e€E(Tn)\{ér}
= Ry+0%(er)*(Rug — Ruk)
< Rn+n-b2_ka. (21)

12



On the other hand, if ©*(e) > 1/2* then (&) = 2%, and we have

R, < Zé(e)Qre—i-zn: Z (:)(6)27“64—2_%1?%;C

ecl m=1e€Ln,
= Z 0% (e)?re + Z Z O(e)*re + 272 R, &
ecE m=1e€. L,
= R,+ Z Z ((:)(6)2 _ @*(6)2)7”5 + 2_2kRn7k _ 6*(€k)2Rn7k
m=1ec%
< Rt DY (6(e)? — 0% ())re + 272 (R — Rug)
m=1ec %
- s ¥ ~ “ (b—a)n
< Rut Y Y (6(e) +07(0))(Oe) ~ O (€))re + (22)
m=1lecZn

Letting 6, = O(e) — ©*(e), since O*(e) < O(e) < 1/2™ forallm =1,...,n and all e € %),
yields

~ (b - a)n - 66T€
e O S D DD D =
m=1ec %,
(b—a)n - 5
< Rn+T+ZZ2be. (23)
m=1e€c%m
Since we have distributed the excess flow §, for each m = 1,...,n, we have
bo\F
Z 66 S 5 < (b) )
e€ELm a+
so from we obtain
_ (b—a)n b \" b \*
R, <R — +2bn | — R, +3n | —— 24
n < Ry + oF +na+b <"+na+b’ (24)
completing the proof. O

Proof of Lemma[7] Welet D = 1152A(A+1)?/(e%a?), where A is the constant from Lemma
The lemma clearly holds if n? < D, so we hereafter assume that n? > D. Given 4, j, and
n as above, for simplicity we temporarily extend the sequence By, ..., B; by a sequence of
i.i.d. random variables with

B. — i +€ with probability %
T with probability 1 — 3,

for integers m > 7, and let k,, = 1 for integers m > 7. To prove the lemma it suffices (see
[12, page 179]) to prove that given any event I' with P {I"} > 0 which is measurable with
respect to By, ..., B;_1,

D
P{Bj:1|1"}§ﬁ. (25)
This clearly holds if j > 7, so we may assume that I' C {j < 7}. Our proof of has
two cases, depending on whether or not Bj_; = 1. Accordingly, we make the following

definitions:
I‘leﬂ{Bj_lzl} and FQZF\Fl

13



If Bj_1 = 1then k;_y = kj+(M+1), so the event I'; is measurable with respect to {X. : e €
E(be,kj-q—M-i-l) UE(T, ), +p41)} and thus with respect to {Xe : e € E(T£7kj+M)}. Let thkj
be the resistance of Tf’k]_ after replacing Tn k,+n With an independent resistor Rmkﬁ M
distributed as th k4 M- Since Tk; is distributed as T}, ; with all resistors multiplied by
2% we may apply Lemma |8 to bound Rfm,kj’ Doing so, we obtain that

|R: . — RY, | < 2%3b(n —kj) b M<2kj3bn by
n,k; n,kjl = J CL+b a+b N

Therefore, since also ER,, 1, > 2kia(n — k;) > 2% ~Lan, by our choice of M (on page we
have

b \M e ER,y,
< L.
a+b - 6

- Gb
|Rfl,kj nk: | <ER.k; - . <

As ER,x; = ERnk7 and Rmkj is independent of I'y, it follows that

: ¢ 0 € ERfL k;
P I P ’Rn,kj - ERnykj’ —

i 1> <
ERC 3
v

3

- - e-ER
P { Ry, — R[> —

IN

6

rl}
- - e-ERY |,
- P{]Rf;,kj —ERf;ij‘ > 6“}

Since Tfﬂ k; is a copy of T}, _,; with weights multiplied by 2ki | by Lemmawe therefore have

P Rn’kj -1 >E I' = P ’R k, — ER k|>7€.ERn_kj
ER! , 3 n nhl = 6
1 e-ER, .
A

where A > 1 is the constant from Lemma {f and ¢t = €ER,,_y,/6 — (A 4 1). By the third
condition on M (p. [10)), since n —k; > n/2 > M we have eERn k;/6>A+2,s0t>1and

1 _ 4(A+1)°  144(A+1)°
27 (t+A+1)2 E[ER, >

IN

From and the fact that R,,_, > a(n — k;j) > an/2, we therefore obtain

4
Lk ¢ 144A(A +1)2
P b qlscT s
{Ethkj 3 1} = &(ER,_y,)?
BT6A(A + 1)
e (27)

Furthermore, R} , ; is independent of I';, so the bound (27) immediately holds with RZ
replaced by Ry ;. .’On the other hand, for Bj to occur we must have either

4
Rn,kj

ER; ..

’I’L,k?j

1] >
ER;

or

€
3

14



and it follows by and a union bound that

¢

’I’L,k‘]‘ € Rn,k‘]’ €
P{B]:1|F1} < P ERék — >§ I'i»+P ERrk -1 g Iy
n,k; n,k;
11524(A+1)> D
€2a2n? T nr (28)

We argue similarly for I's. If I's occurs then Bj_1 =1/2+4¢€, so kj—1 = k; + 1, so

T
’I’L,k}j*l

-
ERn,kj—l

and -1 <

Wl o

Let I'" be the event that |k}, /ER;,  —1] >¢€/6. As R}, _, is independent from

¢
T, ,—1, we have

-
n,kj—1

S R |
ER; ,

P{I"| Ty} =P {FT

<§}<qu. (29)

Arguing just as we did to obtain , it thus follows that

576A(A+1)2

P{I" | T} < 2022

(30)

If I'" does not occur but I'y does, then since for any positive numbers r; and ro the function
rira/(r1 + r2) is increasing in both r; and ro, we have

0 T
v o ankjfanykjfl
n,k; T i T
Rn,k)]'71 + R’I’L,k}j71

< BR (1+5)0+5)
> n,kj,11+§+1+§7

Since k;j_1 = kj; + 1, this yields
1+50+%)

R, = ER', 31
n,k; n,k;+1 2 +§ ( )

By the definition of Ry, i, 11 and Ry, x, and by Corollary @, we have
ER; ;1 = 29TER,_(4,41) <2 (ER, 4, + B), (32)

where B is the constant from Corollary @ Since n > 2M = 3200B/a and ER,—; >
a(n —kj) > an/2 > 16008, yields that
. € €
ER., ., < 2"(ER,_y) (1 + %) — 2ER!. (1 n 2—0) (33)
(we remind the reader that e = 1/80). It is a simple calculation to check that

€ € € e\~ ! €
1 7) 1+54+ 5 (1 f) 14 <,
(1+ 3 (+2+18) t1) <lt3
SO 1) and 1D yield that if I'" does not occur and I's does then Rfl’kj <1+ e/3)ERfL)kj.

An essentially identical argument shows that if I'" does not occur and I's does then Rfl’ ks >
ERfL’ ), (1 —¢€/3). 1t follows immediately from these bounds and from that

|

62a2n2 (34)

2
Fz} L BT6A(A+ 1)

15



Furthermore, R; . is independent of I'y, so the bound QD immediately holds with Rfl &
vy v
replaced with Rj ey It follows from these two bounds that

1152A(A+1)? D
P{Bj:urz}s%:ﬁ (35)

The lemma follows immediately from (28) and ( . O

We are now ready for our bounds on H;:I B

Lemma 9. There is a constant ¢; > 0 such that for all integers i,n with n/2 > i > 20M

and n > \/E,
T 1 4i/5 Cin?
Hsz §—|—e < 2e
j=1

Proof. We shall omit ceiling notation to preserve readability. We first remark that for a
given j <7, if kj11 = kj — (M +1) then B; = 1 so B} = 1. (This follows from the definition

of kj, Bj, and B} on page ) It follows that if MZizl Bj, < i—j then kj;; is defined

and is at least i —j — M > 7 _, B; > 1, so in particular 7 > j. Thus, by a Chernoff bound
([]) and the assumption that ¢ > 20M, we have

9i 9i/10 ;
Pir< =3 < B >
{T 10} = 2. Bz om
9i/10 ;
= By, > —EB’ o _Ypp
I; =10 <1OM 10 )
9i/10 ;
< "> _EB/ - —
< Py Bz 10EB <1OM 1)
9i/10 ;
< > _EB]
< Py B> 10EB 20M
n?i
= e"p{‘gaom}- (36)
Furthermore, if 7 > 9i/10 then
1:[ 1/2+€)91/10 291/103’

and a calculation just as that leading to shows that

9¢/10

ZB’>— <oxpl - (37)
=P\ 360D [

Finally, if [T}_, B; > (1/2+ €)*/5 then either 7 < 9i/10 or 291/10 B} > i/10, so the lemma
follows from 1.; and (37) by letting c¢; = 1/360M2D. O

Corollary 10. For all integers n,i with n > \/(4In2)/c1, with n > VD, with i > 35, and
with 20MD <i<n/2, E [@*(ei)ﬂ < 273 where ¢, is the constant of Lemma@
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Proof. Since ©*(e;) < H;:T Bj; <1, by Lemma@we have

1 16i/5 r 1 4i/5
E [@*(ei)‘l] < (2 + 6) +P H B; > (2 + 6)
j=1
1 16i/5 .,
< <2 + e> + 2e 1, (38)

Since € = 1/80, we have (1/2 + €)'6/5 < (41/80)'6%/% < 27-3=1 for > 35. Furthermore,
2e—crin’ < 2731 when ¢;n? > 41n2; the corollary thus follows from . O

Finally, we have

Theorem 11. There exist two constants ng and C such that, for alln > ng, Var [R,] < C.

Proof. Let ng = max{,/(4In2)/c;,v/D}, and assume that n > ny. Equation states
that

Var [R,] < ® _26‘) Z_: 2'E [07(e;)"] .
=0

Let ¢’ = [max{35,20M D}]. For all i < C’, we have 2'E [0*(e;)*] < 20", For all i with
C’' <i<n/2, by Corollary we have 2'E [0*(e;)*| < 272", Finally, for all i > n/2, again
by Corollary [T0] we have

2iE [@*(62)4] < 2"E [@*(etn/ﬂ )4] < 2"2_3\_71/% < 21—n/2.

Combining these bounds with , we obtain that

(b—a)? 16C" = —2 1-n/2 (b—a)® o
< . —_— .
Var [R,] < 5 c2Y + ;:1 27"+ n-2 < (C"2% +4)

Letting C' be the right-hand side above finishes the proof. O

5 Branching random networks

As mentioned in the introduction, when extending our results from binary (or d-ary) trees
to branching processes, we are no longer able to prove deterministic bounds and must settle
for almost sure bounds. In stating and proving our results, the following formulation of
branching processes is useful. We start from a single “root edge” uv and let v be the root of
a supercritical branching process with branching distribution B that satisfies P {B = 0} = 0.
We use 7 to refer this edge-rooted branching process. We say that a node w # u has depth
1 if there are ¢ edges on the path from v to w (v has depth 0). For ¢ > 0, we let Z; be the
number of nodes of 7 at depth ¢ — so in particular Zy = 1.

Also for i > 0, we fix an ordering of the nodes at depth ¢ and let B; ; be the number
of offspring of the j’th node at depth ¢ — so ijzl B;; = Z;11. We assume this ordering
is “consistent” in the sense that if w and w’ are the j’th and (j')'th nodes at depth i,
respectively, and j < 5, then the children of w precede the children of j' in the ordering of
the depth i + 1 nodes. Given this condition, we can reconstruct 7 from the ordered lists of
branch variables.

A branching random network is simply an edge-rooted branching process 7 as above.
To each edge e connecting B, ; to its parent, we assign a random resistance r. = [EB]"X; ;
where the X ; are independent, identically distributed positive random variables as in the
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binary case. (So Xj,1 is attached to root edge uwv.) As in the binary case, this scaling
most naturally corresponds to the critical case of a random walk in a random environment
on branching processes with push-back. In particular, if B is deterministically 2 then we
recover the model of the previous sections.

Given random functions f(n) and g(n), we say that f(n) = O(g(n)) T -almost surely (or
T -a.s.) if with probability 1 (with respect to 7') there exists a constant C' such that for all n
sufficiently large, f(n) < C'-g(n). (Since C' is allowed to depend on 7, we may equivalently
say that there is an a.s. finite random variable C which is measurable with respect to 7 and
such that for all 7, for all n sufficiently large, f(n) < C - g(n). We are now prepared to
state our results for branching processes.

Theorem 12. There is a constant K = K (a,b) > 0 such that for all integers n > 2,
Var[C, | T]< Z

By making an assumption about the moments of the branch distribution, we can trans-
form Theorem [12]into a cleaner, almost sure statement about the variance of C,.

Corollary 13. If E [B®] < co then Var[C, | T]=0(n"?) T-a.s.
We first prove this corollary, then return to the proof of Theorem

Proof. Doob’s limit law [2, Theorem 1.6.1] states that there is an almost surely finite random

variable W such that
Zn a.s.

—_—
[EB]” n—o0
It follows in particular that for any e > 0,

w.

P {Z; > (EB + ¢)’ infinitely often} = 0,

so letting 7f be the last time which Z; > (EB + €)%, 7{ is a.s. finite. Also, Erdés [9] has
proved that the following two conditions are equivalent for any random variable Y:

1. E[Yz] < 0

2. Foralle >0, )2 P {‘22:1 Yi;— iEY‘ >€- z} < oo, where {Y; ;}75_, are inde-
pendent copies of Y.

Since P{B =0} = 0, W > 0 a.s. and it is easily seen that the sequence Zy, Z1,... is
a.s. eventually strictly increasing, and it easily follows from this fact, the fact that E [BS] =
E [(B*)?] < 00, and Erdés’s result that for all € > 0,

oo Zi-1
S>PIIS B~ Ziy-E[BY| > Ziy § <o
i=1 j=1

So by the first Borel-Cantelli lemma,

P Z B;{j —Z;1-E [B4] > € Z;_1 infinitely often » = 0,
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Let 75 be the last time the above ‘ZJZZ’II Bg‘)j —Zi_1-E [34]‘ > € Z;—1. Then 75 is

a.s. finite. Choose € small enough that (EB + €)/[EB]? < (1 — €) and let 7 = max{r{, 75 }.
For all n we have

T Z7! = (EB+¢\' K- (E[B'] +¢)
Var[Co| Tofr <oo}] < 3 ) EBQZn—z p> ([EB]Z) ' ("[—i)]4
i=1 j=1 i=7+1
— O(n*‘l) a.s.,

where the second sum is interpreted to be zero if n < 7. Since 7 is a.s. finite, this completes
the proof. O

Proof of Theorem[I4 We follow the lines of the proof of Theorem [2| but in this case we
shall explicitly apply induction on n. To this end, let

Komn{O5 5 (5m) (5 2) )

The first term in the above maximum will take care of the base case of the induction, while
the second will be used for the inductive step. When n = 2, if C; is the conductance of the
root edge then 0 < C,, < C; < b, so Var[C,, | T] < b?/4 so the base case is proved as
Bl,l > 1.

For the inductive step, we first decompose T;, into independent conductors C; and
Cny-->Cn By, s0 that

1 (Cn,l +...+ Cn7Bl,1)

C, = .
Ci + le 4+ ...+ CYmBL1

(39)

Fori=1,...,B,, write C,(f) for the quantity

Cl(CnJ + ... +C’:‘L,’L + e + CTL,Blyl)
Ci +Cn’1+...+C;’i+...+0n731,1

)

where C7, ; is an independent copy of Cy,; conditioned on 7 (i.e., with the same branch

variables as C,,; but with independent conductors on the edges), and write C; for the
equivalent quantity where C is replaced by an independent copy Cf. Applying the Efron—
Stein inequality conditionally, we have

Bi

Var[C, | T] < %E[(cnfc;;ﬂ T}+Z;E[(cncy>)2‘ T} (40)

=1

Arguing as in Theorem |2, we see that

2 b* 1\? 4
7E[(cnfc;';) ]7} > <ba> E[(Cn,1+...+0n731,1) ’T}

Since Cp,1 + ...+ Cp,p, , is deterministically at most By 1 - (a(n — 1)EB)~!, we have

’E[(C -G’ ‘T} ;(b)4(2_i)2'(§1§>4'(n_11)4' (41)

Also by the same arguments as Theorem [2] we obtain

Bll Bll

> E[(Cn—ij))Q‘ 7| < > B[ (Cui- )| T] = va T,
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Foreach¢=1,...,B; 1, C,,; is a conditioned copy of C),_1, all of whose weights have been
divided by EB. It follows by induction that

Bi n—12Z;i-1 4
1 5 2 K- Bi,j
S 5] (0 c) | T < XX mpmi e (2
i=1 i=2 j=1
and combining , , and proves the result. O

By an identical argument to that of Lemma [d] we obtain the following lemma, whose
proof we omit.

Lemma 14. For allt > 0, we have

P{|r - gro |7t T 0w T

d

Although C,, is conditionally concentrated given 7, unconditionally it is not concen-
trated, as can be easily seen by considering . If Cy, is concentrated, Cp1 + ...+ Cy B, ,
is well-approximated by B 1 - EC,_1/2, so C,, is close to

and hence
R, —

sie || T] 0w T

Cy-Biyi-EC,_1/2  EC,_, ( 1 ECn_1>_1
C1 + Bl,l + ECnfl/Q - 2 Bl,l 201 ’

But the latter expression is not concentrated — a change in Bj; changes this expression
by a constant factor. This should not be surprising: if the root has many offspring, the
conductance is likely to be much (a constant factor) higher than if the root has a single
child. It seems likely that at least the first-order behavior of C,, and R, is governed by
W =lim,— o Z,/[EB]™. If the resistance random variable X is constant (say X = 1) then
this is easily seen: the series-parallel laws give R, = > i [EB]"/Z;, and EB"/Z; tends to
1/W T-as., so Ry/n tends to 1/W T-as.. If we additionally assume that B has finite
variance then this convergence is also in expectation [2, Theorem 1.6.2], and it immediately
follows that C,,/EC,, tends to W/EW a.s. and in expectation. In particular, this implies
that lim,,_,, C,,/EC,, has absolutely continuous distribution (as long as B is not constant;
see [2, Theorem 1.10.4]), which is the “scaled analogue” of Question 4.1 from Lyons et al.
[16] mentioned in the introduction.

We would expect that even when X is not constant, for any A with 1 < A < EB, in the
network where the resistances of edges at depth i are scaled by A%, lim,,_.., C,,/EC,, has
an absolutely continuous distribution. In the special case that A = EB, we would venture
that R, /n tends to EX/W, T-as. and in expectation. We were unable to prove this,
essentially because the arguments used to prove Theorem [5(do not extend to the branching
process setting as readily as those of Theorem [2| In particular, once we condition on 7, our
technique for manipulating in order to devise a recurrence fails, most notably because
in this setting the identical distribution of subtrees at equal depth is lost. It seems plausible
that as in the case of binary branching R, — W - (nEX) is O(lnn), again 7-a.s. and in
expectation, but the coefficient of Inn also seems likely to depend on 7 and the precise
nature of this dependence is unclear to us.
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