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Abstract. Current point-based planning algorithms for solving partially observ-
able Markov decision processes (POMDPs) have demonstrated that a good ap-
proximation of the value function can be derived by interpolation from the values
of a specially selected set of points. The performance of these algorithms can be
improved by eliminating unnecessary backups or concentrating on more impor-
tant points in the belief simplex. We study three methods designed to improve
point-based value iteration algorithms. The first two methods are based on reach-
ability analysis on the POMDP belief space. This approach relies on prioritizing
the beliefs based on how they are reached from the given initial belief state. The
third approach is motivated by the observation that beliefs which are the most
overestimated or underestimated have greater influence on the precision of value
function than other beliefs. We present an empirical evaluation illustrating how
the performance of point-based value iteration (Pineau et al., 2003) varies with
these approaches.

1 Introduction

Partially Observable Markov Decision Processes (POMDPs) are a standard framework
for studying decision making under uncertainty. In POMDPs, the state of the system
in which the decisions take place is never fully observed. Only observations that de-
pend probabilistically on the hidden state are available. The best exact algorithms for
POMDPs can be very inefficient in both space and time. Therefore a huge research ef-
fort has been devoted to developing approximation techniques in this field. Most plan-
ning algorithms attempt to estimate values for belief states, i.e. probability distributions
over the hidden states of the system.

Recent research has been devoted to algorithms that take advantage of the fact that
for most POMDP problems, a large part of the belief space is never experienced by the
agent. Such approaches, which are known as point-based methods, consider only a finite
set of belief points and compute values for the different actions only for these points.
The plan generalization over the entire simplex is done based on the assumption that
nearby points will have nearby values. Point-based value iteration methods (Pineau et
al., 2003) have been very successful in solving problems which are orders of magnitude
larger than classical POMDP problems. This algorithm performs point-based updates
on a small setB of reachable points. The error of the approximation is proved to be
bounded and it can be decreased by expanding the set of beliefs. However, value im-
provement depends to a large extent on which belief points are added to this set. Hence,
the choice of belief points is a crucial problem in point-based value iteration, especially
when dealing with large problems, and has been discussed by several authors. Spaan



and Vlassis (2004) explored the use of a large set of randomly generated reachable
points. Pineau et al. (2003) discussed several heuristics for sampling reachable belief
states. Smith and Simmons (2004) designed a heuristic search value iteration algorithm
which maintains an upper and lower bound on the value function to guide the search for
more beneficial beliefs to consider for backups.

In this paper we address the issue of dynamically generating a good ordering of be-
liefs in an efficient way. We explore the point-based value iteration algorithm in combi-
nation with several belief point selection heuristics. First, we make some corrections to
the reachability metric proposed by Smith and Simmons (2005) which were discovered
via private communications with the authors. This metric is designed to give more pri-
ority of being selected to points that are reachable in the near future. The intuition is that
in discounted reward problems, belief points that are only reachable in many time steps
do not play an important part in the computation of the value function approximation
and we can ignore them. We compare this metric to the 1-norm distance metric previ-
ously suggested by Pineau et.al (2003) and study the applicability of this metric to the
point-based value iteration algorithm. We also propose and investigate new methods for
point selection in belief space for PBVI based on reachability analysis and belief value
estimation error. Empirical results comparing these approaches is provided.

2 Background on Partially Observable Markov Decision Processes

Formally, a POMDP is defined by the following components: a finite set of hidden
statesS; a finite set of actionsA; a finite set of observationsZ; a transition functionT :
S×A×S→ [0,1], such thatT(s,a,s′) is the probability that the agent will end up in state
s′ after taking actiona in states; an observation functionO : A×S×Z→ [0,1], such that
O(a,s′,z) gives the probability that the agent receives observationz after taking action
a and getting to states′; an initial belief stateb0, which is a probability distribution over
the set of hidden statesS; and a reward functionR : S×A×S→ℜ, such thatR(s,a,s′)
is the immediate reward received when the agent takes actiona in hidden states and
ends up in states′. Additionally, there can be a discount factor,γ ∈ (0,1), which is used
to weigh less rewards received farther into the future.

The goal of planning in a POMDP environment is to find a way of choosing actions,
or policy π, which maximizes the expected sum of future rewards

Vπ(b) = E

[
T

∑
t=0

γt rt+1|b,π

]
(1)

whereT is the number of time steps in an episode (typically assumed finite) andrt+1

denotes the reward received at time stept + 1. The agent in a POMDP does not have
knowledge of the hidden states, it only perceives the world through noisy observations
as defined by the observation functionO. Hence, the agent must keep a complete history
of its actions and observations, or a sufficient statistic of this history, in order to act
optimally. The sufficient statistic in a POMDP is the belief stateb, which is a vector of
length|S| specifying a probability distribution over hidden states. The elements of this
vector,b(i), specify the conditional probability of the agent being in statesi , given the



initial belief b0 and the history (sequence of actions and observations) experienced so
far.

After taking actiona and receiving observationz, the agent updates its belief state
using Bayes’ Rule:

b′baz(s
′) = P(s′|b,a,z) =

O(a,s′,z)∑s∈Sb(s)T(s,a,s′)
P(z|a,b)

(2)

where denominator is a normalizing constant and is given by the sum of the numerator
over all values ofs′ ∈ S:

P(z|a,b) = ∑
s∈S

b(s) ∑
s′∈S

T(s,a,s′)O(a,s′,z)

We can transform a POMDP into a “belief state MDP” (Cassandra et al, 1997). Under
this transformation, the belief stateb becomes the (continuous) state of the MDP. The
actions of the belief MDP are the same as in the original POMDP, but the transition and
reward functions are transformed appropriately, yielding the following form of Bellman
optimality equation for computing the optimal value function,V∗:

V∗(b) = max
a∈A

∑
z∈Z

P(z|a,b)

[
∑
s∈S

b(s)

(
∑
s′

b′baz(s
′)R(s,a,s′)

)
+ γV∗(b′baz)

]
(3)

whereb′baz is the unique belief state computed based onb, a andz, as in equation (2).
As in MDPs, the optimal policy that the agent is trying to learn is greedy with respect
to this optimal value function. The problem here is that there is an infinite number of
belief statesb, so solving this equation exactly is very difficult.

Exact solution methods for POMDPs take advantage of the fact that value functions
for belief MDPs are piecewise-linear and convex, and thus can be represented using
a finite number of hyperplanes in the space of beliefs YSondik1971. Value iteration
updates can be performed directly on these hyperplanes. Unfortunately, exact value
iteration is intractable for most POMDP problems with more than a few states, because
the size of the set of hyperplanes defining the value function can grow exponentially
with each step. For any fixed horizonn, the value function can be represented using a
set ofα-vectors. The value function is the upper bound over all theα-vectors:Vn(b) =
maxα ∑sα(s)b(s). GivenVn−1, Vn can be obtained using the following backup operator:

Vn(b)←max
a∈A

[
∑
z∈Z

P(z|a,b)

(
∑
s∈S

∑
s′∈S

b(s)b′baz(s
′)R(s,a,s′)+ γmax

αn−1
∑
s′∈S

b′baz(s
′)αn−1(s′)

)]

whereαn−1 are theα-vectors used to representVn−1.
Exact value iteration algorithms (e.g. Sondik, 1971; Cassandra et al, 1997; Zhang

& Zhang, 2001) perform this backup by manipulating directly theα-vectors, using set
projection and pruning operations. Although manyα-vectors can usually be pruned
without affecting the values, this approach is still prohibitive for large tasks. Approx-
imate methods attempt instead to approximate the value function in some way. These
solution methods usually rely on maintaining hyperplanes only for a subset of the be-
lief simplex. Different methods use different heuristics in order to define which belief
points are of interest (e.g. Hauskrecht, 2000; Pineau et al, 2003; Smith and Simmons,
2004).



3 Point Based Value Iteration

The computational inefficiency of exact value updates leads to the exploration of various
approximation methods that can provide good control solutions with less computational
effort. Point-based value iteration (PBVI) is based on the idea of maintaining values,
andα-vectors for a selected set of belief points. This approach is designed based on the
intuition that much of the belief simplex will not be reachable in general.

The algorithm starts with a set of beliefs, and computesα-vectors only for these
beliefs. The belief setB can then be expanded, in order to cover more of the belief
space. Newα-vectors can then be computed for the new belief set, and the algorithm
continues.

The update function with a fixed set of belief pointsB can be expressed as an op-
eratorH on the space of value functions, such thatVi+1 = HVi , whereH is defined in
(3). In order to show the convergence of such algorithms, we need to show thatH is a
contraction mapping, and that each estimateVi is an upper bound on the optimal value
function. If both of these conditions hold, the algorithm will converge to a fixed point
solution,V̄∗ ≥V∗.

4 Belief Point Selection

In the PBVI algorithm, the selection of the belief points that will be used to represent
the value function is done in an anytime fashion, with the goal of covering as densely
as possible the set of reachable beliefs. The belief setB is initialized with just the initial
belief state,b0. Then, the space of reachable beliefs is sampled by a forward simulation,
taking one action and receiving one observation. Different heuristics for sampling points
have been proposed in (Pineau et al, 2003), but the Stochastic Simulation by Explorative
Action heuristic (SSEA) is considered to perform best in general. In this approach, all
possible actions at a given belief state inB are considered. One observation is sampled
for each action and the new belief states are computed using (2). Then, the algorithm
greedily picks the belief state that is farthest away fromB, in the sense of theL1 distance
(also called 1-norm). Hence, the number of points inB at most doubles at each iteration,
because at most one extra belief point is added for each existing belief. This heuristic is
motivated by an analytical upper bound on the approximation error, which depends on
the maximumL1 distance from any reachable belief toB:

εB = max
b′∈∆̄

min
b∈B

||b−b′||1 (4)

where∆̄ is the set of all reachable beliefs. This heuristic attempts to greedily reduce
εB as quickly as possible. The authors also discuss other approaches for picking belief
states, such as picking beliefs randomly (similarly to grid-based methods), or sampling
reachable beliefs by using either random or greedy actions. In all of these cases (with
the exception of random sampling), the space of reachable beliefs is covered gradu-
ally, as the algorithm progresses. This is due to the fact that at each point, the candidate
beliefs that are considered are reachable in one time step from the current beliefs. More-
over, because PBVI is greedy in picking the next belief state to add, it can potentially
overlook, at least for a few iterations, belief states that are important from the point



of view of estimating the value function. Spaan and Vlassis (2004) propose a different
way of choosing belief points in the PERSEUS algorithm, which is aimed at addressing
this problem. They sample a large set of reachable beliefsB during a random walk,
but then only update a subset of ofB, which is sufficient to improve the value function
estimate overall. The core belief selection heuristic proposed by Izadi et al. (2005) tries
to start a point-based value iteration with a set of beliefs which span the whole simplex
of reachable beliefs. Although this will help the algorithm converge to a good approx-
imation in only a few iterations, finding this set of desired beliefs is computationally
demanding, and the approach is problematic for large problems. Heuristic search value
iteration (HSVI) (Smith & Simmons, 2004) keeps the value function bounded between
an upper bound and a lower bound, an approach aimed at ensuring good performance
for the candidate control policies. The algorithm was improved in (Smith & Simmons,
2005), by designing a tighter bound and much smaller size controllers, which makes
HSVI better in terms of planning time and achieved values. However, the derivation
contained in their paper has some problems, which we correct below.

4.1 Selecting belief states based on reachability

In order to reason about the space of reachable beliefs, one can consider the initial belief
vector,b0, and all possible one-step sequences of actions and observations following it.
Equation (2) then defines the set of all beliefs reachable in one step. By considering all
one-step action-observation sequences that can occur from these beliefs, we can obtain
all beliefs reachable fromb0 in two steps, and so on. This will produce a tree rooted
at the initial belief stateb0. The space of reachable beliefs consists of all the nodes of
this tree (which is infinite in general, but cut to a finite depth in finite-horizon tasks).
The discounted reachabilityρ is a mapping from the space of reachable beliefs∆ to the
real numbers, defined as:ρ(b) = γL whereL is the length of the shortest sequence of
transitions from the initial belief stateb0 to b. This definition implies that

ρ(b′baz)≥ γρ(b) (5)

because eitherb′baz is obtained in one step fromb (in which case we have equality), or
if not, it may be obtained along a shorter path. Based on the definition of discounted
reachability, Smith and Simmons (2005) define a generalized sample spacing measure
δP (0≤ P < 1). Their argument is that they want to give more weight to beliefs that are
reachable in the near future, because their values influence the value function estimates
more. To do this, they divide theL1 norm of the beliefs by(ρ(b))P. However, this
division actually has an opposite effect, emphasizing more beliefs that are in the distant
future. The problem was discovered via private communications with the authors. To
correct this problem, the sample spacing measure should be:

δP(B) = max
b∈∆̄

min
b′∈B

‖b−b′‖1[ρ(b)]P (6)

whereP is a parameter in[0,1). Note that ifP = 0, we obtain exactly the heuristic de-
scribed in (Pineau et al, 2003), and given here in equation (4). However, the theoretical
development for that case has to be different than the one we will give here. In this
case, an equal weight is given to beliefs that are at equal distance to the current set of



belief points, regardless how easy or hard they are to reach. The theoretical results and
arguments stated in Smith and Simmons (2005) hold with the above definition ofδP(B).
For clarity, we present these results in here.

First we need to show that the update operator on the selected set of points by the
above metric is a contraction mapping. To do this, consider the following weighted
norm:

‖V−V̄‖ξ = max
b
|V(b)−V̄(b)|ξ(b) (7)

In other words, this is like a max norm but the elements are weighted by weightsξ.

Theorem 1. The exact Bellman update is a contraction mapping under the norm (7)
with contraction factorγ1−P.

Proof: For the proof, it is easier to consider action-value functions. We will use the
same notation as (Smith and Simmons, 2005) in order to facilitate the comparison with
their results. LetQV

a (b) be the value of executing actiona in belief stateb, given that
the value function estimate for states isv:

QV
a (b) = R(b,a)+ γ∑

b′
Pr(b′|b,a)V(b′)

For any actiona∈ A, and for any value function estimatorsV andV̄ we have:

‖QV
a −QV̄

a‖ρp = max
b
|QV

a (b)−QV̄
a |× [ρ(b)]p

= max
b

γ∑
b′

Pr(b′|b,a)|V(b′)−V̄(b′)|[ρ(b)]p

= max
b

γ∑
b′

Pr(b′|b,a)|V(b′)−V̄(b′)|
[

γρ(b)
γ

]p

≤ max
b

γ∑
b′

Pr(b′|b,a)|V(b′)−V̄(b′)|[γ−1ρ(b′)
]p

(using (5))

≤ max
b

γ1−p∑
b′

Pr(b′|b,a)max
b′′
|V(b′′)−V̄(b′′)|[ρ(b′′)

]p

= γ1−p∑
b′

Pr(b′|b,a)‖V−V̄‖ρp

= γ1−p‖V−V̄‖ρp

As a side note we need to mention that equation (10) in YSmith Simmons2005 and the
contraction factor as stated there should be fixed as well.

Let HV be a “greedification” operator on the value function, defined as:HV(b) =
maxaQV

a (b),∀b. Then, for any belief stateb in the reachable belief space∆ we have:

|HV(b)−HV̄(b)| ≤max
a
|QV

a (b)−QV̄
a (b)|

Multiplying both sides by[ρ(b)]p we obtain:

|HV(b)−HV̄(b)|[ρ(b)]p ≤max
a
|QV

a (b)−QV̄
a (b)|[ρ(b)]p



Maximizing overb, we obtain:

‖HV−HV̄‖ρp ≤max
a
‖QV

a −QV̄
a‖ρp ≤ γ1−p‖V−V̄‖ρp

which completes the proof.¦.
The next theorem bounds the error of a policy based on an approximate value func-

tion V̂.

Theorem 2. The expected error introduced by a policyπ̂ induced by an approximate
value functionV̂, starting at the initial beliefb0 is bounded by:

2γ1−p

1− γ1−p‖V∗−V̂‖ρp

Proof: Let b∈ ∆ be an arbitrary belief state andπ∗ be the optimal policy. LetV π̂ be the
value function of policyπ̂. Note thatQV π̂

π̂(b)(b) = V π̂(b). Note that by the definition of

theH operator,QV̂
π̂(b)(b) = HV̂(b). Note also that or the optimal value function, by its

definition,V∗ = HV∗. We have:

|Vπ∗(b)−V π̂(b)| = |V∗(b)−QV π̂

π̂(b)(b)|
= |V∗(b)−QV π̂

π̂(b)(b)+QV̂
π̂(b)(b)−QV̂

π̂(b)(b)|
≤ |V∗(b)−HV̂|+ |QV̂

π̂(b)(b)−QV π̂

π̂(b)(b)| (by grouping terms)

≤ |HV∗(b)−HV̂(b)|+ γ∑
b′

Pr(b′|b, π̂(b))|V̂(b′)−V π̂(b′)|

Multiplying both sides by[ρ(b)]p we get:

|V∗(b)−V π̂(b)|[ρ(b)]p ≤ |HV∗(b)−HV̂(b)|[ρ(b)]p

+ γ∑
b′

Pr(b′|b, π̂(b))|V̂(b′)−V π̂(b′)|
[

ρ(b)γ
γ

]p

≤ |HV∗(b)−HV̂(b)|[ρ(b)]p

+ γ1−p∑
b′

Pr(b′|b, π̂(b))|V̂(b′)−V π̂(b′)|[ρ(b′)]p

≤ |HV∗(b)−HV̂(b)|[ρ(b)]p + γ1−p‖V̂−V π̂‖ρp

By taking a max wrtb we obtain:

‖Vπ∗ −V π̂‖ρp ≤ ‖HV∗−HV̂‖ρp + γ1−p‖V̂−V π̂‖ρp

≤ γ1−p
(
‖V∗−V̂‖ρp +‖V̂−V π̂‖ρp

)

≤ γ1−p
(
‖V∗−V̂‖ρp +‖V̂−V∗‖ρp +‖V∗−V π̂‖ρp

)

≤ γ1−p
(

2‖V∗−V̂‖ρp +‖V∗−V π̂‖ρp

)



Solving this we obtain:

‖V∗−V π̂‖ρp ≤ 2γ1−p

1− γ1−p‖V∗−V̂‖ρp

Hence, the regret atb0 will be bounded as follows:

V∗(b0)−V π̂(b0)≤ 2γ1−p

1− γ1−p‖V∗−V̂‖ρp ¦

Theorem 3. Let HB be the update operator applied using only beliefs from setB.
Then the error induced by a single application ofHB instead of the true operatorH
is bounded inρp norm as:

‖HV−HBV‖ρp ≤ (Rmax−Rmin)δP(B)
1− γ1−p

Proof: We follow a similar argument to the one in (Pineau et al, 2003). Letb′ be the
reachable belief that is currently not included in the setB with the worst error inρp

norm. Letb ∈ B be the belief on the current simples that is closest tob′, in the sense
of the ρp norm. The true optimalα-vector atb′ would beα′, but instead we use the
estimateα that comes fromb. Then, we have:

‖HV−HBV‖ρp = (α′b′−αb′)ρ(b′) = (α′b′−α′b+α′b−αb′)ρ(b′)
≤ [

α′(b′−b)+α(b−b′)
]
[ρ(b)]p (becauseα is the optimal belief atb)

= (α′−α)(b′−b)[ρ(b′)]p

≤ ‖α′−α‖∞ max
b′

min
b
‖b′−b‖∞[ρ(b′)]p = ‖α′−α‖∞δP(B)

≤ Rmax−Rmin

1− γ1−p δP(B)

whereRmax andRminare the maximum and minimum rewards that can be achieved,
and we used the result from Theorem 1 for the contraction factor in the denominator.¦
Theorem 4. The error‖Vt −VB

t ‖ at any update stept is at most:

(Rmax−Rmin)δP(B)
(1− γ1−p)2

Proof: The proof is identical to the one in (Pineau et al., 2003) but with the results from
Theorem 1 and Theorem 3 plugged in.¦

Algorithm 1 presents an approach for expanding the belief set using the reachabil-
ity heuristic. Note that instead of looking at all reachable beliefs, we just sample, for
each belief in the current set, one possible successor. Of course, this algorithm could
be changed to take more samples, or to look farther into the future. However, farther
lookahead is less likely to matter, because of the weighting used in the heuristic. The
drawback of this approach is that after a few cycles the strategy will sample points from
a rather restricted set of points and that could lead to smaller and smaller improve-
ments. It must be noted that for instance for domains with deterministic observations



Algorithm 1 Average-norm Belief Expansion (Initial belief setB)
for all b∈ B do

for all a∈ A do
Sample the current states from b
Sample the next states′ from T(s,a, ·)
Sample the next observationz from O(a,s′, ·)
Compute the next beliefb′baz reachable fromb

end for
b∗ = argmaxb′baz

minb′′∈B ||b′baz−b′′||1[ρ(b′baz)]
p

B = B
S{b∗}

end for
return B

and transitions this approach gives very similar results to the stochastic simulation with
explorative actions (SSEA) heuristic, because of the narrow distribution of reachable
beliefs. Considering that PBVI converges to a good approximation in just a few expan-
sions, and that the factorγ is usually between 0.75 to 0.99, the effect ofδP(B) is not
much different, in Algorithm 1, compared to the effect ofε(B) in SSEA-PBVI.

4.2 Breath first selection

A more extreme alternative to the reachability heuristics is to includeall the beliefs
that are reachable in the near future in the set of belief points. Theoretically, this should
provide the best approximation in terms of the weighted norm that we are considering.
But in many problems this is not feasible, because the size of the fringe of the belief tree
grows exponentially. But, in order to get an estimate of how well we could do in this
case, we consider adding one belief point for every possible action from every belief in
the current set. The observations are still sampled. The main idea is that we typically
expect the number of actions to be small, but the number of possible observations to be
quite large. Obviously, this could be extended to samplek observations for each action.
the algorithm using this idea is presented in Algorithm 2. In this case the size ofB for
the next set of point-based backups will be increased at most by a factor of|A|. Because
this approach adds significantly more beliefs at each step, we would expect it to obtain
a good approximation in a smaller number of expansions. But we want to ensure that
the number of beliefs is also small enough to enable efficient value function backups.

4.3 Value-based selection

One interesting feature of point-based methods is that they can use the current esti-
mate of the value function itself to decide which belief points to select next. So far,
though, only one point-based algorithm, Stochastic Simulation with Greedy Action,
PBVI-SSGA introduced in (Pineau et al, 2005), exploits this feature. Value-based meth-
ods attempt to include critical points in the set of selected beliefs, based on the current
value approximation. We build upon the fact that the reachable states with highest and
lowest expected rewards (as predicted by the current value function approximation) are



Algorithm 2 Breadth First Belief Expansion (Initial belief setB)
for all b∈ B do

for all a∈ A do
Sample current states from b
Sample next states′ from T(s,a, ·)
Sample next observationz from O(a,s′, ·)
Compute the next beliefb′baz reachable fromb
if b′baz 6∈ B then B = B

S{b′baz}
end for

end for
return B

the more desirable points for improving the precision of the value function. This method
is presented in Algorithm 3. As seen here, the set of beliefsB at most triples in size with
each expansion.

Algorithm 3 Value-based belief expansion (Initial belief spaceB)
for all b∈ B do

for all a∈ A do
Samples from b
Samples′ from T(s,a, ·)
Samplez from O(a,s′, ·)
Compute the next beliefb′baz reachable fromb

end for
maxb = argmaxb′baz

b′bazα andminb = argminb′baz
b′bazα whereα is the best belief vector at

the respective beliefs
B = B

S{maxb,minb}
end for
return B

5 Empirical evaluation

In order to compare the performance of the belief selection methods discussed in the
previous sections, we selected a few standard domains previously used in the literature.
Table 1 lists these problems with information about the problem size.

In each domain, we ran 250 trajectories starting from a fixed given initial belief
following the approximately optimal policy generated by each method. We measure
the the discounted sum of the rewards obtained on these trajectories. Table 2 shows this
measure averaged over 10 independent runs, for the hallway, hallway2 and RockSample
problems, and five runs for the tag domain (due to time restrictions). We present average
performance and standard deviation over these runs. The first column in this table shows
the standard PBVI algorithm in which Stochastic Simulation with Explorative Action
has been used for belief set expansion. For the second algorithm, the parameterp is
chosen such that the resulting value function fits best the true value function according
to the average-norm heuristic. The second column reports these results withP = 0.99;



Table 1.Domains used in the experiments

Domain |S | |A | |O| R
hallway 60 5 21 [0,1]
hallway2 90 5 17 [0,1]

tag 870 5 30 [-10,10]
RockSample[4,4]257 9 2 [-100,10]

however, we experimented with many different settings ofP and all results are very
similar. The third and fourth columns contain results for the breadth-first and value-
based heuristics.

We used 5 expansions of the set of beliefsB to reach an optimal solution. for all
of the algorithms except for breadth-first. For the latter, we performed 3 expansions for
the hallways and RockSample problems and 2 expansions for the tag domain. This is
because the setB grows much faster for this algorithm. The complexity of the optimal
value function can be measured by the number ofα-vectors used to represent it. PBVI
keeps at most oneα-vector for each belief state in the setB. In the domains hallway,
hallway2, and tag, there are 5 choices of actions and a high level of stochasticity. In the
RockSample domain, actions are deterministic, and there is significantly less noise in
the observations.

Table 2.Comparison of solution quality between different belief point selection strategies

Domain PBVI (1-norm)Average-normBreadth-FirstValue-based
hallway 0.51± 0.03 0.52± 0.03 0.52± 0.03 0.51± 0.03
hallway2 0.35± 0.03 0.37± 0.04 0.38± 0.03 0.30± 0.04

tag -9.12± 0.59 -8.16± 0.8 -9.27± .68 -8.18± 1.27
RockSample[4,4] 17.78± 1.08 19.36± 2.5 15.05± 3.13 8.57± 0.21

In the experiments, the setB almost always contains 32 points for the 1-norm and
average-norm heuristics. The average size ofB is 66 for the value-based method, but in
the RockSample domain, only 15 belief points are selected on average by this heuristic.
This is mainly due to the fact that the deterministic transitions make it difficult to ex-
plore a large enough part of the belief simplex using this method. The small size of the
belief set results in poor performance on this domain, compared to the other approaches.
We conjecture that a different way of facilitating exploration, perhaps by starting from
different initial beliefs, would help. The breadth-first heuristic is much more aggressive
in expanding the belief set, averaging 150 belief points for the hallway problems and
294 beliefs for the RockSample domain.

Overall, neither the breadth-first nor the value-based heuristic seem to help much.
The average-norm heuristic is preferable to the 1-norm, as it uses roughly the same
number of belief points but provides a better quality solution. In general the effect of
these methods is difficult to narrow down, and further experimentation with different



domains is required. We believe the exploration-exploitation trade-off should also be
considered in future experimentation, since it impacts significantly the quality of the
solutions we obtain.

6 Conclusions and future work

The set of points selected for value iteration in point-based methods is very important
for the quality of the computed approximate plan. In this paper, we introduced and eval-
uated several point selection criteria for point-based POMDP approximation methods.
First, we studied the reachability metric as an alternative to 1-norm distance between
belief states. This approach gives a higher priority beliefs in the immediate future. We
also tried considering all beliefs which are only one step away from our current set. The
number of backed up belief points is considerably larger in this case, so in principle
this can allow a better approximation, although in the examples we studied the control
quality does not improve much. We also tested the idea of using the value as a guide to
select points. The empirical results do not show a clear winner among all these meth-
ods; the exploration-exploitation trade-off seems to play an important role, and should
be taken into consideration in future studies.

The methods discussed in this paper focus on belief selection for the expansion
phase of the PBVI. However, different methods can be adopted for choosing only belief
points to perform backups in the value iteration phase of this algorithm as well. We
expect such methods to have a greater influence on the speed of point-based methods in
general, which is also suggested by the results of Spaan and Vlassis. We intend to study
this further in the future.
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