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Abstract

Constraint satisfaction problems (CSPs) provide a unified framework for
studying a wide variety of computational problems naturally arising in com-
binatorics, artificial intelligence and database theory. To any finite domain
D and any constraint language I' (a finite set of relations over D), we as-
sociate the constraint satisfaction problem CSP(I'): an instance of CSP(I)
consists of a list of variables x1,x9,..., 2, and a list of constraints of the
form “(x7, 9, ...,x5) € R” for some relation R in I'. The goal is to determine
whether the variables can be assigned values in D such that all constraints
are simultaneously satisfied. The computational complexity of CSP(I") is
entirely determined by the structure of the constraint language I' and, thus,
one wishes to identify classes of I' such that CSP(I") belongs to a particular
complexity class.

In recent years, logical and algebraic perspectives have been particularly
successful in classifying CSPs. A major weapon in the arsenal of the logi-
cal perspective is the database-theory-inspired logic programming language
called Datalog. A Datalog program can be used to solve a restricted class
of CSPs by either accepting or rejecting a (suitably encoded) set of input
constraints. Inspired by Dalmau’s work on linear Datalog and Reingold’s
breakthrough that undirected graph connectivity is in logarithmic space, we
use a new restriction of Datalog called symmetric Datalog to identify a class
of CSPs solvable in logarithmic space. We establish that expressibility in

symmetric Datalog is equivalent to expressibility in a specific restriction of



second order logic called Symmetric Restricted Krom Monotone SNP that has
already received attention for its close relationship with logarithmic space.
We also give a combinatorial description of a large class of CSPs lying in LL
by showing that they are definable in symmetric Datalog. The main result of
this thesis is that directed st-connectivity and a closely related CSP cannot
be defined in symmetric Datalog. Because undirected st-connectivity can be
defined in symmetric Datalog, this result also sheds new light on the com-
putational differences between the undirected and directed st-connectivity

problems.
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Résumé

Les problemes de satisfaction de contraintes (ou CSP) forment un cadre
particulierement riche permettant de formaliser de facon uniforme un grand
nombre de problemes algorithmiques tirés de l'optimisation combinatoire, de
Pintelligence artificielle et de la théorie des bases de données. A chaque do-
maine D et chaque langage de contraintes I' (i.e. un ensemble de relations
sur D), on associe le probleme CSP(I") suivant. Une instance du probléme
est constituée d’'une liste de variables z1,...,x, et d’une liste de contraintes
de la forme (z7,x9,...,25) € R, ou R € I'. On cherche a déterminer si des
valeurs de D peuvent étre assignées aux variables de telle sorte que les con-
traintes soient toutes satisfaites simultanément. La complexité algorithmique
de CSP(I") est entierement fonction de la structure du langage de contraintes
I' et on cherche alors a identifier des classes de contraintes pour lesquelles
CSP(I") appartient a une classe de complexité spécifique.

Au cours des dernieres années, cette classification des CSP a grandement
progressé grace a des approches logique et algébrique. Le langage de pro-
grammation logique Datalog, né de la théorie des bases de données, est un
des outils principaux de ’approche logique. Un programme Datalog peut étre
utilisé pour résoudre efficacement certains CSP en aceptant ou en rejetant un
ensemble de contraintes (encodé adéquatement). En s’inspirant des travaux
de Dalmau sur le Datalog linéaire et du résultat fondamental de Reingold sur
la complexité de la connexité dans les graphes non-dirigés, nous présentons

un nouveau fragment de Datalog, le Datalog symétrique, et identifions ainsi
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une classe de CSP résolubles en espace logarithmique. Nous montrons que
Iexpressivité de Datalog symétrique coincide avec celle d'un fragment de la
logique de second-ordre appelé Krom SNP Symétrique Monotone Restreint
qui avait déja fait 'objet d’étude a cause de son lien aux problemes résolubles
en espace logarithmique.

Nous présentons également une large classe de CSP résolubles en es-
pace logarithmique grace au Datalog symétrique. Le principal résultat de
ce mémoire établit que la st-connexité d'un graphe dirigé (et un CSP intime-
ment relié & ce probleme) ne sont pas définissables dans Datalog symétrique.
Cela met de nouveau en lumiere les différences importantes entre les cas

dirigé et non-dirigé du probleme de connexité des graphes.
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Chapter 1
Introduction

The constraint satisfaction problem (CSP) was introduced in 1974 by Mon-
tanari [30] and provides a unified framework for studying a wide variety
of computational problems [12, 27, 34, 35, 32, 46, 39] naturally arising in
machine vision, belief maintenance, scheduling, temporal reasoning, type re-
construction, graph theory and satisfiability. To any finite domain D and any
finite set of relations I' over D, we associate the constraint satisfaction prob-
lem CSP(I'): an instance of CSP(I") consists of a list of variables zy,...,z,
and a list of constraints of the form (x;,,..., ;) € R; for some k-ary rela-
tion R; € I'. The goal is to determine whether the variables can be assigned
values in D such that all constraints are simultaneously satisfied.

Understanding the computational complexity of problems involving con-
straints is one of the most fundamental challenges in constraint programming,.
The class of all CSPs is NP-hard [33] and therefore it is unlikely that effi-
cient general-purpose algorithms exist for solving them. However, in many
practical applications the instances that arise have a special form that allow
for efficient heuristics. (See for example [5, &, 30, 10].)

Another approach to CSPs does not make assumptions about the form
of the input instances but rather restricts the type of constraints that are

allowed. That is, imposing certain restrictions on I' often allows to efficiently



1.1 Basic Notions

solve CSP(I'). The ultimate objective is to make precise statements about
the complexity of CSP(T") given only I'. This thesis is centered around two
approaches, one termed the logical approach and the other the algebraic ap-
proach.

In recent years, these two approaches have been particularly successful in
identifying “islands of tractability”, i.e. wide classes of I's for which CSP(T")
is tractable, i.e. solvable in polynomial time (P). A central idea of the logical
approach is to relate the tractability of CSP(I") with the expressibility of the
problem in the database-theory-inspired logic programming language called
Datalog and its restrictions.

In the algebraic approach one considers for each I' the set of operations
which preserve the relations of I'. It can be shown that the algebraic proper-
ties of this set precisely determine the complexity of CSP(I"). In particular
this point of view yields widely applicable sufficient criteria for the tractabil-

ity of CSP(I") (e.g. if I is preserved under a Mal’tsev operation [, 3]).

1.1 Basic Notions

We begin with some simple definitions.

Definition 1.1. For any set D (called domain) and any non-negative integer
n, the set of all n tuples of elements of D is denoted by D". The i** component
of a tuple ¢ is denoted by t[i]. A subset of D™ is called an n-ary relation over
D. The set of all finitary relations over D is denoted by Rp. A constraint

language over D is a subset of Rp.

Definition 1.2. For any set D and any constraint language I' over D,

CSP(I') is the combinatorial decision problem:

Instance: A triple (V, D, C'), where

e V is a set of variables;



1.2 CSP Examples

e (' is a set of constraints, {C, ..., C,};
e Each constraint C; € C' is a pair (s;, R;), where

— s; is a tuple of variables of length n;, called the constraint scope;

— R; € T is an n;-ary relation over D, called the constraint rela-

tion.

Question: Does there exist a solution, that is, a function f : V — D
such that for each constraint (s,R) € C with s = (vy,...,v,) the tuple
(f(v1), ..., f(vn)) belongs to R? The set of solutions of a CSP instance
P = (V,D,C) will be denoted by Sol(P).

To determine the complexity of a constraint satisfaction problem we need
to specify how instances are encoded as finite strings of symbols. The size
of a CSP instance can be taken to be the length of a string specifying the
variables, the domain, all constraint scopes and corresponding relations. We
shall assume in all cases that this representation is chosen so that the com-
plexity of determining whether a constraint allows a given assignment of
values to the variables in its scope is bounded by a polynomial function of
the length of the representation.

In this thesis we deal only with finite constraint languages. For finite
domains, we can assume that the tuples in the constraint relations are listed
explicitly. In fact, it is enough to take the size of an instance to be the
number of variables occuring in the constraints as it is polynomially related

to the number of possible tuples in the relations of the instance.

1.2 CSP Examples

Example 1.3. 3-SAT is the decision problem in which we are given a 3CNF-
formula ¢ with variables 1, ..., z,, and clauses ¢y, ..., ¢,,, and we have to decide

whether the clauses can be satisfied simultaneously. Now we express 3-SAT



1.2 CSP Examples

as a CSP. For each possible type of clause we create a relation in the following

way:

Clause Type Relation

(zVyVz) Ro = {0, 1}°\{(0,0,0)
(mzVyV2) Ry = {0,1}°\{(1,0,0)
(mzV-yVz) | Ry=1{0,1}3\{(1,1,0)
(mzV -y V-z) | Ry ={0,1}3\{(1,1,1)}

}
}
}

Let I' = {Ry, Ry, Ro, R3}. Then the CSP instance (V, D, C) has a solu-
tion if and only if ¢ is satisfiable, where V' = {zy,...,z,}, D = {0,1},C =
{c1,...,cm} and in ¢; = ((x,y, 2), R;), where R; is the relation corresponding
to (z,y, z) as given in the table above.

In the next example, we need the following definition.
Definition 1.4. A constraint language I' is called:

e Tractable if CSP(I") can be solved in polynomial time, for each subset
I"CT;

e NP-complete if CSP(I") is NP-complete for some finite subset [V C I'.

Example 1.5. A Boolean constraint language is a constraint language over
a two element domain D = {dy,d;}. Similarly to the encoding used in
Example 1.3, we can express SATISFIABILITY [37] as a CSP. It was established
by Schaefer in 1978 in a seminal paper [11] that a Boolean constraint language

I is tractable if (at least) one of the following six conditions holds:

1. Every relation in I' contains the tuple in which all entries are equal to
do;

2. Every relation in I' contains the tuple in which all entries are equal to
dy;



1.2 CSP Examples

3. Every relation in I' is definable by a conjunction of clauses, where
each clause has at most one positive literal (i.e., a conjunction of Horn

clauses);

4. Every relation in I' is definable by a conjunction of clauses, where each

clause has at most one negative literal;

5. Every relation in I is definable by a conjunction of clauses, where each

clause contains at most two literals;

6. Every relation in I is the set of solutions of a system of linear equations
over the finite field with two elements, GF(2).

Otherwise I' is NP-complete. This result is often called Schaefer’s Di-

chotomy Theorem [!1].

Example 1.6. The binary less than relation over an ordered set D is defined
as:
<p= {<d1,d2> c D2 : d1 < dg}

Let A = N where N is the set of natural numbers. Then the class of CSP
instances CSP({<y}) corresponds to the AcycLic DIGRAPH problem [2]
(the problem is to decide whether a graph is acyclic). Note that a directed
graph is acyclic if and only if its vertices can be numbered in such a way that
every arc leads from a vertex with smaller number to a vertex with a greater
one. Since the AcycLIC DIGRAPH problem is tractable, {<y} is tractable.

Example 1.7. Let disequality be the following relation over D:

7&[): {(dl,d2> - D2 . dl 7’é dg}

CSP({#p}) corresponds to the GRAPH COLORABILITY problem [16, 37] with
|D| colors. This problem is in polynomial time if |D| < 2 or |D| = oo and
NP-complete if 3 < |D| < o0.



1.3 Overview

Example 1.8. Let F be any finite field and I'y;, be the constraint language
containing all those relations over F which consist of all the solutions to some
system of linear equations over . Any relation from I'z;,, and therefore any
instance of CSP(I'z;,) can be represented by a system of linear equations
over F and this system of equations can be computed from the relations in
polynomial time [5]. A system of linear equations can be solved in polynomial

time (e.g., by Gaussian elimination) and therefore I'z;, is tractable.

Example 1.9. Let D be a domain. A binary relation R C D? is said to be

implicational or a 0/1/all constraint if it is one of the following forms (see

[20] and [9]):
1. R= B x C for some B,C C D;

2. R={(b, f(b)) : b e B} where B C D and f is an injective function;
3. R={b} x CUB x {c} for some B,C' C D with b€ B and c € C.

Dalmau showed [10] that CSPs defined by implicational constraints are in

NL. We will say more about implicational constraints in Chapter 4.

1.3 Overview

An important driving force of research on CSPs is a major dichotomy con-
jecture postulating that for every I, CSP(I") is either in polynomial time or
is NP-complete ([15]). (Note that this conjecture is a generalization of the
result in Example 1.5 to domains of any size.)

The conjecture has been the subject of intense research since its for-
mulation and we summarize these recent efforts in Chapter 2. Because of
the dichotomy conjecture, research has focused almost entirely on classifying
CSP(I') as either solvable in polynomial time or NP-complete. While this is
certainly the important question, we should be satisfied only when we have

shown that a problem is complete for some well-known complexity class. The



1.3 Overview

main focus of this thesis is to make progress towards a more refined classi-
fication of CSPs and in particular, we focus on CSPs in logarithmic space
(L).

In Chapter 3 we introduce a new restriction of Datalog called symmetric
Datalog. We show that symmetric Datalog programs can be evaluated in
logarithmic space using Reingold’s algorithm ([11]). We then show how to
define the complement of a CSP in (symmetric) Datalog (when possible) and
we conclude that CSPs whose complement is definable in symmetric Datalog
are in logarithmic space. We introduce a fragment of second order logic
whose expressive power is that of symmetric Datalog. Finally, we show how
to capture logarithmic space and non-deterministic logarithmic (NL) space
using symmetric Datalog and linear Datalog, respectively.

In Chapter 4 we give a combinatorial description of a large class of con-
straint languages for which =CSP(I") is in symmetric Datalog and thus solv-
able in logarithmic space.

The main contribution of this thesis is Chapter 5 where we prove that
an important CSP, CSP(({0,1}; <,{0},{1})) is not definable in symmetric
Datalog or equivalently, that directed st-connectivity is not definable in sym-
metric Datalog. Because undirected st-connectivity is definable in symmetric
Datalog, this result sheds new light on the computational differences between
directed and undirected st-connectivity.

In Chapter 6 we present some conjectures and outline future research

possibilities.



Chapter 2

An Algebraic Approach to
Constraint Satisfaction

Problems

This chapter relies on [13] and [5]. As we noted earlier, an important driving
force of research on CSPs is a conjecture postulating that for every I', CSP(I")
is either solvable in polynomial time or NP-complete ([15]). The conjecture
has been the subject of intense research since its formulation and many results
in this direction was obtained by understanding algebraic properties of the
relations in the constraint languages (e.g. [22, 23, 24, 25]). In this chapter we
describe this approach and summarize the state of the art in Theorem 2.31
and Theorem 2.32.
The algebraic approach has three main steps:

1. Given a constraint language I', further relations can often be added to
it with a polynomial increase in the complexity of the resulting CSP.
These enlarged constraint languages or sets of relations are known as
relational clones. So to separate tractable and NP-complete problem

classes we can work with the relational clone of a constraint language.



2.1 Constructing Relational Clones

2. Relational clones can be characterized by their polymorphisms which

are algebraic operations defined on the same underlying domain.

3. The third step is to link constraint languages with finite algebras.

2.1 Constructing Relational Clones

Definition 2.1. A constraint language I' expresses a relation R if there is
an instance P = (V, D, C) € CSP(I") and a list (vy,...,v,) of variables in V/
such that

R = {{p(v1),...,0(va)) : ¢ € Sol(P)}

Definition 2.2. The expressive power of a constraint language I" is the
set of all relations that can be expressed by I'. The expressive power of a
constraint language I' can be characterized in many different ways. For ex-
ample, it is equal to the set of all relations that can be obtained from the
relations in I' using the relational join and project operations from relational
database theory [18]. In algebraic terminology this set of relations is called
the relational clone generated by I' [13], and it is denoted by (I'). It is
also equal to the set of relations definable by primitive positive formulas
over the relations in I' together with the equality relation, where a primi-
tive positive formula is a first-order formula containing only conjunction and

existential quantification [21, 5].

Theorem 2.3 ([21, 5]). For any constraint language I' and any finite set
A C ('), there is a polynomial time reduction from CSP(A) to CSP(T").

Proof. Let A = {Ry,...,R,,} be a finite set of relations over the finite set
D, where R; is expressible by a primitive positive formula involving relations

from I' and the equality relation =p.



2.2 From Relational Clones to Polymorphisms

Any instance (V;D;C) € CSP(A) can be transformed as follows. For
every constraint (s, R) € C', where s = (vy,...,v,) and R is representable by

the primitive positive formula

R(vi,...,v) = Juy, ..., um(Ry(wi,. .. ,w%l) A ARy (W, ... wy ),

where wy, ..., wy ..., w}, ... w; € {v1,..., VU1, .., U} do the following:

1. Add the auxiliary variables uy, ..., u,, to V (renaming if necessary so

that none of them occurs before);
2. Add the constraint ((wi,...,w; ), Ry),..., ((w,...,w} ), Ry) to C;
3. Remove (s, R) from C.

Clearly, this instance has a solution if and only if the original instance has
a solution and it belongs to CSP(I'U {=p}). Furthermore, all constraints of
the form ((v1,vs),=p) can be eliminated by replacing all occurrences of vy

by vy. This transformation can be done in polynomial time. O

Remark: In fact, this reduction can be made much weaker as shown in

[29]. We will state and partially prove this result in Theorem 4.1 of Chapter 4.

Corollary 2.4. A set of relations I is tractable if and only if (I') is tractable.
Similarly, a set of relations T' is NP-complete if and only if (I') is NP-

complete.

This result reduces the problem of characterizing tractable constraint

languages to the problem of characterizing tractable relational clones.

2.2 From Relational Clones to Polymorphisms

In the previous section we have shown that to analyse the complexity of

arbitrary constraint languages over finite domains it is sufficient to consider

10



2.2 From Relational Clones to Polymorphisms

relational clones. Now we describe a convenient way to represent relational

clones.

Definition 2.5. Let D be a set and k be a non-negative integer. A mapping
f : D¥ — D is called a k-ary operation on D. The set of all finitary

operations on D is denoted by Op.

There is a fundamental relationship between operations and relations.
Observe that any operation on a set D can be extended in a standard way
to an operation on tuples of elements from D as follows. A k-ary operation

f maps k n-tuples tq,...,tx € D™ to the n tuple

(f(ta[1], .. te1])s .o, f(ta[n], .. s t]n)))-

Definition 2.6. A k-ary operation f € Op preserves an n-ary relation
R e Rp if f(t1,...,tx) € R for all choices of t1,...,tx € R. Equivalently, f

is a polymorphism of R, or R is invariant under f.

For any given sets I' C Rp and FF C Op the mappings Pol and Inv are

defined as follows:

o Pol(I')={f € Op: f preserves each relation from I'}

e Inv(F)={R € Rp: R isinvariant under each operation from F'}

To better understand the relation between Pol and Inv we need the

concept of Galois-correspondence (see for example [13]).

Definition 2.7. A Galois-correspondence between sets A and B is a pair

(0, 7) of mappings between the power sets' P(A) and P(B):
o0:P(A) - P(B), and 7 : P(B) — P(A).

o and 7 must satisfy the following conditions. For all X, X’ C A and all
Y)Y CB

LGiven a set S, the power set of S, written P(S) is the set of all subsets of S.

11



2.2 From Relational Clones to Polymorphisms

. XCX -0(X)D0(X'), andY CY' - 7(Y) D 7(Y');
2. X Cro(X), and Y Cor(Y).

It is easy to check that the mappings Pol and Inv form a Galois-correspon-

dence between Rp and Op.

Lemma 2.8. Let the pair (o, 7) with
o:P(A) — P(B), and T : P(B) — P(A)

be a Galois-correspondence between the sets A and B. Then oto = o and

TOT = T.

Proof. Let X C A. By the second Galois-correspondence property, X C
To(X). By the first property, applying o gives o(X) 2 o7o(X). But by
applying the second property to o(X), we also have that o(X) C o7(0(X)).
Therefore o7o(X) = 0(X). The second claim is proved similarly. O

Corollary 2.9. Pol(I') = Pol(Inv(Pol(I"))) and Inv(F) = Inv(Pol(Inv(F)))
for any given setsI' C Rp and FF C Op

In universal algebra it is well-known that a relational clone generated by a
set of relations over a finite set is determined by the polymorphisms of those
relations [38]. Here we give a proof of this result using purely constraint-

based reasoning.

Definition 2.10. Let I' be a finite constraint language over a finite set D.
For any positive integer k, the indicator problem of order k for I' is the
CSP instance (V, D, C) € CSP(I") where

e V = D¥ ie. each variable of C is a k-tuple of domain elements;

o C'={(s,R): R €T and s matches (see below) R}.

12



2.2 From Relational Clones to Polymorphisms

A list of k tuples s = (vy,...,v,) matches a relation R if n is equal to the
arity of R and for each i € {1,2,...,k} the n-tuple (v([i],...,v,[7]) is in R.

Fact 2.11. The solutions to the indicator problem of order k for I' are map-
pings from DF to D that preserve each relation in I'. These mappings are

precisely the k-ary elements of Pol(T").

Theorem 2.12 ([38, 21]). For any constraint language T over a finite set,
(I'y = Inv(Pol(T)).

Proof. The following are easy to check. If an operation f is a polymorphism
of two relations then f is also a polymorphism of the relation obtained by
taking the conjunction of those two relations. The equality relation has every
operation as a polymorphism. Finally, if f is a polymorphism for a relation
then f is also a polymorphism for any relation that is obtained by existential

quantification of that relation. Therefore for any R € (I') we have that

Pol({R}) D Pol(T') — Pol((T')) 2 Pol(T")
— Inv(Pol((T"))) C Inv(Pol(T"))
— (I") C Inv(Pol(I)).

To establish the converse let R € Inv(Pol(I")), where I' is a constraint
language over a finite set D. Let r be the arity of R. We show that R € (I').
Let k£ denote the number of tuples in R. Construct the indicator problem P
of order k for I'. Choose a list of variables (elements of D¥) t = (vy,...v,) in
P such that each of the r-tuples (vy[i],..., v, [i]) fori € 1,... k, is a distinct
element of R. Let R; be the relation {(f(vy),..., f(v.)) : f € Sol(P)}. By
construction, R; can be expressed using the constraint language I'. In other
words, R; € (I'). Now we show that R = R;.

It is clear that the k projection operations which return one of their
arguments are k-ary polymorphisms of I'. It follows from this and Fact 2.11
that R C R;. Conversely, every polymorphism of I" preserves R so R; C R.
Therefore R = R;. O

13



2.3 From Polymorphisms to Algebras

Corollary 2.13. A relation R over a finite set can be expressed by a con-
straint language T if and only if Pol(T') C Pol({R}).

Proof. If {R} C (I") then {R} C Inv(Pol(I')) which implies that Pol({R}) 2
Pol(T"). If Pol(I") C Pol({R}) then Inv(Pol(I')) D Inv(Pol({R})). There-
fore (I') 2 (R) D {R}. O

Corollary 2.14. For any constraint languages I' and A over a finite set, if
A is finite and Pol(I') C Pol(A) then there is a polynomial time reduction
from CSP(A) to CSP(I).

Proof. We have that for any R € A, Pol(I') C Pol(A) C Pol({R}). There-
fore {R} € (I') so A C (I') and using Theorem 2.3 we have the result. [

By Corollary 2.14, for any finite constraint language I" over a finite set,
the complexity of CSP(T") is determined by the polymorphisms of I" up to a

polynomial time reduction.
Definition 2.15. A set of operations F' C Op is called:
e Tractable if Inv(F) is tractable;

e NP-complete if Inv(F) is NP-complete.

2.3 From Polymorphisms to Algebras

Definition 2.16. An algebra A is an ordered pair (D, F') such that D is
a nonempty set and F' is a family of finitary operations on D. The set D is
called the universe of A and the operations in I are called basic. An algebra

with a finite universe is referred to as a finite algebra.

To complete our objective to link constraint languages to finite algebras,
we associate with a set of operations F' on a fixed set D the algebra (D, F').

We define what it means for an algebra to be tractable as follows.

14
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Definition 2.17. An algebra A = (D, F') is said to be
e Tractable if the set of basic operations F' is tractable;
e NP-complete if the set of basic operations F' is NP-complete.

Now we define an equivalence relation linking algebras such that any two
algebras in the same equivalence class correspond to the same constraint
language. Recall that by Corollary 2.9 Inv(Pol(Inv(F))) = Inv(F) so we
can extend the set of operations F' to the set Pol(Inv(F')) without changing
the family of associated relations. Before we continue we need the following

definition.

Definition 2.18. If f is an m-ary operation on a set D, and ¢1,92,...,9m
are k-ary operations on D then the composition of f and ¢, go, ..., gy, iS

the k-ary operation h on D defined as

h(ai,as, ... a;) = f(gi(ar,...,ax), ..., gm(as, ..., ax)).

The set Pol(Inv(F')) consists of all operations that can be obtained by

taking arbitrary compositions of operations from the set
FU{f : f is a projection operation}.

Any set of operations that contains the projection operations and is closed
under compositions is called a clone. The clone of operations obtained from
a set F' C Op in this way is referred to as the set of term operations over

F'. This motivates the following definition:

Definition 2.19. For any algebra A = (D, F'), an operation f on D is called
a term operation of A if f € Pol(Inv(F')). The set of all term operations
of A will be denoted by Term(A). Two algebras A and B with the same

universe are called term equivalent Term(A) = Term(B).
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Fact 2.20. Two algebras A = (D, Fy) and B = (D, F) are term equivalent

if and only if they have the same set of associated invariant relations.

Proof. 1If Term(A) = Term(B) then

Inv(Fy4) = Inv(Term(A))
= Inv(Term(B))
= ITL’U(FB)

If Inv(Fy4) = Inv(Fp) then Pol(Inv(Fy)) = Pol(Inv(Fg)) so Term(A) =
Term(B). O

By Fact 2.20, it is enough to characterize tractable algebras only up to
term equivalence. Now we show that it is sufficient to consider special classes

of algebras. The first simplification we can do is stated in Theorem 2.21.

Theorem 2.21 ([21], [21]). Let T be a constraint language over a set D
and let f be a unary operation in Pol(I"). Then CSP(T') is polynomial-time
equivalent to CSP(f(I")), where f(I') = {f(R) : R € '} and f(R) = {f(¢) :
t € R}.

It is easy to see that if we apply Theorem 2.21 with a unary polymorphism
f which has the smallest possible range out of all unary polymorphisms in
Pol(T") then f(T') is a constraint language whose unary polymorphisms are
all surjective. Such a constraint language is called a reduced constraint

language.

Definition 2.22. An algebra is called surjective if all of its term operations

are surjective.

Fact 2.23. A finite algebra A is surjective if and only if all of its unary term

operations are surjective.
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Proof. One direction is trivial. Now assume that all unary operations are
surjective but Term(.A) contains a k-ary operation f that is not surjective
where k > 1. Define the unary operation g as g(z) = f(p(z),...,p(z)) where
p(z) is the unary projection operation. Observe that g is a non-surjective

unary operation in T'erm(.A) which is a contradiction. O

Now we will see that it is enough to consider only surjective algebras

which are idempotent.

Definition 2.24. An operation f on D is called idempotent if it satisfies
f(z,...,x) = x for all x € D. The full idempotent reduct of an algebra
A = (D, F) is the algebra (D, IdTerm(A)) where IdTerm(A) is the set of

all idempotent operations in T'erm(.A).

Clearly, an operation f on a set D is idempotent if and only if it preserves
the relation I'onse = {{(a)} : @ € D}. Therefore IdTerm(A) = Pol(Inv(I')U
[eonst) which implies that (Inv(I') U Lepns) = Inv(IdTerm(A)). In other
words, considering only the full idempotent reduct of an algebra is equivalent
to considering only those constraint languages in which we have access to

constants corresponding to each domain element.

Theorem 2.25 ([5]). A finite surjective algebra is tractable if and only if its
full idempotent reduct is tractable. Furthermore, a finite surjective algebra is

NP-complete if and only if its full idempotent reduct is NP-complete.

Another useful tool to analyse the complexity of algebras is to study their
subalgebras and homomorphic images. In many cases this makes it possible
to consider an algebra similar to the original one but with smaller domain.
This in turn corresponds to considering instead of the original constraint

language a constraint language over a smaller domain.

Definition 2.26. Let A; = (D, F1) be an algebra and Dy C D; such that
for any f € I} and any tuple (t1,...t;) € (Dy)* where k is the arity of f,
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f(t1,...,tx) € Dy. Then the algebra Ay = (Do, F|p,) is called a subalgebra

of Aj;, where F'|p, is the set of restrictions of all the operations in Fj to Ds.

Definition 2.27. Let A; = (D;, F1) and Ay = (Ds, F5) be algebras such
that Fy = {f! : i € I} and Fy, = {f? : i € I}, where both f! and f? are
ki-ary for all i« € I and [ is an index set. A map ¢ : D; — D, is called a

homomorphism from A; to A, if

O(fi(dy, .- dr)) = [E(D(dr), - ., d(dk,))
for all i € I and all dy,...,dy, € Dy. Furthermore, if ¢ is surjective than Aj
is called a homomorphic image of A;.

Definition 2.28. A homomorphic image of a subalgebra of an algebra A is
called a factor of A.

Theorem 2.29 ([0]). If A is a tractable finite algebra then so is every factor
of A. If A has any NP-complete factor then A is NP-complete.

2.4 Applications

In this section we state some important results related to the algebraic ap-

proach described above. We need to define the following operations.
Definition 2.30. Let f be a k-ary operation on a set D.

e If £ =2 and f is associative, i.e. f(x, f(y,2)) = f(f(x,y), z), commu-
tative, i.e. f(z,y) = f(y, 2), and idempotent, i.e. f(z,x) = x then f is

called a semilattice operation;

o If f satisfies the identity f(z1,...,2x) € {z1,..., %} then f is called a

conservative operation;

e If £ > 3 and f satisfies the identities f(y,z,...,z) = f(z,y,x,...,2) =

...= f(z,...,x,y) = x then f is called a near-unanimity operation;

18
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o If £ =3 and f satisfies the identities f(y,z,x) = f(z,x,y) =y then f

is called a Mal’tsev operation;

e If k> 3 and if for all di,dy € D,

- fly,z,...;z) = f(z,y,...,x) = ... = f(z,z,...,y) = z for all
T,y € {dladQ} or

- fly,z,...;z) = f(x,z,... y) for all x,y € {dy,ds}
then f is called a generalized majority-minority operation.

e Assume that there exists a non-constant unary operation g on D and
an index ¢,1 < i < k such that f satisfies the identity f(x1,..., %) =
g(z;). Then f is called an essentially unary operation. If g is the

identity operation then f is called a projection;

o If £ > 3 and f satisfies the identity f(x1,...,xx) = x; for some fixed i
whenever |{z1,...,zx}| < k but f is not a projection then f is called

a semiprojection.

Note that both near-unanimity and Mal’tsev operations are generalized
majority-minority operations. Now we are ready to summarize recent progress
towards the Feder-Vardi dichotomy conjecture in Theorem 2.31 and Theo-
rem 2.32.

Theorem 2.31. For any constraint language I' over a finite set D, CSP(T")
is tractable if one of the following holds:

1. Pol(T") contains a semilattice operation ([2/]);
2. Pol(I") contains a conservative commutative binary operation ([0]);
3. Pol(I") contains a k-ary near-unanimity operation ([22]);

4. Pol(T") contains a Mal’tsev operation ([, 5]).
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5. Pol(I') contains a generalized majority-minority operation ([11]).

Note that 3 and /j follows from 5 but 3 and 4 were proved before 5. Also, it has
recently been shown that if the algebra associated with a constraint language
I' has few subpowers then CSP(T") is tractable ([19]). Furthermore, if Pol(I")
contains a generalized magjority-minority operation then the associated algebra

has few subpowers.

Rosenberg’s analysis of minimal clones [12, 15] gives the following theo-

remn.

Theorem 2.32. For any reduced constraint language I' on a finite set D, at

least one of the following conditions holds:
1. Pol(T") contains a constant operation (tractable);
2. Pol(T") contains a near-unanimity operation of arity 8 (tractable);
3. Pol(I") contains a Mal’tsev operation (tractable);

4. Pol(T") contains an idempotent binary operation which is not a projec-

tion (unknown);
5. Pol(T') contains a semi-projection (unknown);

6. Pol(I') contains only essentially unary surjective operations (NP-com-
plete).

In Theorem 2.32, we indicated after each case whether the corresponding
CSP is tractable, NP-complete or the complexity is unknown. Case 1 is
trivially tractable because each (non-empty) relation in I" contains a tuple
(d,...,d) where d is the value of the constant operation. Case 2 and 3 are
tractable by Theorem 2.31. Cases 4 and 5 are inconclusive although over the
Boolean domain it is not hard to show that case 4 is tractable and case 5

cannot occur.

20



2.4 Applications

Case 6 is NP-complete. To see this when |D| = 2 observe that in this

case, Inv(Pol(I")) includes the not-all-equal relation
ND = D3\{<d07 d07 d0>a <d17 dla dl)}

As in Example 1.3, it is easy to see that CSP({Np}) corresponds to the
NOT-ALL-EQUAL SATISFIABILITY problem [!41] which is NP-complete. If
|D| > 2 then observe that Inv(Pol(I")) includes the disequality relation #p
and CSP({#p}) is NP-complete (see Example 1.7). Notice that Theorem
2.32 implies Schaefer’s Dichotomy Theorem.

A similar argument shows the following slightly more general result.

Theorem 2.33 ([21]). Any set of essentially unary operations over a finite

set 1s NP-complete.

There is a long-standing conjecture that this condition is sufficient to

characterize all forms of intractability of constraint languages ([7]).
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Chapter 3

Datalog and CSPs in NL and L

In this chapter we rephrase the CSP problem for a fixed constraint language
I' as a restricted HOMOMORPHISM PROBLEM. We introduce the database-
inspired logic programming language Datalog and its linear and symmetric
restrictions. We describe the relations between linear and symmetric Datalog
and logarithmic space and non-deterministic logarithmic, respectively. We
also introduce second-order logic fragments that have an expressive power
equivalent to that of linear and symmetric Datalog. Finally, we show how to
capture L and NL using symmetric Datalog and linear Datalog, respectively.
The results of this chapter, obtained with Benoit Larose and Pascal Tesson,

appeared in [11].

3.1 Basic Notions

A vocabulary is a finite set of relation symbols. In the following, 7 denotes
a vocabulary. Every relation symbol R in 7 has an associated arity r. A
relational structure A over the vocabulary 7 consists of a set A called the
universe of A, and a relation R C A" for every relation symbol R € T,
where r is the arity of R. We also call such a relational structure a 7-structure.
The set of all 7-structures is denoted by STR[r]. We use boldface letters
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3.2 Homomorphism Problems

to denote relational structures. Note the similarity between the concept of

constraint languages and relational structures.

Definition 3.1. Let A = (4; R{,... R?*) and B = (B;RP,...,R) be
relational structures where RA and RP are both r-ary, for alli = 1,...,q.

A function h : A — B is called a homomorphism from A to B if

<f(a1)’ AR f(an» € R?

whenever (ay,...,a,) € R foralli=1,...,q. If there is a homomorphism
from A to B we denote this fact by A — B. If there is a homomorphism h
from A to B it is denoted by A — B. The relational clone (A) of a rela-
tional structure A is defined similarly to the relational clone of a constraint

language (see Definition 2.2).

3.2 Homomorphism Problems

Consider the following problem. We fix a relational structure B and a re-
lational structure A is given as input. The task is to decide if there is a
homomorphism from A to B. We denote the set of relational structures that
admit a homomorphism to B by Hom(B). To see that this homomorphism
problem is equivalent to a CSP, think of the elements in A as variables, the
elements in B as values, the tuples in the relations in A as constraint scopes
and the relations of B as constraint relations. It is easy to see that the solu-
tions to this CSP are precisely the homomorphisms from A to B. The other
direction is similar.

From now on, we abuse notation and when we write CSP(B) we actually
mean Hom(B). Note that now B in CSP(B) denotes a relational structure,

not a constraint language.
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3.3 Datalog

3.3 Datalog

Datalog is a query and rule language for deductive databases that syntac-
tically is a subset of Prolog. Its origins date back to the beginning of logic
programming but it became prominent as a separate area around 1978. The
term Datalog was coined in the mid 1980’s by a group of researchers inter-

ested in database theory (http://en.wikipedia.org/wiki/Datalog).

3.3.1 Syntax

A Datalog program over a vocabulary 7 is a finite set of rules of the form
to «— t1;...;tm

where each ¢; is an atomic formula R(vy,...,v,,). The relational predicates
in the heads (leftmost predicate in the rule) of the rules are called inten-
sional database predicates (IDBs) and are not in 7. All other relational
predicates are called extensional database predicates (EDBs) and are
in 7.

A rule of a Datalog program is said to be linear if its body contains at
most one IDB and is said to be non-recursive if its body contains only

EDBs. A linear but recursive rule is of the form
L(7) « I2(9); Er(21); - - 5 Bi(Z)!

where I, I, are IDBs and the E; are EDBs. Each such rule has a symmetric

rule
L(y) « Li(Z); Ev(z1); - - 5 Ey(Z)-

A Datalog program % is said to be linear if all its rules are linear. We

further say that © is a symmetric Datalog program if the symmetric of

'Note that the variables occurring in Z, 9, Z; are not necessarily distinct.
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any recursive rule of ® is also a rule of 2.

Let j and k be integers such that 0 < 7 < k. We say that a Datalog
program © has width (j, k) if every rule of ® has at most k variables and
at most j variables in the head. (7, k)-Datalog denotes the set of all Datalog
programs of width (7, k).

3.3.2 Semantics

Before we give the formal definition we give an example.

Example 3.2. Consider the problem of two-coloring. Clearly, an undirected
graph is two-colorable if and only if it is homomorphic to an undirected edge.
In fact, two-coloring is the problem CSP(B) where B has domain {0, 1} and
contains only the inequality relation {(0, 1), (1,0)}. Observe that ~CSP(B) is
the set of graphs which contain a cycle of odd length. The following Datalog
program ® defines -“CSP(B) because the goal predicate becomes non-empty
if and only if the input graph contains an odd cycle.

) (

) O(x,w); E(w, 2); E(z,y)

) — O(z,y); E(w,2); E(z,y)
(

— E(z,y)
x,x)

@Q
1
S

Here E is the binary EDB representing the adjacency relation in the input
graph, O is a binary IDB whose intended meaning is “there exists an odd
length path from = to y” and G is the 0-ary goal predicate. Intuitively,
the program begins with finding a path of length one using the only non-
recursive rule and after, iteratively increasing the path length, each time
by two. Whenever the path begins and ends at the same vertex z, the goal
predicate becomes non-empty indicating the presence of a cycle of odd length.

Note that the two middle rules form a symmetric pair. In the above
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3.3 Datalog

description, we have not included the symmetric of the last rule. In fact,
the fairly counterintuitive rule O(z,z) < G can be added to the program
without changing the class of structures accepted by the program since the
rule only becomes relevant if an odd cycle has already been detected in the

graph.

Let us define the semantics of a Datalog program ® over 7. Let mpg be
the set of intensional predicates and let 7/ = 7 U 7ipg. ® defines a function
$5 : STR[7] — STR[7']. Intuitively, ®5(A) is the smallest 7'-structure over
the universe A of A such that for each rule P(Z) < Pi(91);. . .; Pu(Gm) of ®,
and any interpretation of the variables the implication defined by the rule is
valid.

Formally, for a 7-structure A, let A®!% denote the 7/ structure over A
such that RA°"™ = RAif R € 7 and RA™™ = 0 if R € 7ipp. AP+ g
defined inductively as follows. First, if R € 7 then RAPIT — APl _ paA

Suppose now that R € mpg of arity r. Let h < by;...;b,, be a rule of
® over the variables z1,...,x;. An interpretation of the variables of the
rule over the domain A is a function f : {zy,..., 2} — A. Then RA*""" is
defined as the union of RA™ "™ and all r-tuples (ay,...,a,) € A" such that
for some rule R with head R(x;,...,7; ) and some interpretation f such
that f(z;;) = a; with 1 < j <7 we have for all predicates T'(xy,,...,;,) in
the body of R that (f(zy,),. .., f(z,)) € TA™".

By definition, RATM . AT and so the iterative process above is
monotone and has a least fixed point which we denote as RA”. Accordingly,
we define ®5(A) as the r/-structure defined by the relations RA” .

As defined above, the output of a Datalog program is a 7/-structure but
we want to view a Datalog program ® primarily as a way to define a class of
T-structures. For this purpose, we chose in ® an IDB G known as the goal
predicate and say that the 7-structure A is accepted by © if G2” is non-
empty. Note that changing the arity of the goal predicate to zero does not

affect whether ® accepts or rejects a structure and therefore unless otherwise

26



3.3 Datalog

stated, in the rest of this thesis we assume that all Datalog programs have a
goal predicate of arity zero. Note that in this case ® accepts if GA contains
the tuple e of arity zero and rejects otherwise. A class C of 7-structures is
definable in Datalog if there exists a program ® such that A € C is and only
if ® accepts A. Note that any such class C is homomorphism closed, i.e. if
A - Band A € C then B € C. (This is easy to see using the concept of
derivation trees in the next section.)

Furthermore, as noted in Example 3.2, the presence of the symmetric
of a rule whose head is the goal predicate also does not affect whether ©
accepts or rejects a structure. Therefore in our symmetric Datalog programs

we always exclude the symmetric of a rule whose head is the goal predicate.

3.3.3 Derivation Trees

Assume that a Datalog program ® accepts a structure A. Intuitively, a
derivation tree is a tree-representation of the “proof” that ® accepts A. Be-

fore we give the formal definition we illustrate the concept with an example.

Example 3.3. Let © be a (linear) Datalog program whose input vocabulary
contains a binary relation symbol E and two unary relation symbols S and
T, and accepts if and only if there is a path in E from a vertex in S to a

vertex in T'. For example, let ® be

I(y) < S(y)
I(y) « I(z); E(z,y)
G — I(y);T(y)

with goal predicate G. Let A be the input structure in Figure 3.3. Notice
that there is a path vs, vg, v3, v4 from a vertex in S to a vertex in T'. Therefore
one possible derivation tree for ® over A is shown in Figure 3.3. Intuitively,

the derivation tree follows the path from vs to vy.
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(%

vy ./r.
V4
°

(%3

/ Vs
Us

(V4 Ug

Figure 3.1: The input structure A with S = {(vs)} and 7" = {(v4) }.

G
7\
I(vy)  T(v4)
7N\
I(Ug) E(’Ug, U4)

7\

](U6) E(’U6, ’03)

7\
](?|J5) E(vs, v5)
S(vs)

Figure 3.2: A derivation tree for ® over A.
Now we define a derivation tree formally. A derivation tree 7 for a
Datalog program 2 over a structure A is a tree such that:
e The root of 7 is the goal predicate;

e An internal node (including the root) together with its children corre-
spond to a rule R of ® in the following sense. The internal node is the
head IDB of R and the children are the predicates in the body of fR;

e The internal nodes of 7 are IDB predicates (a) where if I has arity r
then a € A”;
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3.4 Datalog and CSPs

e The predicate children of a parent node inherit an instantiation to

elements of A from their parents;
e The leaf nodes of 7 are EDB predicates E(b) such that:

— If F has arity s then b € A®;
—be EA

It is easy to see that a derivation tree for a Datalog program ® and a structure

A exist if and only if © accepts A.

3.4 Datalog and CSPs

3.4.1 The Relation Between Datalog and CSPs

It is sometimes possible to define the set of structures =CSP(B) in Datalog.
Here we elaborate this relationship between Datalog and CSPs.

A quasi-ordering on a set S is a reflexive and transitive relation < on
S. Let (S, <) be a quasi-ordered set. Let S’,S” C S. S is a filter if it is
closed under < upward, i.e. if z € S’ and + < y then y € S’. The filter
generated by S” is the set F(S”) ={y € S :3x € §" x < y}. ' is an ideal
if it is closed under < downward; that is, if z € S’ and y < x then y € 5.
The ideal generated by S” is the set I(S”) = {y € S:Jx € §" y < z}.
Note that every subset S’ of S and its complement S\S’ satisfy the following
relation: S’ is an ideal if and only if S\ S’ is a filter.

Let — be the homomorphism relation between 7-structures and observe
that (STR[7], —) is a quasi-ordered set. Furthermore, a set of 7-structures
C is an ideal if

BeC,A—-B= AcC(C.

Now let I be an ideal of (S, <). We say that a set O C S forms an
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obstruction set for [ if
x € I iff Vy € O it is the case that y £ z.

In particular, let I C STR|[7] be an ideal. Then O C STR|7] is an obstruction
set for I if
B € 1 iff VO € O it is the case that O /4~ B.

Observe that for any relational structure B, CSP(B) = I(B). For CSP(B),
sometimes it is possible to define the filter of 7-structures ~CSP(B) in Dat-
alog. Notice also the simple fact that =CSP(B) is an obstruction set for
CSP(B). The following lemma is an example that demonstrates the above

definitions and it will be needed in Chapter 5.

Lemma 3.4. Let 7 = (E,S,T) be a vocabulary containing a binary and
two unary relation symbols. Let A be a T-structure as follows. Let {0,1} be
the domain, E2 be the less-than-or-equal-to relation, i.e. {(0,0) (0, 1) (1,1)},
SA = {1} and T® = {0}. Let O be the set of all T-structures O such that

o E© is a single directed path (including the path of length zero);
o SO = {s}, where s is the first vertex of the directed path;
o TO = {t}, where t is the last vertex of the directed path.

Then O is an obstruction set for CSP(A).

Proof. Let A be a 7-structure and assume that for some O € O, O — A.
Then EA contains a path from some vertex in S to some vertex in 7 and
clearly, A /4~ A.

Conversely, assume that for all O € O, O 4 A and therefore there are
no vertices u € S* and v € T such that there is path from u to v in
EA. We construct a homomorphism A from A to A. Map each vertex in

the connected component of SA to 1 and map the rest of the vertices to 0.
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Observe that each vertex in S* is mapped to 1 and each vertex in T# is
mapped to 0. Furthermore, if (a,b) is an edge in EA then we did not map
a to 1 and b to 0 because if a is mapped to 1 then b must also be in the

connected component of S*. This completes the construction of h. O

3.4.2 Canonical Datalog Programs

In this section we define the canonical (j, k)-Datalog program for ~CSP(B)
and prove that ~CSP(B) can be solved by a (j, k)-Datalog program if and
only if the canonical (j, k)-Datalog program solves it.

The canonical (j,k)-Datalog program for -CSP(B), Can(B), is con-
structed in the following way. Let C be the set of all at most j-ary relations
definable over B by a primitive positive formula. In addition, add to C the 0-
ary empty relation. Construct an IDB Ig for each R € C. Let Ry, ..., R,, be
elements of C where we allow repetition. Let £ be an arbitrary conjunction

of atomic formulae. Consider the implication

R(Z) — Ri(Z,51) N+ AN Ri1 (T, Y1) N E(Z, Gim)”. (3.1)
If implication 3.1 holds and it contains at most k variables then the rule

Ip(7) — In, (Z,50); - LRy (T, Yin1); B (T, Uim) (3:2)

is added to Can(B). The IDB whose subscript is the 0-ary empty rela-
tion serves as the goal IDB. Because there are finitely many inequivalent
implications, the canonical (j,k)-Datalog program is finite. We say that

implication 3.1 is the associated implication of rule 3.2.

Theorem 3.5 ([15]). =CSP(B) can be solved by a (j, k)-Datalog program if

and only if the canonical (j,k)-Datalog program solves it.

2Note again that the variables occurring in Z and the §; are not necessarily distinct.
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Proof. One direction is trivial. Let ® be a (j, k)-Datalog program that de-
fines =CSP(B). First assume that ® rejects a structure A. We show that
Can(B) also rejects A. Because ®© rejects A we can find a homomorphism
h from A to B. For the sake of contradiction assume that Can(B) accepts
A witnessed by the derivation tree 7. The associated implications of the
rules used in 7 correspond via the substitution z — h(x) to a set of valid
implications in B. This set of implications implies the 0-ary empty relation
corresponding to the goal IDB which is a contradiction.

Conversely, we show that if © accepts a structure A then Can(B) also
accepts A. Let 7 be a derivation tree for ® over A. Let the IDBs of 7
be Ji(a1), Jo(az), . .., Jy(a,) from the bottom level of 7 to the root (then J,
must be the root). We construct a sequence of primitive positive formulae
©1,...,9q With at most j free variables and corresponding IDBs I, ..., I,
which are in Can(B).

Let Ji(y) < Ev(t1);.-.; En(gs) be the rule of corresponding to an IDB
Ji(a;) of T at the bottommost level. Define @; to be the formula 3z’ E;(7;) A
...\ E,(y,) where Z' is a tuple of variables containing all variables not in the
head of this rule. Define the IDB I, from J; by keeping only one copy of
those variables which are free in ¢;. Define @, from a; accordingly. It is clear
that 1, (a}) is derived by Can(B). Repeat this construction for each IDB of
T at the bottommost layer.

Now inductively, assume that we completed this construction for each
IDB of 7 up to the (-th level counting from the bottom. Let J;(y) <
Ri(91);...: Rn(yn) be arule of T at the (£ + 1)-th level. Notice that now R,
could be an IDB. Define ¢; to be the formula 32" Ry (g1) A ... A R,(y,) where
Z' is a tuple of variables containing all variables not in the head of this rule
and any R, which is an IDB stands for ¢, in ;. Define the IDB I, from
J; by keeping only one copy of those variables which are free in ¢;. Define
a; from a; accordingly. It is easy to see that I, (a;) is derived by Can(B).

Repeat this construction for the remaining IDBs in 7.
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It remains to show that ¢, is false over B. Assume that ¢, is true over

B. Rewrite ¢, in prenex normal form. Assume that the vocabulary of B is
7. Construct a 7-structure F, . from ¢, by considering each variable of ¢,,
as a distinct element of the universe F. For each relation symbol R(Z) in ¢,,
add the tuple z to RF¢m. A simple modification of 7 shows that ® accepts
F,,. .
For the sake of contradiction assume that ¢, is true over B. Then it is
easy to see that there is a homomorphism from F,  to B which implies that

D rejects F, . This leads to a contradiction. O

3.5 The Complexity of Linear and Symmetric
Datalog

In this section we show that symmetric Datalog programs can be evaluated
in logarithmic space and linear Datalog programs can be evaluated in non-

deterministic logarithmic space.

Theorem 3.6. A symmetric Datalog program ®© can be evaluated in loga-
rithmic space. In fact, there exists a logspace transducer which on input A

produces some representation of Po(A).

Proof. Suppose that I,..., I, are the IDBs in ®. Let A be the input 7-
structure and let n denote the size of its universe A. We define the execution
graph G4 as follows: for each I; of arity k, we introduce for each of the n*
k-tuples of A* a vertex labeled I;(ay, ..., a;). Furthermore, we add an extra
vertex labeled S. Edges are now determined by the EDBs in A and the rules
of ®. We add an edge from I;(ay,...,ax) to Ly(by,...,by) if ® contains a

rule of the form?

Ij(Z) — 1;(9); Es, (21); - 3 B, (2)

3Note again that the variables occurring in #, 9, and the 2; are not necessarily distinct.
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3.5 The Complexity of Linear and Symmetric Datalog

such that there exists an interpretation f of the variables of this rule over
A such that f(z) = (b1,...,b0), f(§) = (a1,...,a;) and for each f(%z) €
E;At*. Informally, such an edge represents the fact that if © places the tuple
(a1,...,ax) in I; then it will also add the tuple (by,. .., bs) to I;;. We further
add a bi-directional edge between our special vertex S and I;(ay,...,ax) if

there exists a non-recursive rule
]j(f) — FEg, (21)§ cee EST(ZT)

and an interpretation f such that f(z) = (a1,...,ax) and f(2) € E2 for each
EDB occurring in the body. Since ® is symmetric, the graph G4 is symmetric

and can thus be regarded as an undirected graph. Moreover, the graph can

clearly be constructed in logarithmic space and we have (aq,...,a;) € I ;’*Q
if and only if the vertex I;(ai,...,a;) is reachable from S in Ga. Since
undirected connectivity can be computed in logarithmic space [11], a repre-
sentation of ®o(A) can be produced in logarithmic space. O

Corollary 3.7. If ~CSP(B) is definable in symmetric Datalog then CSP(B) €
L.

An argument similar to the one in the proof of Theorem 3.6 can be used

to show Theorem 3.8.

Theorem 3.8. A linear Datalog program ® can be evaluated in non-deter-

manistic logarithmic space.

Corollary 3.9. If -CSP(B) is definable in linear Datalog then CSP(B) €
NL.
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3.6 Symmetric Datalog, Linear Datalog and
Second Order Logic

In this section we define two second order logic fragments which have the

same expressive power as linear and symmetric Datalog.

3.6.1 Symmetric Restricted Krom SNP

Let 7 be a vocabulary. SNP is the class of sentences of the form
351, oy Sy VU1, o, U (U1, oy Uy)

where Sy, ..., S; are second-order variables and ¢ is a quantifier-free first-order
formula over the vocabulary 7 U {51, ..., S;} with variables among vy, ..., v,,.
We assume that ¢ is in CNF. In monotone SNP, every occurrence of a
relation symbol from 7 is negated. In j-adic SINP, every second order
variable S;, 1 < ¢ < [ has arity at most 7. In k-ary SNP, the number
of universally quantified first order variables is at most k, i.e. m < k. In
Krom SNP, every clause of the quantifier-free first-order part ¢ has at
most two occurrences of a second order variable. In restricted Krom SNP,
every clause of the quantifier-free first-order part ¢ has at most one positive
occurrence of a second-order variable and at most one negative occurrence of
a second-order variable. Symmetric restricted Krom SNP is the subset
of restricted Krom SNP formulae that contain with every clause of the form
PV S; vV =S; also the clause ¢V —S; V. .S; (where 9 contains no second-order

variables).

Example 3.10. Consider again the problem of two-coloring from Exam-
ple 3.2. It is easy to check that a graph with adjacency relation E is two-

colorable if and only if the following symmetric restricted Krom SNP sentence
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3.6 Symmetric Datalog, Linear Datalog and Second Order Logic

is true.
30,G Vz,y,z,w (O(x,y)V —E(z,y))A
(O(z,y) V =O(z,w) V ~E(w, 2) V =E(z,y))A
(=O(z,y) V Oz, w) V ~E(w, 2) V 2 E(z,y))A
(GV =0(x,z))A
-@G,

where O has arity two and G has arity zero. Intuitively, O is defined by
the first three clauses such that if (z,y) € O then there is a path of odd
length from x to y. The third clause is the symmetric of the second clause.
The fourth clause checks if a path of odd length is a cycle and if yes then
G becomes non-empty. But if G is non-empty then the last clause is false
so the formula must evaluate to false. On the other hand, if there is no odd
cycle in the input graph then G remains empty and the formula evaluates to

true.

3.6.2 Second Order Logics for Linear and Symmetric

Datalog
Let A be a 7-structure and ¢(x1, ..., z,) be a logical formula with free vari-
ables among z1,...,z,. We write A, ay,...,a, E ¢(z1,...,2,) to denote

that ¢(aq,...,a,) is true when the relations of A are used in ¢. The symbol
= stands for “models”. Note that in second order logic the free variables

could be free relation variables.

Theorem 3.11. A Datalog(—, #) is a Datalog program in which we allow the
negation of the EDBs and inequalities. Let C be a collection of T-structures.

Then 1 is equivalent to 2, and 3 is equivalent to 4.

1. C is definable in symmetric Datalog;
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3.6 Symmetric Datalog, Linear Datalog and Second Order Logic

2. =C is definable in symmetric restricted Krom monotone SNP;
3. C is definable in symmetric Datalog(—, #);
4. —C is definable in symmetric restricted Krom SNP.

A similar theorem can be stated with linear Datalog and restricted Krom

SNP with an analogous proof [10]. We use the following lemma.

Lemma 3.12. Let® be a Datalog(—, #) program over T with IDBs Iy, . . ., IL,.
Let

(I, L x) =\ e (b A ADy).

Let A be a T-structure such that there exist relations Ry, ..., R,, such that
A,Rl,...,Rm ):Vxl,...,xmﬁ([h...,Im,xl,...,xn).

Then I (t) — Ry(t) for eachi,1 < i < m and each t € A" where r is the
arity of I;.

Notation: For convenience, we write IA° "' 5 R; to denote that for each
tuple t € A” where r is the arity of I;, IA (t) — R;(t). We write IA”" — R
to denote that for each 7,1 < i < m and for each tuple t € A" where r is the
arity of I;, IA""(t) — Ri(¢).

Proof. Consider the sequence A®0 AP A® and for the sake of con-
tradiction assume that for some i and for some tuple ¢ € A™, IA® (') is true
but R;(t') is false. Then there exists a smallest j, an index k, and a tuple
t € A" such that TA" (1) is true but Ry, (¢) is false.

Let Ix(zg,, ..., Tk ) < br;...; by be the rule which added ¢ to IA° "I using
the interpretation f : xq,...,z, — A. Notice that t = (f(zx,), ..., f(zx,))-
By the choice of 7, 1AV R Therefore A, Ry, ..., R, flz), .., flz,) E

37



3.6 Symmetric Datalog, Linear Datalog and Second Order Logic

biA---Nbgand by A---ANby — Rp(f(2k,),- -, f(zg,)) in ¢p. This implies that

Ry (t) is true which is a contradiction. O

Proof of Theorem 5.11. We prove the equivalence of 1 and 2. The equiva-
lence of 3 and 4 is an obvious modification of the proof.

1 —2: Let ® be a symmetric Datalog program with IDB predicates
L, ..., I, one of which is the goal predicate I,. Let ¢ be a CNF formula
defined as

(I, Ly @, y) = 2 A /\ h«— (bt A---Nby)

Let ¢ be the following symmetric restricted Krom monotone SNP sentence
(]5 = E'Rl,. . .,RmVxl,. . ,l’nlp([h. . .,]m,l'l, .. .,In).

We show that ¢ is satisfied exactly by those structures that are rejected by
®. Assume that © rejects A. Then clearly,

ATAY IR BV, (T, )

so A | ¢.
Conversely, assume that A is a structure such that A = ¢. Then there

exist relations Ry, ..., R,, such that
A,Rl,...,Rm ):Vxl,...,xmﬁ([h...,Im,xl,...,xn).

By Lemma 3.12, IA” — R and in particular I ;‘D — R,. Therefore because
R, is false [;;@ is also false, i.e. © rejects A.
2—=1:Leto=30N,...,L,Vo1,...2,00(Lh, ..., I;p, 21, ..., 2,) be an arbi-

trary sentence in symmetric restricted Krom monotone SNP. We rewrite ¢
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3.6 Symmetric Datalog, Linear Datalog and Second Order Logic

in an equivalent “implicational” form which we call ¢’ and the modified v
becomes v’. Parallel to this, we construct a symmetric Datalog program ©

as follows.

1. Add a new second order variable I, ;1 to the existential quantifier block
of ¢ and a new clause to 9, (I,,.1 = False). The IDBs of © are
Iy, ..., I, and I, is the goal predicate. Let C' be a clause of ¢
(but not the newly added clause);

2.6 C=hVb V...Vb, where h,by,...,b, are literals and C contains a
non-negated second order variable which we denoted by h then rewrite
C as h «— (=by A--- AN —b,). Add the rule h «— =by;...;-b, to D in
which the IDBs are the second order variables of

3. f C = b, V...Vb, where C' does not contain a non-negated second
order variable then rewrite C' as 11 < (=by A---A=by). Add 1,41
—by;. .. by to .

Observe that ® is a symmetric Datalog program. We show that ® accepts
exactly the same set of structures which falsify ¢'. Assume that © rejects A.

Then clearly,

AR IR eV, xg (D D 1 ),

so A= ¢
Conversely, assume that A is a structure such that A = ¢’. Then there
exist relations Ry, ..., R, such that

A,Rl, .. ->Rm+1 ): \V/[L’l, ce >Inw,([1a .. .,Im+1,ll§'1, ce ,Z’n).

By Lemma 3.12, IZ.AQ — R;,1 <7< m+1. In particular Ifﬁl — Ry, +1 where

R, 11 is forced to be false. Therefore Iﬁb‘il is false, i.e. ® rejects A. O
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3.7 Capturing NL and L Using Datalog

A finite successor structure is a structure whose domain is {0, 1,...,n—1}
(for some n € N) and whose vocabulary contains the two constant symbols
min and max and the binary predicate S whose interpretations are the con-
stants 0, n — 1 and the successor relation S = {(z,z+1) : 2 <n—-1}. O
denotes the set of all finite successor structures.

A logic captures the complexity class C' if for every problem P C O,
P is in C' if and only if there exists a formula v in the logic such that
P={ReO:REV}.

Theorem 3.13. Quver the set of finite successor structures, symmetric
Datalog(—, #) captures L.

Proof. 1t follows from [20] and [11] that over the set of finite successor struc-
tures, [STCy 41 (Z,y)](min, maz) captures L. Here ¢ is a quantifier-free
first-order formula and [ST'C; 59 (Z, y)] denotes the reflexive, symmetric and
transitive closure of the binary relation defined by 1. Now we use an idea
from Theorem 6.4 in [17].

If P is a problem in L then the complement of P can be defined by a
formula ¢ = =[STC; ;9(z, y)|(min, maz) where 9 is quantifier-free. Let V;1;

be the disjunctive normal form of ¢ and build the formula

JRVZ, §j, Z R(%, ) A /\(zpi(g, z) — (R(z,7) < R(z,%))) A =R(min, maz).

This formula is equivalent to ¢ and it can be rewritten as a symmetric re-
stricted Krom SNP formula:

JRVZ,§, 2 R(Z, T)A /\(ﬂ@bi(y, Z)V =R(Z,§) V R(Z, 2))A

/\(_‘wi<y, 2)V R(z,5) V ~R(z, 2)) A ~R(min, maz).

(2
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Now we use Theorem 3.11 to define P in symmetric Datalog(—, #).
Conversely, a symmetric Datalog(—, #) can be evaluated in L by a simple

extension of Theorem 3.6. O

A similar argument can be used using transitive closure instead of sym-
metric transitive closure to show that over the set of finite successor struc-
tures, linear Datalog(—, #) captures NL. Similarly, over the set of finite

successor structures, Datalog(—, #) captures P (see for example [31]).
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Chapter 4

A New Class of CSPs

Expressible in Symmetric

Datalog

In this chapter we show expressibility results related to symmetric Datalog.
First we show that if ~CSP(B) is definable in symmetric Datalog and C C
(B) then =CSP(C) is also definable in symmetric Datalog. We then identify
a large set of constraints closely related to implicational constraints such that
the corresponding CSP is expressible in symmetric Datalog. The results of

this chapter, obtained with Benoit Larose and Pascal Tesson, appeared in

[14].

4.1 Symmetric Datalog and Relational Clones

In this section we prove the following result.

Theorem 4.1. If B is a relational structure such that ~CSP(B) is definable
in symmetric Datalog and C is a finite relational structure whose relations
are defined by primitive positive formulas over B then =CSP(C) is definable

in symmetric Datalog.
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4.1 Symmetric Datalog and Relational Clones

Proof. The theorem relies on results in [29]. Since C is a finite subset of (B)
it can be obtained from the set B by a finite sequence of applications of six
basic constructions, five of which are shown in Lemma 6.5 of [29] to preserve
expressibility in symmetric Datalog. It remains to show that if =CSP(B) is
expressible in symmetric Datalog then so is ~CSP(B U {=}). This is proved

in Lemma 4.2. O
It is interesting to compare this result with Theorem 2.3 in Chapter 2.

Lemma 4.2. Let B be a relational structure such that =CSP(B) is express-
ible in symmetric Datalog. Then =CSP(B U {=}) is also expressible in sym-

metric Datalog.

Proof. First we describe a reduction from CSP(B U {=}) to ~CSP(B). Let
T and T’ denote the “target” structures for CSP(B) and CSP(B U {=}),
respectively. In other words, T and T are the structures whose base set is
B and whose basic relations are those of B and BU {=}, respectively. Given
an input S’ for CSP(T"), construct an input S for CSP(T) as follows.

Let E be the relation in S’ that corresponds to {=} in T’. We say that
two k-tuples Z and 7’ are E-related if STC[E](x;,2})" for each 1 < i < k.
We denote the fact that 7 and 7’ are E-related by & =g 7/. Notice that =g
is an equivalence relation.

Now we define the structure S by specifying its basic relations. For each
relation symbol R, let Z be in RS whenever there exists 7’ in RS such that
T =p ¥’. We claim that S admits a homomorphism to T if and only if S’
admits a homomorphism to T'. One direction is trivial.

Now suppose that S —— T and let z and y be such that STCIE)(z,y).
Let b’ be the function obtained from h by setting h'(x) = h(y) and h'(2) =
h(z) for all z # x. By construction, if a tuple of the relation RS has an
occurrence of x then the tuple obtained by replacing all occurrences of x

by y is also in RS, and hence A’ is also a homomorphism. Therefore if

1For simplicity, we will denote [STC,, , E(u,v)](xi, z;) by STC[E](z;, ).
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there is a homomorphism from S to T then there is a homomorphism A"
such that h”(x) = h”(y) for each y such that STC[E]|(z,y). Clearly, " is a
homomorphism from S’ to T".

Let © be a symmetric Datalog program for ~CSP(B). We have proved
the equivalence of 3 and 4 below and by the definition of ®, 2 and 3 are
equivalent. It remains to show the equivalence of 1 and 2 and we will define
¢ later.

1. & accepts S';

2. ® accepts S;

3. S € =CSP(T), i.e. there exists no homomorphism from S to T;
4. §" € =CSP(T’), i.e. there exists no homomorphism from S’ to T".

Before we construct €, we “normalize” ® such that each rule has at most

one EDB. We construct ®’ from ® as follows. For each non-recursive rule
I(z) —  Ri(Z1); Ra(29);. .. Ru(Zn)

in ® add the rules

(1) —  Ri(z)

I5(%1, %) —  L(%); Re(%)

In—l(zlv RS Zn—l) — In—2('§17 teey Zn—2>; Rn—1<2n—1>
[(j) — In—l(zla . 'azn—l);Rn(Zn)

to ®’. Similarly, for each recursive rule
I(z) —  J(@); Ru(z1); Ra(Z2); -5 RBa(Zn)
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in ® add the rules

6L(y, z1) — J(@); Ri(z)
Ir(y, 21, Z2) —  L(y,21); Ra(z2)

Li1(9, 21, Zn1)  —  Lho(Y, 21, .., Zne2); Ruo1(Zn—1)

I(z) — Loy, 21, Zne1); Ru(Z0)

to ®’. Obviously, @’ is equivalent to ®. Clearly, adding in the symmetric
rules in ®’ has no effect. Now we construct ©” in which we allow the use of
the reflexive symmetric transitive closure operator in the body of the rules.
Let E be the relational symbol (i.e. EDB) in S’ that corresponds to {=} in
T’. To obtain ®”, replace each EDB

R(z,...2)
in each rule of ®’ with
R(z1,...2.);STC[E](z},21); .. .; STC[E](Z., z).

Notice that ®’ accepts S if and only if ©” accepts S’. Now we construct a
symmetric Datalog program € that is equivalent to ®” but does not contain

the symmetric transitive closure operator. To obtain &, replace back each
R(2}, ... 2)); STCIE](}, 21);..: STCIE](), =),

with
R(z,...2)
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and for each IDB I of arity k£ in ©” and for each 1 < i < k, add the rules

1(1'1, cee ,l"k) — [(551, oy Ti—1,Yiy Tit 1y - - - Jk)? E(xzayz) (4 1)

I(Zlfl, cee 71']6) — [(zla e Li—1, Yiy Lig1sy - - - al'k)vE(wal?z)

to €. Notice that € is symmetric.

First we show that if ®” accepts S’ then ¢ also accepts S’. Assume
that " accepts S’ and let 72" be the corresponding derivation tree. We
claim that if in any IDB I®" (%) of 7®" 7 is instantiated to #; then #; is also
in the corresponding IDB I¢ of ¢ and in particular, the 0-ary tuple € is in
the goal predicate. We induct from bottom to top on 72" . Assume that the

bottommost rule in 72" is
IQ,,(E) — R(2},...2.);STCIE|(2], z1); . . .; STC[E](2., 2,)

and that 7 is instantiated to #; in 7°". We can put t; in /¢ using the rule
I%(7) < R(%) and the rules in (4.1) with IDB I¢.
Now let

I°(z) — J*(§);R(#,, ... 2.); STC[E](2}, z1); ...; STC[E](2., ) (4.2)

be a rule in 7®" other than the bottommost rule and assume that Z is
instantiated to fz, 7 is instantiated to 5, and 7' is instantiated to £z in 7.
Construct the tuple - from ¢; as follows. Assume that the j-th element of Z
is z; for some 1 <4 < r. Then replace the j-th element of {; with the value
of z[. Repeat this for each occurrence of a z; in z. Similarly, obtain fgj from
ty. Observe that t, =p t; and t, =g t;.

Now consider the rule in & that corresponds to rule (4.2) in ©”,
I1%(Z) « J(§); R(z1, ... 2).
R contains 5 and J¢ contains ¢; by the inductive hypothesis. J¢ also con-
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tains ¢/, because of the rules in (4.1) with IDB J¢. So J¢(f;) A R(tz) is true
and therefore I contains t,. Because t; = t., using the rules in (4.1) with
IDB I€¢ gives that I¢ also contains ;.

Conversely, we have to show that if € accepts S’ then ®” also accepts
S’. First, it is clear that taking out the rules of the form (4.1) from € and

replacing each occurrence of an IDB

Iy, )

in the body of a rule with

I8(yy, - yl); STCI Y (yy, 91); - - - s STCT Y (L., yr)

results in a program equivalent to €. Now construct from this program the

program ®" by replacing each EDB
R(z1,...2)
in the body of a rule with
R(2,,...2.);STC[E](2], 21); - . . ; STC[E](2.,, 2,).

It is clear that if & accepts then D" also accepts. Now we show that if D"
accepts then ®” also accepts. Assume that " accepts S’ and let 72" be
the corresponding derivation tree. We show that if we replace each recursive

rule of 72"

/11 /11

I (z) — T (s ) STCIT® Ny, w1); - - s STCIT® ) (Y, yp);

R(2y,...2.);STC[E](2},z1);...;STC[E](z., 2,)
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with the corresponding rule
IQH(E) — ngl(yl, oY) R(21, .. 20); STC[E](2, 21); . . . STC[E](2.,, /)
and the bottommost non-recursive rule
I°"(z) — R(z,,...2.);STC[E](%}, z1); . . .; STC[E](., z)
with the corresponding rule
I°°(z) — R(2,,...2.);STC[E](2,, z1); . ..; STC[E](%., z)

in ©”, then the resulting tree 72" with a variable instantiation defined later
is a valid derivation tree for ®” over S’. It remains to show how to instantiate
the variables of 7®". Let P(i) be the following statement.

Let I (Z) be the head of Sub(7®",4)?. Assume that Z is instan-
tiated to f; and %, is any tuple such that #, =g t;. Let I°" () be
the root of Sub(7®",4) and instantiate Z in I®"(Z) to #.. Then
we can assign values to the remaining variables of Sub(7®" 1)
such that Sub(7®",4) is valid.

Notice that P(h) implies that we can construct a valid derivation tree for ®”
with input §’, where A is the number of IDBs in 7°".

P(1) is obviously true. Assume that P(7) is true. Let the i-th IDB from
the bottom be J®" and the (i + 1)-th be I®". Furthermore, let

IQW(E) —J (Y1, - - ,y;); STC[JQW](yi, Y1) .- STC[IQW](yI',, Yp):

(4.3)
R(z1,...2.);STC[E](21,21);...;STCIE] (., 2,)

2Let 7 be a derivation tree. Then Sub(7,i) denotes the subtree of 7 rooted at the
i-th IDB counting from the bottom.

48



4.2 A Sufficient Condition for Expressibility in Symmetric Datalog

be the rule used at this point in 72" and let the corresponding rule in 72"
be

1°°(z) —J% (g1, ..., yp): R(2), ... 2.); STC[E](Z}, z1); . . . ; STC[E)(2., 2,).
(4.4)

Assume that in (4.3), Z is instantiated to ¢z, § is instantiated to tz, ¥ is
instantiated to ¢y, Z is instantiated to ¢z and Z’ is instantiated to .. Let ¢
be any tuple such that tL =g tz. In (4.4), instantiate Z to t- and z’ to t..

Let © be the same tuple as t; except that we make the following changes.
For each z; and y;, if x; and y; are the same variables then change the value
v; to the i-th element of #;. Notice that because t; =g t; and t; =g v, we
have that t;; =g v. Therefore by the inductive hypothesis, we can instantiate
7 in (4.4) to ©.

Finally, let @ be the same tuple as ; except that we make the following
changes. For each z; and z;, if z; and z; are the same variables then change
the value w; to the i-th element of .. Then w =g t; so we can instantiate z
in (4.4) to w. O

4.2 A Sufficient Condition for Expressibility

in Symmetric Datalog

In this section we define a large class of CSPs definable in symmetric Datalog

(see the statement of Theorem 4.3).

Theorem 4.3. Let B be a relational structure such that for some d € B,

each relation R in B is either
1. A unary relation S C B;

2. A binary relation R, such that R, = {(b,m(b)) : b € B} for some

permutation m with 7(d) = d;
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3. A k-ary relation Ry with k> 2 and Ry = {(by,...,bx) : Ji b; = d}.

Then —~CSP(B) is definable in symmetric Datalog.
Similarly, if C is a structure such that each relation RC is a unary relation
RC C C or a binary relation RS for some permutation m of C' (with no fived

point condition) then ~CSP(C) is definable in symmetric Datalog.

Proof of Theorem 4.5. Let us assume that the permutations have a fixed
point d (see comment following the proof) and that B contains relations of
the form RP = {(by,...,b) : i b; = d}. Before describing the symmetric
Datalog program, we make a few basic observations and recast the problem
in a more graph-theoretic fashion. First note that if 7 < k, then the rela-
tion RP = {(by,...,b;) : 3i by = d} is simply the set of tuples such that
(bi,...,bj,...,b;) € RP. By Theorem 4.1, we can thus assume without loss
of generality that B contains a single relation RP.

If A is an input structure and A ", B then for each a € A we must have
h(a) € N,epa UP. For convenience, we denote by UP this intersection which
corresponds to the subset of values in B which respect the unary constraints
imposed on a.

For a structure A, we construct an edge-labeled and vertex-labeled di-
rected graph GA = (A, E) as follows (the vertex set is the universe of A).
For any a1,ay € A such that (a;,as) € R we add an edge (ay, as) labeled
with 7 and an edge (as,a;) labeled with 7=!. Note that this edge construc-
tion makes the graph essentially undirected. Finally, we color each vertex
a € A with UB. Obviously, if for any a € A, UB = () then there can be
no homomorphism from A to B. Any path p between two vertices of A can
be thought of as labeled by the permutation 7, which is the product of the
labels of individual edges on that path.

For any {(ai,...,a;) € R we say that the k-tuple (a},...,a}) is a k-
blocking pattern in G4 if for each 1 < i < k there is a path from a; to d}
and d ¢ Uy If a k-blocking pattern exists for some (ay, ..., a;) € R then

there is no homomorphism from A to B. To see this, assume that A B
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and observe that h does not map any of the a; to d and d is a fixed point of
all permutations 7. It follows that h does not map any of the a; to d and so
(h(ay),...,h(ax)) ¢ R&. This is a contradiction.

Similarly, let a be a vertex of the graph with UB = {b;,...,b;}. For each
b;, 1 <1 <'t, consider a path p; of length at least 1 from a to some vertex
a; in G®. We say that the set of paths pi,...,p; is permutation blocking
for the vertex a if for each 1 < i < ¢ we have either m,,(b;) ¢ UD or a = a;
and 7, (b;) # b;. By design, if G* contains a permutation blocking pattern
then there can be no homomorphism from A to B. To see this, assume
that A —> B. It follows that h(a) € UB and also that if h(a) = b; then
h(a;) = m,(b;) € Up. This is a contradiction. Furthermore, notice that we
need to consider only paths of length at least 1 because if a path has zero
length then it is always the case that mq(b;) € UB and mq(b;) = b;, where
mq is the identity permutation.

We claim that A € CSP(B) if and only if for each a € A, UB # () and G*
contains no permutation blocking or k-blocking patterns. Note that we have
already established one direction. Let us suppose that for each UB # () and
G2 contains no blocking patterns and explicitly construct a homomorphism
from A to B. Consider an arbitrary element a of A. If d € UB for all d’ in
the connected component of a, then we set h(a) = d. Otherwise, since G*
contains no permutation blocking pattern, there exists some b € UB such
that for each path p from a to any vertex o’ either a = o’ and m,(b) = b or
a # a' and m,(b) € UR. We set h(a) = b and h(a’) = m,(b) for each vertex
a’ reachable from a by a path p. Note that this assignment is well defined.
Indeed, assume that there are two (or more) distinct paths p and p’ from a
to a given a’ and assume that m,(b) = /. Notice that pp'~! is a path from a
to a and so 7,y-1(b) = b. This implies that m,-1(V') = b so my(b) =V, i.e.
7 (b) = 7 ().

This stage defines h(a’) for each a' in the connected component of a.

We can repeat the argument to similarly fix the values of h in each other
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connected component of G*. We need to prove that h is indeed a homomor-
phism. By construction, we have h(a) € UB for each a and (h(a;), h(az)) €
R, for any (aj,ay) € R2. It remains to show that if (ay,...,a;) € R&
then (h(a1),...,h(ag)) € RB which, by definition of RP is equivalent to the
requirement that h(a;) = d for some j. Since G* contains no k-blocking
pattern, there exists some a; such that all a’ in the connected component of
a; satisfy d € UB and so h(a;) = d.

Our symmetric Datalog program contains rules of one of nine types sum-
marized in Figure 4.1. The program is a reflection of the above graph-
theoretic construction. The goal predicate in these rules is denoted by G.
We start by understanding the rules of type (U). Let C = {Uy,...,U,;} be
a set of relation symbols such that (. UP = 0. For each such C there is
a rule of type (U) in which U = Avec U(z). Clearly, there exists an a € A
such that UB = () if and only if the body of a rule of type (U) is satisfied.

Next, we have to detect k-blocking patterns. We use an IDB

J(:L'l,...,xk,yl,...,yk)

of arity 2k to represent the fact that for each ¢ there is a path from z; to y;.
Clearly, we can initialize this IDB with the non-recursive rule of type (k7).
This rule says that for each z;, 1 < ¢ < k, there is a path of length zero
to itself. We also have symmetric rules of the form (£2) and (k3) for each
1 < j <k and each R, to construct the k paths in GA. Notice that the
rules of type (k2) and (k3) form symmetric pairs. The presence of these
symmetric rules is justified because if there is an edge from y; to z in G4
then by construction there is also an edge from z to y;. Furthermore, the
subscripts of the IDBs are empty because we do not care about the labels of
the paths.

To detect k-blocking patterns, consider the rules of type (k/). First, the
variables x1,..., Tk, y1, ...,y are instantiated to some elements ay, ..., ag,
al,...a, of Asuch that for each 1 < ¢ <k there is a path from a; to a}. This
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Rules to detect if for any a € A, UB is empty:

G — U (U)
Rules to detect k-blocking patterns:
J(l’l,...,l‘k,l‘l,...,l‘k) — (k])
J(@1, o T Yty 2 k) — ST, T Y, Y Uk); (K2)
Rﬂ<ijz)
J(T1, e T Yty Yoo Uk) — J(@, Ty, 2 Uk) (B3)
Rﬂ<ijz)
G — J(xlv"'vxkvylw"yk); (k4)
Ry(1, - wn); Uy (y1); -5 Uy, ()
Rules to detect permutation blocking patterns:
I7r1 ..... mm('ruyh "7y\B\> A RWl('T?yl);"';RW\B\<'T7y‘B‘>
(P1)
I7r1 ..... PTjsenes mm(xuyh )y %5 73/\3\) — Rp<y]7z)7 (PQ)
I7r1 ..... ﬂj,...w‘B‘(x>yla"-7yj7"‘7y|B|)
]7r1 ..... wj,...n‘B‘(%yb e Yjy e 7y\B\) — Rp(yj7z) (P‘?)
I7r1 ..... PTjseees W‘B‘(x7y17 "727"'7y|B|)
G — Iﬂyl,...wy‘B‘(l’?ylu 7y|B|)7 (P4)
UE; Uyl; - Uy\B\

Figure 4.1: Types of rules for the program of Theorem 4.3

is the role of the IDB J(z, .

sy Tk Y1y -

,Yr) in the body. Now we have to

define ﬁyi for 1 < i < k such that ﬁyi(yi) is true if and only if d ¢ U,>. Let
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C ={Uy,..., U} be aset of unary relation symbols such that d ¢ (. UP.
Let € be the set of all such C-s. For any k-tuple (C,,,...,C,,) € € we have
a rule of type (k4) in which we let (7% = /\Uecyi U(y;), 1 <i < k. Clearly,
the body of a rule of type (k/) is satisfied if and only if there is a k-blocking
pattern.

Finally, we have to detect permutation blocking patterns. For each
|B|-tuple (my,...,mp) of permutations of B, we create a |B| + l-ary IDB
TS (@,91,...,yp) which is intended to represent the fact for each 1 <
j < |B| there is a path p in G* labeled with 7; from z to y;. We include
non-recursive initialization rules of type (P1) stating that if A includes for
each j the constraint (z,y;) € Ry, then the tuple (z,y:,...,yp) lies in the
IDB I, 5

We next include recursive rules of type (P2) and (P3) to build the paths
for the permutation blocking patterns. Notice that rules of type (P2) and
(P3) form symmetric pairs. Consider two IDBs Loyopmgmp @0 Ly oo
whose index differs only in the jth permutation. If x,y,...,ypy are such
that there exist for each i a path from z to y; labeled by 7; and if further A
contains a constraint (y;,z) € R, then there is a path from z to z labeled
pmj. But symmetrically, if there is a path from x to z labeled by pm;, we
have a path from z to y; labeled by p~'pm; = m;. This observation justifies
the rules of the form (P2) and (P3) in our program and it is clear that these
IDBs behave as intended.

Permutation blocking patterns are identified using rules of type (P4). In
these types of rules each of the y; could be a different variable than x or
it could be the same. Therefore there are 2!8 possible variable patterns in
the IDB in the body. For each possible variable pattern we will construct
a set of rules. To detect a permutation blocking pattern, first the variables
T,y1,. ..,y are instantiated to some elements a,a; ..., ap such that for

each 1 < i < |B| there is a path from a to a;. This is the role of the IDB
Inyl,.._wy‘B‘ (z,y1,.-.,yp) in the body.
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For each variable pattern in the IDB in the body construct the following
rules. Let the permutations in the subscripts of the IDB in the body be
Tpys - Tp,. Let C'={Uy,...,U,} be any set of unary relation symbols and
let €, be the class of all Cs. For each set C' € €, construct the following
set of rules. Let Uy(z) = Avec U(z). Assume that (e UP = {by, ..., b}
Note that ¢ < |B|. If ¢ > ¢ then we set (Ajyi to be the empty conjunction. Now
assume that ¢ < t. If y; is a different variable than x then ﬁy is responsible
for detecting whether m,(b;) € UZ. If U, is the same variable as z then we
have to detect if m,,(b;) = b;. For each y; that is different from x, construct
a class of sets of relation symbols €, as follows. Let C' = {Uy,...,U,} be a
set of unary relation symbols such that my,(b;) ¢ Nyco UP. Let €, be the
set of all such Cs. Now take a tuple in (Cy,,...,Cy,) € €, x --- x &, and
set ﬁyi = /\Uecyi U(y;). Furthermore, add this rule to the program only if
for each y; that is the same variable as x it is the case that m,, (b;) # b;.

To see that the rules of type (P4) set the goal predicate to true if and
only if there is permutation blocking pattern first we assume that there is a
permutation blocking pattern defined by the input structure A and construct
a rule R which is of type (P/) and whose body is satisfied for the input
structure A. If there is a permutation blocking pattern then there is a vertex
a € A with UB = {b;,...,b;} such that there is a set of ¢ paths py, ..., ps
from a to some ai,...,a; € A such that for each 1 <7 <t we have either
T, (b;) ¢ UD or a = a; and m,, (b;) # b;.

For each 7 such that a; = a, let y; be the same variable as x. Let the unary
conditions on x be as follows. Let C be a set of relation symbols such that
UB = Nyee UP and let the unary conditions on = be U,(z) = Ayee U(x).
Let the permutations in the subscripts of the IDB in the body be m,,, ..., 7,
and we arbitrarily set the permutations 7, ,, ..., m,, to be m,. For each
1 <4 <t such that a; # a assume that D is a set such that UE = ﬂUGD UB.
Because we have a permutation blocking pattern we know that 7(b;) ¢ Uy

so in R we can set the unary constraints on y; to be ﬁy (i) = Npep Uwi)-
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Furthermore, for each 1 < ¢ < k such that a; = a it is not the case that
Tp, (b;) = b; so this rule is actually in the program. Clearly, the body of this
rule is satisfied for input A.

Conversely, assume that on some input structure A a rule R of type (P/)
sets the goal predicate to true and construct a permutation blocking pattern.
Assume that the variables of R are instantiated to a,a,...,a;p. Let the
permutations in the subscript of the IDB in the body be my,, ...,y . Let C
be the set of unary relation symbols such that x is constrainted by A, .- U(z).
Consider (e UB = {b1,...,b:}. We show for each 1 < i < ¢, if a # a; then
Ty (bi) ¢ U or if a = a; then 7y, (b;) # b;.

It is clear that for each 1 < ¢ < ¢, the symmetric Datalog program
detected a path p; from a to a; and that 7, is the corresponding permutation.
If a # a; then z is a different variable than y;. Let D be the set of unary
relation symbols such that ﬁyi (¥i) = Avep(yi). Then by construction we
have that m,,(b;) € (yep UP and because the body of R is satisfied we have
that a; € Nyep U*. Therefore UB C (;cp UB so my,(b;) ¢ UB. Now assume
that @ = q;. If x is a different variable than y; then by the above analysis
Ty (bi) & U2, ie. my,(b;) ¢ UB. Because b; € U we have that my, (b;) # b.
If y; is the same variable as z then because R is present in the program we
have by construction that 7, (b;) # b;. O

Remark: We assumed in our proof that d was a fixed point of the per-
mutations. However, it is clear from the argument that this requirement
is only needed in the presence of the Ry relations. If B consists solely of
permutations and unary relations, “CSP(B) can be defined in symmetric
Datalog.

However, if B contains a relation R but contains a permutation of which
d is not a fixed point expressibility in symmetric Datalog cannot be guar-
anteed. Indeed, over the two-element domain, the relation R is the binary
OR relation and the non-trivial permutation 7 is disequality. The problem
CSP(ORa, #) is NL-hard and it easily follows from Theorem 5.19 in the next
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chapter that = CSP(ORg, #) does not lie in symmetric Datalog.

We also note that the conditions in Theorem 4.3 are motivated by the
algebraic approach. (See last section of [11].)

Finally, it is interesting to compare this class of CSPs with the one defined

in Example 1.9 in Chapter 1:

Corollary 4.4. Let D be a finite relational structure such that each rela-
tion R in D is either of the form 1 or 2 in Example 1.9. Then CSP(D) is

expressible in symmetric Datalog.

Proof. A binary relation of the form B x C' can be expressed as the conjunc-
tion of the unary relations B and C. Similarly, if B C D and f: B — D is
injective then f can be extended to a permutation 7 of D such that mp = f.
The implicational relation R = {(b, f(b)) : b € B} can then be expressed
as a conjunction of the relation R, and the unary relation B. Thus, D is
a finite relational structure whose relations are defined by primitive positive
formulas over E for some E of the form given in Theorem 4.3 and the result
follows by Theorem 4.1. O

To the best of our knowledge, all currently known CSPs in L are definable
in symmetric Datalog. It is an interesting open problem whether there exists

a CSP that lies in L but which is not definable in symmetric Datalog.
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Chapter 5

Directed ST-Connectivity Is
Not Definable in Symmetric
Datalog

I am grateful to Benoit Larose and Pascal Tesson for many fruitful discussions
and suggestions about this chapter.

Ajtai and Fagin gave the first proof that directed st-connectivity is “harder”
for directed graphs than for undirected graphs [1] in a precise technical sense.
They showed that unlike undirected st-connectivity, directed st-connectivity
is not definable in monadic ¥{. In this chapter we demonstrate a differ-
ent approach to show that directed st-connectivity is harder than the undi-
rected version. We prove that unlike undirected st-connectivity, directed
st-connectivity is not definable in symmetric Datalog.

First we show that the reflexive transitive closure of a binary relation is
not definable in symmetric Datalog. In fact, let ® be a symmetric Datalog
program with goal predicate G(u,v). Let s and ¢ be two nodes of a graph
defined by the edge relation E. Set u to s and v to t and if ® works correctly
then it accepts if and only if there is a directed path from s to t in E. We

show that no such symmetric Datalog program exists and here we give an
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intuitive overview the proof.

Assume that there is a symmetric Datalog program ® that outputs the
reflexive transitive closure of a binary relation. Construct an input graph
that is a long enough path p (“long enough” will be specified in the proofs)
and query whether the first vertex s and the last vertex ¢ of this path are
connected. If ® works correctly then it must detect that s and ¢ are connected
and therefore it must produce a derivation path P that witnesses this fact.

The main strategy is to obtain a derivation path P’ from P such that

1. P’ contains no path from s and ¢;

2. On some input structure P, P’ is a valid derivation path for © over P.

The key idea is to blow up P, using the fact that ® is symmetric, such that
we “disconnect” each path from s to t. Intuitively, we will “zig-zag” on P
going back and forth until we disconnect two internal vertices of an st-path
and this leads to a contradiction.

After we show that the following statements are equivalent.

1. The problem of finding the reflexive transitive closure of a binary rela-

tion is definable in symmetric Datalog;

2. The complement of a specific CSP (defined later) is definable in sym-

metric Datalog;

3. Directed st-connectivity is definable in symmetric Datalog.

Before getting to the main proof in the second part of this chapter, we
need to introduce some concepts and prove Lemma 5.1. The proof of this

lemma is not difficult but laborious and it can be skipped on first reading.

5.1 The Mirror Operator

A zig-zag is a sequence of integers Z = ti,...,t, such that |t; — ;41| = 1.
Given two integers [a,b] such that a < b, MaxP,;(Z) denotes the set of all
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index pairs (k, £) such that
o k<

o If t € {ty,tgs1,...,te}, then a < ¢t < b and it is not the case that
a<typ1<bora<ty, <0

® a, be {tkatk-i-la "'atf}‘

Let Z denote the set of all zig-zags. A mirror operator p,p, : 2 — Z is a
function with integer parameters a < b and r € Z*. Let Z be a zig-zag. Then
Papr(Z) is the zig-zag such that for each index pair (7,j) € MaxP, 4, (Z)
we insert r consecutive copies of the sequence t;_1,%;_9,...t;, tit1, ..., t; af-
ter t; in Z. Pictorially, we can think of this process as “folding out” the
subsequence t;,%;11,...,t; 2r times. The objective of this section is to prove

Lemma 5.1.

Lemma 5.1. If Z is a zig-zag and p and v are mirror operators then

We call the pairs in MaxPp,;(Z) maximal pairs associated with
Mo, For a maximal pair (i,7) € MaxP,(Z), we call the sequence
ti,tit1, ..., t; amaximal interval associated with yi, ) ,. Let Maxlj,(Z)
denote the set of all maximal intervals associated with gy, Let I €
MaxIj,4)(Z) be an interval. Then I; denotes the index of the leftmost el-
ement of [ and I, denotes the index of the rightmost element of I. We say
that two pairs of indices (7, j) such that ¢ < j and (k, ¢) such that k < ¢ are
disjoint if either j +1 < k or £ 4+ 1 < i. Notice that any two different pairs
in MaxPj,4)(Z) for some zig-zag Z and integers a and b are disjoint. Let
(i,7), (k,€) and [a, b], [¢,d] be two pairs of indices and two pairs of integers,

respectively. Then

1. Ifi<k(a<c)and j </ (b<d) then (i,7) ([a,b]) is said to be to the
left of (k,0) ([c,d]);
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2. Ifi >k (a>c)and j > ¢ (b > d) then (i,7) ([a,b]) is said to be to the
right of (k,¢) ([c,d]);

3. If i <k (a<c¢)and ¢ <j (d <) then (i,7) ([a,b]) is said to contain
(k. €) ([e,d]);

4. Itk <i(c<a)and j < ¢ (b < d) then (i,7) ([a,b]) is said to be
contained in (k, /) ([c,d]).

Notice that these four cases cover all possibilities. (See Figure 5.1 for exam-

ples.)

Pr——l) o
1 2 3 4 5 6 7 1 2 3 4 5 6 7
[ — ] GP———ll)

(a) The index pair (2,4) is to the left of the (b) The index pair (3,6) contains the pair
pair (3,6). 4,5).

Figure 5.1: Possible relations between two pairs of integers.

Fact 5.2. Let [a,b] and [c,d] be pairs of integers such that a < b,c < d and
la,b] is either to the left or to the right of [c,d]. Let Z be a zig-zag. Let
(i,7) € MaxP,4)(Z) and (k,l) € MaxP. 4(Z). Then (i,7) is either to the
left or to the right of (k, ().

Proof. Assume that (i, 7) contains (k,¢) (the reverse case is similar). Then
i <k << jso it must be the case that a < ¢ < d < b, i.e. [a,b] contains

[¢, d] which is a contradiction. O

Fact 5.3. Let [a,b] and [c,d] be pairs of integers such that a < b,c < d
and [a,b] contains [c,d]. Let Z be a zig-zag. Let (i,j) € MaxP,4(Z) and
(k,l) € MaxP.4(Z). Then either (i,j) contains (k,{) or (i,7) and (k,() are

disjoint.
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Proof. Similar to the proof of Fact 5.2. O

By Facts 5.2 and 5.3 we have to analyse two cases. Let pifa ), and pijcq,s
be mirror operators. We call the case when [a, 8] is to the left or to the right
of [¢,d] the left-right case. We call the case when [a, b] contains [c, d] the

containment case.

Definition 5.4. Let A =aq,...,am,c1,...,c,and B =c¢q,...,¢,b1,...,b,
be zig-zags. If the last k elements of A and the first k elements of B coincide
then

def
A@kB = al,...,am,cl,...,ck,bl,...,bn.

The operator @ stands for @y, i.e. simple concatenation.

Definition 5.5. Let Z = t;,...,t, be a zig-zag and p and v be mirror
operators. We construct a graph G whose vertex set is {¢1,...,t,}. We place
an edge between two consecutive elements ¢; and t;,, if there is a maximal
interval associated with p or v that contains both ¢; and ¢;,,. Notice that a
connected component of G corresponds to a consecutive sequence of elements

in Z. We call such a consecutive sequence in Z a block.

Definition 5.6. Let Z be a zig-zag and [a, b] be a pair of integers such that
a < b. We say that an element ¢ of Z is good for [a,b] if there exist two
sequences p; and p, as follows. Both p; and p, are consecutive elements of Z
starting at ¢ and ending at a and b, respectively. Furthermore, the elements
of p; and ps belong to {a,a+1,...,b}. We call the pair of sequences (p1, p2)
a pair of good paths.

Fact 5.7. An element t of a zig-zag Z belongs to a mazximal interval associ-

ated with a mirror operator juay) . if and only if t is good for |a,b].

Lemma 5.8. Let pijap), and vieq)s be mirror operators. Let Z be a zig-zag
and find all the blocks Z1, ..., Z,, in Z from left to right. Let Gy, G1,Gs, ..., Gy
be such that

=Gy 21 bGP LB Z, DG,
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Note that G; could be empty for any 0 < i < n. Then
v(i(Z)) = Go ®v(u(21) & GL & v(u(Z2)) & - - - & v(1(Zn)) © Ga.

Proof. Clearly, u(2) = Go @ u(Z1) @ G1 ® u(Zs) & - - - @ u(Z,) & G,,. Now it
is enough to show that each maximal interval associated with v in u(Z) has
each of its elements within p(Z;) for some i. Assume that there is a maximal
interval I in p(Z) associated with v that has elements in u(Z;) for some 4
and it also has elements outside of u(Z;). There are two cases.

Case 1: Assume that I also has an element in G; (the case for G;_; is
similar. Let that element be g. Let p; and ps be a corresponding pair of good
paths from ¢ to an element of Z having the value ¢ and from ¢ to an element
of Z having the value d, respectively. Now we “fold back” u(Z) according to
1 to get back Z. Clearly, after folding back there must still exist a pair of
good paths p| from ¢ to an element in Z having the value ¢ and p), from g
to an element in Z having the value d. So g in G; in Z is still good for v(Z7)
which is a contradiction.

Case 2: Assume that G; is empty and [ also has an element in p(Z;11)
(the case for u(Z;_1) is similar). Then the elements of u(Z;) and pu(Z;11)
belong to a single block in (7). As in the previous case, fold back according
to p and observe that there will be a maximal interval associated in Z that
has elements both in Z; and Z; ;. This contradicts the fact that Z; and Z;,,

are separate blocks in Z. O

Using Lemma 5.8, to prove Lemma 5.1 we can restrict our attention to

zig-zags such that the zig-zag itself is a single block.

5.1.1 The Left-Right Case
Now we are ready to prove the left-right case of Lemma 5.1.

Proof of Lemma 5.1 in the left-right case. Assume that the parameters of u
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5.1 The Mirror Operator

and v are [a,b],r and [c,d], s, respectively. Let M = Maxlj,; UMaxI q.
Order the maximal intervals in M according to the right endpoints. Denote
the h-th maximal interval in M by MJh|. Because we can assume that Z is

a single block and we are in the left-right case we have that

e As we traverse the maximal intervals in M, they alternate between

being associated with p and v;
e Let I and J be consecutive intervals in M. Then I} < J; < I, < J..

Without loss of generality assume that the first maximal interval in M is
associated with p. Let Z[h] be the sequence t1, 1, ..., t; where t; = I and
is the h-th element in M. Furthermore, let Z,,[h] denote

p(M1]) g, v(M2]) g, p(M3]) Dq, - - - By v(M[h])

where ¢, denotes the number of elements that coincide at the end of Mu]
and the beginning of M|[u+ 1] in Z. Now let P(h) be the statement

Zuwlh] = v(u(Z[h])) = p(v(Z[h])).

Observe that P(|M|) proves the left-right case of the lemma because Z[|M|] =
Z. Clearly, P(1) is true. Assume that P(h) holds and assume without loss of
generality that Mh| is a maximal interval associated with p (and therefore
M{[h + 1] is associated with v). It follows that

v(u(Z[h +1])) = v(u(Z[h] &g, M[h+1])) (5.1)
v(u(Z[h]) &g, p(M[h +1])) (5.2)

= v(u(Z[h]) ®q, M[h+1]) (5.3)

= v(u(Z[h])) ©q, v(M[h +1])) (5.4)

= Zuw[h] ®q, v(M[h +1]) (5.5)

= Z[h+1] (5.6)
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Step (5.1): By definition.

Step (5.2): Observe that M[h + 1] does not contain a maximal interval
associated with p because we are in the left-right case. The correctness of
Step (5.2) follows.

Step (5.3): Also follows from the fact that M[h + 1] does not contain a
maximal interval associated with pu.

Step (5.4): Consider applying p to Z[h| and in particular observe that
w(Z[h]) ends with the maximal interval u(M[h]). Let R denote the rightmost
copy of M[h] in u(Z[h]). Observe that the (g, + 1)-th element of R counting
from the right is not in [c, d] because that would contradict the maximality
of M[h + 1] in Z. It follows that the rightmost maximal interval associated
with v in p(Z[h]) @4, M[h + 1] is M[h + 1].

Furthermore, R does not contain a maximal interval associated with v
because we are in the left-right case. In particular, the first ¢, elements of
R counting from the right do not contain a maximal interval associated with
v. The correctness of Step (5.4) follows.

Step (5.5): Follows from the inductive hypothesis.

Step (5.6): By definition of Z,, [h + 1].

Similarly, we have that

p((Zh + 1)) = u(w(ZIH] @, MIh+1])) (5.7)
— W(U(Z[h]) @4, V(M + 1)) (5.8)
= u(AZ[R)) Dy, plr(MIh + 1)) (5.9)
= WA Z[R])) @y, v(M[h + 1)) (5.10)
= Z,,[0) @4, (M + 1) (5.11)
= Z,[h+1] (5.12)

Step (5.7): By definition.
Step (5.8): Observe that the rightmost elements of Z[h| starting imme-

diately after the rightmost element of M[h — 1] do not contain a maximal
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interval associated with v. To see this notice that these elements belong to
M h] which is a maximal interval associated with p and that we are in the
left-right case. The correctness of Step (5.8) follows.

Step (5.9): Observe that v(Z[h]) ends in M[h]. Furthermore, the element
in v(Z[h]) &, v(M[h + 1]) after the rightmost element of v(Z][h]) is not in
[a,b] because that would contradict the maximality of M[h] in Z. Notice
also that v(M[h + 1]) does not contain a maximal interval associated with
i. The correctness of Step (5.9) follows.

Step (5.10): Follows because v(M[h + 1]) does not contain a maximal
interval associated with pu.

Step (5.11): Follows from the inductive hypothesis.

Step (5.12): By definition of Z,,[h + 1].

5.1.2 The Containment Case

First we describe a form of concatenation that will be important later. Let
A and B be zig-zags. If the last integer in A is different from the first integer
in B then AB denotes A @ B. If the last integer in A is the same as the first
integer in B then AB denotes A ®; B. For example, if X =1,2and Y = 2,3
then XY =1,2,3 but if Y = 3,4 then XY = 1,2,3,4. Now we are ready to

prove Lemma 5.1 in the containment case.

Proof of Lemma 5.1 in the containment case. Let Z = ty,...,t,. Assume
that the parameters of p and v are [a, b], r and [c, d], s, respectively. Without
loss of generality, assume that [a,b] contains [c,d]. By Lemma 5.8, we can
assume that Z is a single block. Since we are in the containment case, we
can easily see that Z must be a single maximal interval associated with pu.
We denote by N; the i-th maximal interval associated with v, counting from
the left. Let Gy, Gy, ..., G, be such that Z = GoN,:G; ... N,,G,,. Note that
Gy and G,, could be empty (but G cannot be empty for 1 < k < n —1).
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5.1 The Mirror Operator

Furthermore, if Y is a sequence of integers si,ss,...,S,, then Y denotes
these integers in the reverse order, i.e. Sp,Sm—_1,...,51. Also, let X* for

some k € ZT denote

XX...X.
——

k times
As an example, let Y = 1,2, 1 and observe that Y2 =1,2,1,2,1,2, 1.
First assume that both Gy and G,, are non-empty. Then we have that

v(u(Z)) = v(i(GoN1 ... Gr))
— U(GoNy ... Cn(GoNy - GGy . .. G )T)
= U(GoN, ... Co(Gr .. NiGoGo Ny ... G)T)
= GoNi(NINL® . Gon(Gor .. N (N ND Y CoGo Ny (NINLE - Gy

and

p(v(2)) = p(v(GoNi ... Gy))
= u(GoNy (NN ... Gh)
= GoN 1 (N1 N))E .. G (GoNL (NN )* - - GuGoN (LN, ... G )
= GoN1 (NI NP .o Ga(Gr .. Ny (NN GoGoNL (NN, . G

We show the case when Gq is empty. The cases when G, is empty or
both Gy and G, are empty are similar. As above, let us segment Z as
Z = N1G1 C Gn Then

v((Z)) = v(W(N1Gr ... Gr))
= u(N,Gy...Gp(Gy .. .GiN NGy ... Gy)")
= Ny (NyN,)°Gy ... GGy ... GLN Ny (NI NI NI N, PGy .. Gy
= Ni(Ny N, °Gy .. GGy ... GuN Ny (NI NI NI N, PGy . Gy
= Ni(N1N, )’ Gy .. GGy . GL (NI NGy .G
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and

u(w(2)) = plv(NiGy ... Gr))
= u(N{ (N1 N, PG ... G)
= Ni(N\ NGy ... Go(N{ (NN )SGy ... Gu N (N NG ... G
= Ni{(N\N)°Gy ... Go(Gh ... GL(NINY) N N (N NG . G
= Ny(N1N )Gy ... Go(Gy ... GL(NIND)*HG .G

5.2 The Free Derivation Path

In the previous section we introduced zig-zags and the mirror operator and
proved results that we need later. Now we connect these concepts with

symmetric Datalog and derivation paths.

5.2.1 Basic Definitions

A free derivation tree is obtained from a derivation tree by replacing the
domain elements with the underlying variables and renaming all quantified
variables to different names. (See Example 5.9.) Note that in symmetric
Datalog each rule contains at most one IDB in its body so the free derivation

trees are in fact free derivation paths.

Example 5.9. Let © be the symmetric Datalog program as in Figure 5.2a.
Let the input structure A be the graph in Figure 5.2b together with the unary
relations S = {s} and 7' = {t}. Then a derivation path P obtained from ©
over the input A is shown in Figure 5.2c. Now we obtain the corresponding
free derivation path by renaming each variable of P such that the variables
of an IDB and EDBs in the body of a rule inherit the variables of the head

IDB and all other variables are renamed to new elements. See Figure 5.2d.
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5.2 The Free Derivation Path

(y) < S(y)

I(y) < I(z); E(z,y)

I(z) < I(y); E(x,y) sOa—ﬁ
G — I(y); T(y)

(a) The symmetric Datalog program ©. (b) The edge relation of the input structure.

G G
7\ TN
/7 N\ PN
I(CL) E(CL, t) [($2) E(l’g xl)
7N\ P2 ’
I(s)  E(s,a)
[([L’g) E(l’g,l’g)
7N\ PN
I(CI,) E(CL, S) [(.1'4) E(flf4, flfg)
7\ N
](|S) E(S,CL) ](,’L’5) E(LU5,ZI}'4)
|
S(S) 5(1'5)

(¢c) A derivation path P for A. (d) The corresponding free derivation path
F for A. Note that the second a be-
comes x4 and the second s becomes xs.

Figure 5.2: The construction of a free derivation path.
If we are given a zig-zag Z =t;,...,t, and a free derivation path F hav-

ing ¢ IDBs then we can construct a corresponding labeled free derivation
path FZas follows. Label the i-th IDB of F# counting from the goal predi-
cate with t;, 1 <17 < ¢q. If an IDB [ is labeled with ¢; we denote this fact by
I;,. Let FZ be a labeled free derivation path and Hfa,b],» D€ @ mirror operator.

First we define pu(F%) and then we give an example.

1. For each pair (i, j) € MaxPy,(Z) we insert r consecutive copies of the
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5.2 The Free Derivation Path

sequence Iy, ,, Iy, ,,

"'Iti’[tiJrl?""[tj after [tj n fZ.

2. Let I, — I, ., be a segment of FZ and let R be the corresponding
rule. Whenever [, — Iy, is inserted in the new derivation path the
corresponding rule is YR and the parent of the EDBs of R is [;,. On
the other hand, whenever we insert I;, , — I;, the rule corresponding
to Iy, ., — I, is the symmetric pair R’ of R and accordingly, the parent
of the EDBs of R’ is I, , ;

3. u(F?) is labeled with u(Z);

4. Starting at the goal predicate, traverse the variables of p(F%) and
rename them to a new name whenever it is possible. This ensures that
wu(F?) is free.

Clearly, if FZ is a labeled free derivation path that can be constructed from
the rules of a symmetric Datalog program ® then u(F%) can also be con-

structed from the rules of ®.

Example 5.10. Let ® be the same program as in Figure 5.2a. Consider a
free derivation path F for this program shown in Figure 5.3a. Let Z =1,2,3
be a zig-zag. Then FZ is shown in Figure 5.3b. Figure 5.3c¢ shows the
intermediate step when the variables are not yet renamed to new elements

and Figure 5.3d shows 3,31 (F).

Let 7 be the input vocabulary of a symmetric Datalog program ® and
let FZ be a labeled free derivation path constructed from the rules of ®. We

can associate a T-structure F with a F# as follows.
e The domain F of F consists of all the variables appearing in FZ.

e Let R € 7 have arity r. Put a tuple (z1,...,2,) € F" into the relation
RY if R(zy,...,x,) is present in FZ.
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G G,
7\ 7\
](25'1) T(I‘l) ]2(5(31) T(I‘l)
7\ 7\
I(lﬁz) E(xy,11) I3(|$2) E(xy, 1)
T(x2) S(2)
(a) The free derivation path F. (b) The labeled free derivation path FZ.
G1 Gl
VRN 7N\
Iy(zy)  T(x1) L(y)  T(p)
Y 7\
I3(z2)  E(x2,1) I3(y2)  E(y2,y1)
7\ 7\
Iy(z1)  E(xz,x1) Iys)  E(y2,ys)
7\ 7\
f3(|$2) E(xy,21) 13(|y4) E(y1,y3)
S(x2) S(ya)
(c) Intermediate step in the construction of (d) By renaming the variables we get
2,31 (F)- the new labeled free derivation path
12,31 (F)-

Figure 5.3: Constructing puz,31(F).

Let FZ and FZ' be free labeled derivation paths and F and F’ be the cor-
responding relational structures, respectively. We say that there is a homo-
morphism from FZ to FZ' if there is a homomorphism from F to F/. We

denote the existence of a homomorphism A from FZ to FZ' by FZ L, F7

5.2.2 Lemmas Related to The Mirror Operator
One of our main tools is Corollary 5.11.

Corollary 5.11. Let Z be a zig-zag, i1 and v be mirror operators, and F be
a free derivation path. Then

v(u(F?)) = n(v(F)"
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Proof. Follows from Lemma 5.1. O

Let FZ be a labeled free derivation path and M = puq, pto, ..., i, be a
sequence of mirror operators. Let M(F?) = FZ, FZ,...,FZ be a sequence

of labeled free derivation defined paths by

]—“OZ:]-“Z
flz = Ml(fz)

fnZ = Nn(fnZ—1>’

Fact 5.12. Let FZbe a free labeled derivation path and M = jui, jia, . . ., fin

. h
be a sequence of mirror operators. Then FZ —— FZ.

Proof. Notice that when we apply p; to FZ to obtain F7%, we insert ad-
ditional sequences into FZ and we create new variables by renaming the
original variables to new names whenever possible (see Step 4 above). Let
hi+1 be the function that maps each new variable in %, to the original in
F#. Clearly, we have that h;;1 is a homomorphism from FZ, to F7 and
therefore FZ M FZ,

For example, we obtained the free labeled derivation path in Figure 5.3d

by applying pi2 3,1 to the free labeled derivation path in Figure 5.3b. Define

Holds after finding a 1-1 map between the variables of v(u(F%)) and u(v(F?)) and
renaming the variables of 1(v(FZ)) to the variables of v(u(F%)), i.e. up to “isomorphism”.
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h to be
Y1 — I
Yo = T2
Y3 — I
Ya — X2.
Observe that h is a homomorphism from pp 3)1(F) to FZ. O

Assume that 7 is a vocabulary that contains a single binary relation
symbol F. Let A be a 7-structure. Recall that we want to show that there
is no symmetric Datalog program with a binary goal predicate that defines
the reflexive transitive closure of EA. In our proof, we assume that such a
symmetric Datalog program ® exists and derive a contradition.

Given a labeled free derivation path FZ over 7 we define &(F%) as follows.
Index the EDBs in FZ by their distance from the root G(u,v) and let €(F%)
be the set of all indexed EDBs that appear in F#. Furthermore, we say that
a set S C ¢(F%) contains a path from z; to z, if there are indexed EDBs
in S such that Ej (x1,29), Ei,(22,23), ..., E; (n-1,2,) for some variables
To,X3,...,Tn—1. The indices of the EDBs are used to differentiate between
paths which would be the same if we removed the indices. For example, a
labeled free derivation path F# could contain two paths p; and p, whose
EDBs are exactly the same but an EDB E(x,y) of p; appears at a different
level in FZ than the same EDB of p,. If we had no indices, this difference
would be lost in &(F%).

Let M = {(u1,p2, ..., p,) be a sequence of mirror operators and S C
E(F?). We define the M-image S’ C &(un(. .. p2(p1(F?))...)) of S induc-
tively as follows. Let M; = pq, ..., u;. The My-image of S is S. Assume that

the M;-image of S is S;. Now consider the construction of

fri (i -Ml(]:Z) )
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from
(.- -Ml(]:z) co)

For each indexed EDB FE, in S; add the corresponding indexed EDB in
piv1(pi(o o1 (FZ)..0)) to Siyq and any new copies of Ey. (Note that the in-
dices of the EDBs in i1 (pi(. .. pi(FZ?)...)) are recomputed. The M-image
of S is S,,. We need the following corollary of Lemma 5.1.

Corollary 5.13. Let Z be a zig-zag, i1 and v be mirror operators, and F be
a free deriwation path. Let F' = v(u(F?)) = u(v(F?)). Let S C E(F?).
Then in F', the (v, u)-image of S is the same as the (u,v)-image of S.

Proof Sketch. This is easy to see by going over the proof of Lemma 5.1 and
tracking the EDBs in the construction of v(u(F?)) and u(v(F%)). O

Finally, we also need the following lemma.

Lemma 5.14. Let FZ be a free labeled derivation path and M = iy, pia, . . . , fin
be a sequence of mirror operators. Let Ey ., C €(FZ) be a set that contains
no path fromu to v for somew andv. Let E}, ,,, € E(u(F7)) be the (u)-image
of By Then E, ., contains no path from u to v.

Proof. Assume that E; ,, contains a path from u to v. Notice that “folding
back” pu(F#) according to i1, fia, - - ., fin, yields a path in E, 4, and this leads

to a contradiction. O

5.3 The Main Theorem

In this section we put together the different lemmas we have proved and
Lemma 5.15 to prove the main theorem. We state Lemma 5.15 here and

prove it later.

Lemma 5.15. Let F be a free derivation path originating from a symmetric
(7, k)-Datalog program with root G(u,v). Let q be the number of IDBs in F
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and let Z = 1,2,...,q be a zig-zag. Assume that €(F%) contains a path p
from u to v of length at least ¢ where { is specified in the proof. Then there
exists a mirror operator p such that the (u)-image of p in €(u(F?)) does not

contain any path from u to v.

Theorem 5.16. Assume that T is a vocabulary that contains a single binary
relation symbol E. Given any symmetric Datalog program 2 with a binary
goal predicate G, there exists a structure A such that GA° is not the reflexive

transitive closure of E™.

Proof. Assume that there is a symmetric Datalog program © such that for
each T-structure A, GA® is the reflexive transitive closure of E. Let A be
such that E4 is a path p of length ¢ where ¢ satisfies the length condition
of Lemma 5.15. Let F be a free derivation path produced by ® to derive
p. Let ¢ be the number of IDBs in F and let Z = 1,2,...,q be a zig-zag.
Observe that any path from u to v (the root of FZ is G(u,v)) in &(F?) must
have length exactly ¢. Let P = {p1,...,p,} be the set of all paths from u
to v in FZ. For each 1 < i < n, use Lemma 5.15 to find a mirror operator
i; such that the (u;)-image of p; does not contain a path from u to v. Let
F2 =t (ptn_1(. .. 1 (F%)...)). Observe that by Corollary 5.11

FZ = pin(. o prica(pia (- (a(F))..)) o).

for each 1 < i < n. We claim that €(F?) does not contain any path from u
to v.

For the sake of contradiction assume that &(F?) contains a path p from u
to v. Let h be the homomorphism defined in Fact 5.12 from F< to F%. Then
h(p) is a path in €(F?) and therefore h(p) = p; for some 7. By construction,
the (u;)-image of p; in €(u;(F?)) does not contain a path from u to v. Using
Lemma 5.14 we have that the {(u;, g1, ..., fi—1, fhix1, - - -, fin)-image of p; in
¢(F?) does not contain a path from u to v.

Because by Corollary 5.13 the (g, i1, -, fi—1, fit1, - - - 5 fn)-iMage and
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the (1, po, - . ., n)-image of p; are the same, the (uy, po, . . ., pu,)-image of p;
in 72 does not contain a path from u to v. This leads to a contradiction

because p is such a path. O

5.4 Disconnecting an Isolated UV-Path

5.4.1 The UV-Path Following Diagram

As in the previous section, we assume that the input vocabulary 7 contains
a single binary relation symbol E. Let FZ be a labeled derivation path and
assume that FZ contains a path p = E; (u, 1), (71, 22), ..., E;, (1, — 1,0)
from u to v. For simplicity, we will not write the indices of the EDBs from
now on. A uv-path following diagram is a tool to investigate this path.
Figure 5.4 shows a uv-path following diagram for p. The x-axis on the top is
labeled from left to right by the variables w, z1, ..., Z,_2,v (we can think of
these as vertices) of p in the order as they appear on the path. The y-axis on
the left is labeled from top to bottom by the IDBs of FZ starting at the goal
predicate. Each IDB is associated with a horizontal non-dashed grey line
which we call IDB-lines. Furthermore, there is a dashed grey line between
each pair of IDB-lines, above the IDB line corresponding to the goal predicate
and below the bottommost IDB line. We call these lines edge layers. Edge
layers are intended to represent those EDBs of a rule that belong to p.

To represent p, start with the first EDB E(u, z;) of p. Identify the rule
that produced E(u, ;) in FZ and let I be the IDB in the head and J be the
IDB in the body (if any) of this rule. Represent E(u,z;) in the diagram by
putting an arrow on the edge layer between I and J (or the edge layer below
the last IDB line) such that the tail of the arrow is under u and its head is
under x;. Repeat this for each EDB-edge of p. To continue the construction
of the diagram we need the following observation.

Let x; be a vertex (variable) of p. Assume that z; appears in two different
EDBs E; and E, of % where E; and E, have different indices. Assume that
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E is closer to the goal predicate than E, in F# and that the rule of E; has
the IDB I in its body and the rule of F5 has head J. Then it is easy to see
that each IDB in FZ between (inclusive) I and J must contain x; among its
variables. A similar claim holds when Fj5 is closer to the goal predicate.

To finish the construction of the uv-path following diagram, draw a ver-
tical line under each vertex x; in the following way. Consider the first occur-
rence of x; as we traverse FZ starting at the goal predicate. Note that the
first occurrence of ; could happen either in an IDB or in an EDB of 7% and
accordingly, let the vertical line start at the IDB line or the edge layer of the
EDB, respectively. Similarly, the vertical line ends at the last occurrence of
x;. These vertical lines are called bridges.

We make the following observation. If FZ is a labeled free derivation
path constructed from the rules of a symmetric (j, k)-Datalog program and
¢(F?) contains a path p then any IDB-line can be “touched” by at most j
bridges. By touching we mean either that the bridge crosses that IDB line or
has an endpoint on that IDB line. In addition, each edge layer can contain
at most k£ — 1 EDBs of p.

u T i) T3 T4 Iy Tg it s v

I5

Figure 5.4: Following a uv-path in a free derivation path.

77



5.4 Disconnecting an Isolated UV-Path

5.4.2 The Disconnecting Lemma

Lemma 5.17. Let FZ be a labeled free derivation path originating from a
symmetric Datalog program in which the goal IDB has two variables u and
v. Let p= E(xg = u,21), ..., E(2p_2,Tn_1 = v) be a path in E(F?) from u
to v of length at least ¢, where £ is specified in the proof. Then there exists a

consecutive sequence of IDBs in F? such that:

1. Let I(&) be the topmost and J((3) be the bottommost rule in the se-
quence. There exist two edges of p E(x;—1,x;) and E(xj,x41), 1 < J,
such that the following holds. E(x;_1,x;) appears in the body of a rule
whose head is strictly above I and E(x;,x;11) appears in the body of a
rule whose head is J or below J. (The case when E(x;_1,x;) is below

and E(z;,xj41) is above is similar.);

2. Let E(xp,xpy1) be an edge of p such that i < h < j — 1. Then
E(xp,xp_1) is in the body of a rule whose head IDB is I or below I
but strictly above J;

3. For any variable v, i < h < j, xp€a—ax, & 3 andx, € — 1) ¢

Q.

For example, the IDBs Iy, I and I3 in Figure 5./ satisfy the above conditions

where the two edges in condition 1 are E(u,x1) E(xs,x¢).

Proof. Observe that satisfying the conditions of the lemma corresponds to
finding a consecutive sequence of IDB lines in the uv-path following diagram
such that:

1. Let I; be the topmost and I, be the bottommost IDB-line in the se-
quence. There exists two edges E(x;_1,x;) and E(xj,x41), ¢ < j, such
that the following holds. FE(z;_1,z;) appears in an edge layer above
Iy and E(x;,x;41) appears in an edge layer below [,. (The case when

E(x;_1,%;) is below and E(z;,x;11) is above is similar.);
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2. Let E(xp,xps1) be any edge of p such that ¢ < h < j — 1. Then the

edge layer containing F(zy, xp41) is between I, and Iy;

3. For any h, ¢ < h < j, the bridge corresponding to z;, has at least one

of its endpoints between I; and I;.

We will define a function Li(m) and show by induction on m the following.
If a symmetric Datalog program has width (j, k) and it derives a path p of
length (at least) Ly(j) then in the uv-path following diagram corresponding
to the labeled free derivation path of p we can find a sequence of IDB-lines
satisfying conditions 1,2 and 3. /¢ in the statement of the Lemma is set to
Li(j).

Set Li(1) = 3(k — 1) and Lix(m) > 4Li(m — 1) + 6. For the base case,
observe that if any IDB-line can be crossed by at most one bridge and we
have edges in at least three different edge layers (because an edge layer can
contain at most k — 1 edges) then it is trivial to pick a consecutive sequence
of IDB-lines that satisfy conditions 1,2 and 3.

Assume that the path has length at least Li(m). Let L be the lowest edge
layer or IDB-line in the uv-path following diagram that contains the bottom
of a bridge corresponding to a variable of p. Similarly, let H be the highest
edge layer or IDB-line that contains the top of a bridge corresponding to a
variable of p.

Case 1: Assume that there are 3 or less bridges which together cover the
vertical gap between L and H. Remove these bridges together with the (at
most 6) edges incident on them to get at most 4 subpaths. Now there is at
least one subpath which has length at least W > Li(j — 1) and at most
j — 1 bridges cross any IDB-lines. Therefore by the inductive hypothesis we
can pick a consecutive sequence of IDB-lines that satisfy conditions 1,2 and
3.

Case 2: Assume that no set of 3 or less bridges cover the gap between L
and H (see Figure 5.5). Choose two bridges B; with bottom b; and top ¢,
and By with bottom by and top t, such that By is to the right of B;. Without
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5.4 Disconnecting an Isolated UV-Path

loss of generality assume that t; touches H and by touches L. (The case when
ts touches H and b touches L is similar.) Let a be the edge leaving B; to
the right and b be the edge coming into By from the left. Notice that b must
be below a, otherwise B; and B, cover the gap between L and H.

Follow the edges of p from a towards b until an edge o’ is reached such
that all the edges between o' and b are strictly below a'. Similarly, follow
the edges of p from b towards o’ until an edge b’ is reached such that all the
edges between b and o’ are strictly above b'. Observe that there must be an
edge between o’ and b’ because if not then the bridge corresponding to the
common variable of ¢’ and b together with B; and B, would cover the gap
between L and H.

Let I; be the IDB-line just below o’ and set E(x;_1,x;) = a’. Let I, be
the IDB-line just above b and set E(z;,x;41) = V. Considering that there
is an edge between a’' and ¥/, this choice of I; and I, satisfies condition 1.
Condition 2 is also satisfied because of the way we chose ¢’ and ¢/. Finally,
assume that there is a bridge C corresponding to zp, ¢ < h < 7, such that
none of its endpoints are between I, and [,. But then By, C and By would
cover the gap between L and H which is a contradiction. Therefore condition
3 is satisfied.

g4 :
N ad
,,Br ,,,,,,,,,,,,,,,,,,,,,,,,,,,,
- la,
Sy
,,,,,,,,,,,,,,,,,,,,,,,,,,, J2
,,,,,,,,,,,,,,,,,,,,,,,, b

/

,,,,,,,,,,,,,,,,, v B,

L ,

Figure 5.5: Case 2 in the proof of Lemma 5.17.
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5.4 Disconnecting an Isolated UV-Path

Now we are ready to prove Lemma 5.15.

Proof of Lemma 5.15. Let ¢ be the same as in Lemma 5.17 and find a se-
quence S of rules in F# which satisfies the conditions of Lemma 5.17. Let a
be the label of the topmost IDB and b be the label of the bottommost IDB of
S. We claim that for any r > 2j—2_1, the operator i), satisfies the condition
given in the statement of the lemma.

To show this we construct a more graph theoretic representation of the
segment of the uv-path following diagram between the IDB lines I, and I,,.
Let the two edges specified in condition 1 of Lemma 5.17 be E(x;_1,x;) and
E(xj,xj41). Let P = {x;,xit1,...,7;} and partition P into three parts as
follows. The first set S contains those variables which belong to the IDB I,
and the second set T' contains those variables which belong to the IDB I,,.
M contains the rest of the variables. Now write the variables in S from left
to right as they appear in [,. Put the variables of M below the variables of
S. Write the variables in T" from left to right as they appear in [, below the
variables of M. Finally, add any edge of p which has both of its endpoints in
P. For example, the IDBs I, I, and I3 in Figure 5.4 satisfy the conditions of
Lemma 5.17 and our corresponding representation is shown in Figure 5.6a.

Let G denote the vertical mirror image of G and construct G’ from G as
follows. Insert

GGC;. .G
under the original G and between any two consecutive copies of G' (one is the
mirror image of the other) identify the corresponding variables and rename
each variable to a new name whenever possible. For example, see Figure 5.6b.

Assume that the following two conditions hold.

1. G’ contains no path from z; to the bottommost copy of x,, (in the

example z?);

81



5.4 Disconnecting an Isolated UV-Path

I
[3 Ts
L I Ly
\/\ I
2
Ig LU,5
I T3 Ls
I
Ig [L’g

(a) A more graph theoretic representation of (b) The effect of 1 on the representation in
the segment of the uwv-path following di- 5.6a, assuming that j = 2. Notice that
agram between the IDB lines I; and I3 there is no path from z; to z¥.
in Figure 5.4.

Figure 5.6: The “mirroring” process.

2. Let the variables of I, and I, which also belong to p be ay,...,ar and
b, ..., by, respectively. We say that two variables a. (1 < ¢ < f) and
by (1 < d < g) are p-connected if there is a path from a. to by or
from by to a. using the edges in €(p). Note that such a path could have

length zero if a. is the same variable as by.

Then if in FZ, a. and b; are not p-connected then in u(F?), a, and

the copy of by in the last copy of I, are not p(p)-connected.

If the above two conditions hold then notice that the py-image of p cannot
contain a path from u to v;

To see that 2 holds assume that in pu(F?), a. and the copy of by in the
last copy of [, are p(p)-connected. Then “folding back” shows that a. and
bg must be p-connected in FZ.

To see that 1 holds assume that there is a path p’ from z; to the bot-
tommost copy of z,,. This path has length at least 2r + 1 so it has at least

2r 4 2 vertices. It follows that if r is at least % then p’ visits at least 2j + 1
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5.5 Directed ST-Connectivity Is Not in Symmetric Datalog

vertices. Now “fold back”

GGCi .G
onto G and let p” be the image of p’ in G. Notice that every edge of p” is
in G. This implies that p” is a path in G that visits 25 + 1 vertices. But
there are at most 2j vertices so we must have a cycle in P and this leads to

a contradition. O

5.5 Directed ST-Connectivity Is Not in Sym-

metric Datalog

In this section we show that finding the reflexive transitive closure of a binary
relation is essentially the same problem as ~CSP(A) or the directed st-
connectivity problem, where A is defined as follows. Let 7 be the vocabulary
(S,T,E), where S and T are unary relation symbols and FE is a binary
relation symbol. Let A be the 7-structure such that its domain is {0, 1}, B4
is the less-than-or-equal-to relation, i.e. {{0,0)(0,1) (1,1)}, S& = {1}, and
T4 = {0}.

In the st-connectivity problem we are given a vertex set V', an edge re-
lation £ and two constants s and ¢. The task is to decide whether there is
a path from s to t. If we allow constants in our structures, we can think of
this problem as =CSP(®) where © is the structure ({0, 1}; <, c1, ), ¢ is
the constant whose value is 1 and ¢y is the constant whose value is 0.

In addition to the previous definitions, we need to define o as the vocab-

ulary that contains a binary relation symbol F.
Lemma 5.18. The following statements are equivalent:

1. There exists a symmetric Datalog program © such that for any o-

structure A, GA° (u,v) is the reflexive transitive closure of E*.

2. =CSP(A) is definable in symmetric Datalog;
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5.5 Directed ST-Connectivity Is Not in Symmetric Datalog

3. =CSP(0®) is definable in symmetric Datalog;

Proof. We show the equivalence of 1 and 2. The equivalence of 1 and 3 can be
proved similarly. Recall that by Lemma 3.4, a Datalog program for =CSP(A)
must accept precisely those 7-structures which contain a path from a vertex
in their S relation to a vertex in their T relation.

Let A be a o-structure. Assume that there exists a symmetric Datalog
program ® with goal predicate G(u,v) such that G(u,v)*” is the reflexive
transitive closure of E4. Construct a new goal predicate G’ and add the rule
G — G(z,y); S(x),T(y) to ®. Clearly, this program is symmetric and given
a T-structure B, G’ is nonempty if and only if there is a path from a vertex
in SB to a vertex in T'B.

Conversely, let © be a symmetric Datalog program that decides ~CSP(A).
First, we produce a program ®’ from © that decides ~CSP(A) such that
every rule of ®’ contains at most one occurrence of a unary EDB. To obtain
®’', identify the variables that occur in a rule in the EDB S, and similarly
for the EDB T'. For example the rule

I(z,y,2) < J(z,y),5(x),5(2), T(y), T'(w)
becomes

I(z,y,z) « J(x,y),5(x), T(y).

Let C be the set of structures accepted by © and C’ be the set of structures
accepted by ©’. Identification of the variables can be thought of as imposing
equality relations on the variables. Therefore the set of conditions in a rule
of ®’ is a superset of the set of conditions in a rule of ® so C’' C C.

Conversely, assume that ® accepts a 7-structure B. Because ® accepts
B, there is a path from a vertex s € SB to a vertex t € TB. Construct B’

from B by removing any edge from E® which does not belong to this path
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5.5 Directed ST-Connectivity Is Not in Symmetric Datalog

and observe that by the definition of ©, B’ is also accepted by ®. In addition,
there is a homomorphism from B’ to B. Observe that |[SB'| = |T®'| = 1 so in
a derivation path 7" for A’ all variables appearing in S must be instantiated
to the same element and similarly, all variables appearing in 7" must be
instantiated to the same element and this way we can get a derivation tree
for ®’ over B’. Using the fact that B’ — B, ®’ also accepts B. Therefore
C C (' and it follows that C = C'.

Now create a new program ®” from ®’ as follows.

e To each IDB of @', including the goal predicate, add two variables (call

them u and v);

e In every rule that contains an occurrence of S, rename the variable in S
to w. Similarly, in every rule that contains an occurrence of T', rename

the variable in T to v.

e Remove any occurrence of the EDBs S and 7.

We claim that given a o-structure A, G(u,v)AgH is the reflexive transitive
closure of EA. This clearly follows from the following claim.

Claim. Let A be a o-structure and let A’ be the 7-structure obtained
from A by adding the unary relations S = {a} and T' = {b}. Then (a,b) €
G(u, U)ADH if and only if A’ is accepted by D’

Proof of Claim. Suppose that A’ is accepted by ©’ and let 7’ be the
corresponding derivation path. Modify 7’ to obtain a derivation path for ®
over A by simply assigning the value a to every occurrence of a variable u
and the value b to every occurrence of a variable v. Obviously, this is a valid
derivation path because the only element of SA" is a and the only element of
TA is b.

Now assume that (a,b) € G(u,v)AB" and let 7 be the corresponding

/

derivation path. We claim that its obvious modification is a derivation path

for ®' over A’. First observe that by construction, (a, b) is the only pair that
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5.5 Directed ST-Connectivity Is Not in Symmetric Datalog

occurs in the two extra variables u and v added to each IDB. Now simply
add back the unaries S(a) and T'(b) and erase the additional varibales u and
v of the IDBs to obtain a derivation path for ®’ over A’. O

We have proved the following theorem.
Theorem 5.19. Let 7, 0, A and © be as above. Then
1. There is no symmetric Datalog program ® that defines ~CSP(A);

2. There is no symmetric Datalog program © with goal predicate G(u,v)

such that for every o-structure A, G(u,v)A" is the reflexive transitive

closure of E*;

3. There is no symmetric Datalog program ®© that defines ~CSP(®). In
other words, the directed st-connectivity problem is not definable in

symmetric Datalog.

We note that it is easy to extend Theorem 5.19 for symmetric Datalog(—, #).
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Chapter 6

Conclusion

6.1 Overview

In this work we introduced symmetric Datalog, a new restriction of the
database-inspired logic programming language Datalog, and proved upper
and lower bounds for it.

In Chapter 1 and 2 we provided the necessary definitions and surveyed
cutting-edge results related to the pivotal dichotomy conjecture of Feder and
Vardi. In Chapter 3 we showed that symmetric Datalog programs can be
evaluated in L and we established a connection between symmetric Datalog
and CSPs. An important observation is that CSPs whose complements are
definable in symmetric Datalog are in L. We also showed that in the presence
of the successor relation, symmetric Datalog(—, #) captures L. In Chapter 4
we gave a combinatorial description of a large class of CSPs definable in sym-
metric Datalog and therefore lying in L. In Chapter 5 we proved lower bounds
for symmetric Datalog. In particular, we proved that directed st-connectivity,
a related CSP and the reflexive transitive closure of a binary relation cannot
be expressed in symmetric Datalog. Because undirected st-connectivity can
be expressed in symmetric Datalog, our lower bound sheds new light on the

computational differences between the L-complete undirected st-connectivity
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and the NL-complete directed st-connectivity problems.

6.2 Possibility for Future Work

It is shown in [141] that over the two-element domain and under a standard
complexity-theoretic assumption, the set of CSPs in L is precisely the set
of CSPs whose complement is definable in symmetric Datalog. The results
in this thesis and [11] provide preliminary evidence that symmetric Datalog

may be a unifying explanation for families of CSPs in L.

Conjecture 6.1. CSP(B) is in L if and only if ~CSP(B) can be defined in

symmetric Datalog.

We note that this conjecture is similar to a conjecture of Dalmau stating
that CSP(B) is in NL if and only if -CSP(B) is definable in linear Datalog
[10].  Conjecture 6.1 together with Theorem 5.19 in Chapter 5 obviously
implies that L is different from NL. Therefore it becomes meaningless if
L = NL.

On the other hand, results that relate I' or the algebra associated with I"
to the expressibility of CSP(I") in a given fragment of Datalog can be inde-
pendent of complexity-theoretic assumptions. In [29] the following conjecture

attempts to characterize symmetric Datalog (for CSPs) algebraically.

Conjecture 6.2. ~CSP(I") is in symmetric Datalog if and only if the algebra

associated with I' generates a variety of pure type 3.

Defining varieties of pure type 3 is beyond the scope of this thesis and
details can be found in [29]. One direction is established in Theorem 4.2
of [29] and this theorem crucially relies on Theorem 5.19 in Chapter 5.
Whether the other direction holds is unknown but a recent result of Dalmau

and Larose shows the following.
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Theorem 6.3 ([28]). If -CSP(I") is definable in Datalog and the algebra
associated with T contains a Mal'tsev term then —CSP(I") is in symmetric

Datalog

This is an initial step towards proving Conjecture 6.2. Note the inter-
esting combination of the algebraic (Chapter 2) and the logical approaches
(Chapter 3) in Conjecture 6.2 and Theorem 6.3.

Finally, to better understand the expressive power of symmetric Datalog,
it would be interesting to give a different proof of Theorem 5.19 in Chapter 5.
Our proof assumes that we have a symmetric Datalog program ® for reflexive
transitive closure and then the program must also accept some inputs it
should reject. In other words, if ® is complete then it is unsound.

We suspect that there could be a different proof that uses a “dual strat-
egy” and by this we mean the following. Find the canonical symmetric
Datalog program' ® for CSP(A) where A is defined in Section 5.5 of Chap-
ter 5. Now show that ® does not accept some structures it should, i.e. if ©

is sound then it is incomplete.

!The canonical symmetric Datalog program is obtained from the canonical program by
removing any recursive rule that does not have its symmetric pair.
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