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Abstract

When modelling complex systems,complexity is usually
notonly dueto alargenumberof coupledcomponents(sub-
models),but alsoto the(perceived)diversity of thesecom-
ponentsandto their intricateinteractions(i.e., high degree
of feedback).Onewould like to useavarietyof formalisms
(DAE, BondGraph,ForresterSystemDynamics,PetriNets,
Finite StateAutomata,DEVS, StateCharts,Queueingnet-
works,. . . ) to “optimally” describethebehaviour of differ-
entsystemcomponents,aspects,andviews. Thechoiceof
appropriateformalismsdependson criteria suchastheap-
plicationdomain,themodeler’sbackground,thegoals,and
theavailablecomputationalresources.

In this article,a FormalismTranformationGraph(FTG) is
presented.In the FTG, verticescorrespondto formalisms,
and edgesdenoteexisting formalism transformations. A
transformationis a mappingof modelsin the sourcefor-
malismontomodelsin thedestinationformalism(with be-
haviour invariance).This traversalallows for meaningfully
couplingmodelsin differentsemantics.Oncemappedonto
a commonformalism, closureundercoupling of that for-
malismmakesthemeaningof thecoupledmodelexplicit.

In the context of hybrid systemsmodels, the formalism
transformationconvergesto a commondenominatorwhich
unifies continuousand discreteconstructs. Often, this is
some form of event-scheduling/state-event locating/DAE
formalismandcorrespondingsolver. A differentapproach
is presentedwhich mapsall formalisms,and in particular
continuousones,onto Zeigler’s DEVS. Hereby, the state
variablesof the continuousmodelsare discretizedrather
thantimeandtheDEVStransitionfunctionprogressesfrom
onediscretizedstatevalueto eithertheonejustaboveor the
onejust below, giving asoutput,thetime till thenext tran-
sition.

1 Multi-formalism Modelling

Complex systemsare characterized,not only by a large
numberof components,but also by the diversity of these
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Figure 1: Predator-prey, SystemDynamicsFormalism

components.For the analysisanddesignof suchcomplex
systems,it is not sufficient to studythediversecomponents
in isolation,usingthespecificformalismsthesecomponents
weremodelledin. Rather, it is necessaryto answerques-
tionsaboutproperties(mostnotablybehaviour) of theover-
all multi-formalismsystem.

1.1 The Forrester System Dynamics Formalism
To introduceformalismtransformation,we briefly present
thesemanticsof theForresterSystemDynamicsformalism
[1] often usedto modelbiological, sociological,andeco-
nomicalsystems.It describesthevariationof material-like
quantitiesor levels. The variation is determinedby birth
rates(BR) and deathrates(DR). BR and DR are graph-
ically representedas valves to the left and right respec-
tively of boxesdenotingthe levels. Levels may influence
eachother by influencingeachother’s BR and DR. Fig-
ure1 shows a typical predator-prey interaction.The(prod-
uct) interactionbetweenpredatorandprey populationsin-
fluencesthe predator’s birth rateandthe prey’s deathrate.
TheSystemDynamicssemanticsis givenby mappingeach
of the level/BR/DR combinationsonto an OrdinaryDiffer-
entialEquation

d level
dt

� BR � DR�
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Figure 2: FormalismTransformationGraph

The operationssuch as product and sum are mapped
onto the appropriatealgebraicequationsandcouplingsare
mappedontoalgebraicequalities.

1.2 Formalism Transformation
Basedon the mathematicalrelationshipbetweenthe Sys-
temDynamicsandtheODE formalisms,translationof any
model in the first formalismto a behaviourally equivalent
model describedin the secondformalism is possible. In
Figure2, apartof “formalismspace”is depictedin theform
of aFormalismTransformationGraph(FTG).Thedifferent
formalismsareshown asnodesin the graph. The vertical
stripedline in the middle denotesthe distinction between
continuousmodels(on theleft) anddiscretemodels(on the
right). The well known differenceequationsformalismis
often implicitly usedin numericalsimulators: ODEs are
discretisedby meansof asuitablenumericalschemeandthe
resultingdifferenceequationsare iteratively solved. Suit-
ablerefersto the natureof the equationsaswell as to the
accuracy requirements.Thearrows denotea homomorphic
relationship“can bemappedonto”, implementedasa sym-
bolic transformationbetweenformalisms.Thevertical,dot-
tedlinesdenotetheexistenceof a solveror simulationker-
nelwhich is capableof simulatinga model,thusgenerating
a trajectory. A trajectoryis really a model of the system
in thedataformalism(time/valuetuples).In a denotational
sense,traversingthe graphmakessemanticsof modelsin
formalismsexplicit: the meaningof a model/formalismis
givenby mappingit ontosomeknown formalism.Thispro-
cedurecanbeappliediteratively to reachany desired(reach-
able) level. In an operationalsense,a mappingdescribes
how model interpretationcanbe achieved. If the “trajec-
tory” formalismis the target of the mapping,model inter-
pretationis model simulation. Thougha multi-stepmap-
ping may seemcumbersome,it can be perfectly andcor-
rectly performedby tools. Theadvantageof this approach
is thattheintroductionof anew formalismonly requiresthe
descriptionof the mappingonto the nearestformalism as
well asthe implementationof a translatorto the latter for-
malism.It is oftenmeaningfulto introduceanew formalism

for aspecificapplication,encodingparticularpropertiesand
constraintsof the application. Often, translationinvolves
somelossof information,thoughbehaviour mustobviously
be conserved. This lossmay be a blessingin disguiseas
it entailsa reductionin complexity, leadingto an increase
in (simulation)performance.Usually, theaim of multi-step
mappingis to eventuallyreachthetrajectorylevel.

Anothermajorusefor formalismtransformationis thean-
sweringof particular questionsabout the system. Some
questionscanonly beansweredin thecontext of aparticular
formalism.In caseof a SystemDynamicsmodelfor exam-
ple, the visual inspectionof the modelcanprovide insight
into influences. If the model is mappedonto a setof Al-
gebraicandOrdinaryDifferentialEquations,a dependency
analysismayrevealalgebraicdependency cyclesnot appar-
ent at the SystemDynamicslevel. At this samelevel, one
maycheckwhetherpartsof themodelarelinear. If so,these
partsmaybesolvedsymbolicallyby meansof computeral-
gebra.Also, transformationto theLaplacedomain(i.e., to
a TransferFunctionform) opensavenuesto a plethoraof
techniquesfor stability analysis. Finally, the transforma-
tion, throughnumericalsimulationto the datalevel allows
for quantitative analysisof problemsposedin initial value
form. Notehow the larger thenumberof intermediatefor-
malisms,the higher the possibility for optimizationalong
theway.

Above all, thetraversaldescribedabove is thebasisfor the
meaningfulcouplingof modelsdescribedin different for-
malisms.This is discussednext.

1.3 Coupled Model Transformation
Whenwedescribeastructuredmodelin thenetworkor cou-
pled formalism, we can only make meaningfulassertions
about its structure,its outsideconnections(interface)and
its components,not aboutits overallmeaningor behaviour.
Formally, acoupledmodelhastheform

CM ��� id � inter f ace� S� C �
The model is identified by a uniqueidentifier id (a name
or reference). The inter f ace is a set of connectorsor
portsto the environment.Associatedwith the portsareal-
lowed valuesas well ascausality. Meaningful causalities
are � in � out � inout 	 . The setS containsthe sub-models(or
at leasttheir uniqueidentifiers). Thecouplinginformation
is containedin a graphstructureC. For non-causal,contin-
uousmodels,the graphis undirected.For causalmodels,
the graphis directed. Obviously, a coupledmodel is only
valid if typesandcausalitiesof connectedportsarecompat-
ible. In certaincases,thegraphmaybeannotatedwith extra
information. In caseof traditionaldiscrete-eventmodels,a
tie-breakingfunction is usually requiredto selectbetween
simultaneousevents[4].

If all sub-modelsare describedin the sameformalismF ,
it may be possibleto replacethe coupledmodel (at least
conceptually)by one atomic model of type F. In this
case,F is calledclosedundercoupling (or undercompo-
sition). The propertyoften holdsby construction.In case



of Differential Algebraic Equations(DAEs), connections
� connect 
 porti � port j � 	 are replacedby algebraicporti �
port j coupling equations. Togetherwith the sub-models’
equations,theseform a DAE. In formalismssuchasBond
Graphs,informationaboutthe physicalnatureof variables
allows one to generateeither the above type of equations
in caseof couplingof acrossvariables(this correspondsto
Kirchoff ’s voltagelaw in electricity) or an equationsum-
mingall connectedvaluesto zerofor throughvariables(this
correspondsto Kirchoff ’s current law in electricity). In
discrete-event models,implementingclosureinvolves the
correcttime-orderedschedulingof sub-modelevents. The
mostimminenteventwill alwaysbeprocessedfirst. Thetie-
breakingfunction is usedto resolve conflictsdueto simul-
taneousevents(anartifactof thehigh level of abstraction).

If a coupledmodelconsistsof sub-modelsexpressedin dif-
ferentformalisms, severalapproachesarepossible:

� A meta-formalismcanbe usedwhich subsumesthe dif-
ferent formalismsof the sub-models. The different sub-
modelsarethusdescribedin a singleformalism. The Hy-
brid DAE andDEVS&DESS[6] formalismsintegratecon-
tinousanddiscretemodellingconstructs.Meaningfulmeta-
formalismswhichtruly addexpressivenessaswell asreduce
complexity arerare. Bond Graphsarea goodexampleof
theintegrationof differentdomains(mechanical,electrical,
hydraulical).� Another approachis to transform the different sub-
modelsto one commonformalism. Which formalism to
transformto dependson the questionsasked. The closest
commonformalism for DAE and SystemDynamicsfor-
malismsfor exampleis theDAE formalism.By transform-
ing a SystemDynamicsmodelto a setof DAEs, andusing
theclosurepropertyof theDAE formalism,it becomespos-
sibleto answerquestionsabouttheoverallmodel.� In theco-simulationapproach,eachof thesub-modelsis
simulatedwith a formalism-specificsimulator. Interaction
dueto couplingis resolvedatthetrajectorylevel. Compared
to transformationto acommonformalimbeforesimulation,
this approach,thoughappealingfrom a softwareengineer-
ing point of view (it is object-oriented)discardsa lot of
usefulinformation. Questionscanonly beansweredat the
trajectorylevel. Furthermore,thereareobviousspeedand
numericalaccuracy problemsfor continuousformalismsin
particular if one attemptsto supportnon-causalmodels.
The approachis meaningfulmostly for discrete-event for-
malisms.In thisrealm,it is thebasisof theDoD High Level
Architecture(HLA) for simulatorinteroperability.

The transformationto a common formalism mentioned
aboveproceedsasfollows:

1. Startfrom a coupledmulti-formalismmodel. Check
consistency of this model (e.g., whethercausalites
andtypesof connectedportsmatch).

2. Clusterall formalismsdescribedin thesameformal-
ism.

3. For eachcluster, implementclosureundercoupling.

4. Look for thebestcommonformalismin theFormal-
ismTransformationGraphall theremainingdifferent
formalismscanbetransformedto. In theworstcase,
this will be the trajectorylevel in which casetheap-
proachfalls backto co-simulation. Which common
formalismis bestdependson a quality metricwhich
cantake into accounttransformationspeed,potential
for optimization, etc.

5. Transformall thesub-modelsto thecommonformal-
ism.

6. Implementclosureunder coupling of the common
formalism.

A side-effect of mappingonto a commonformalismis the
greatpotentialfor optimizationof the flattenedmodel, as
well asthe reducednumberof (optimized)simulationker-
nelsneeded.

To describewhich formalism transformationare possible,
the Formalism TransformationGraph (FTG) mentioned
above is used.A plethoraof formalismsis depictedin Fig-
ure2. Eachof thesehasits ownmerits.PetriNetsarepartic-
ularly suitedfor symbolicanalysis(proof of dynamicprop-
erties)of concurrentsystems.StateCharts,anextensionof
FiniteStateAutomataareagraphicalformalismwith avery
appealing,intuitivesemantics.In theUML, theStateChart
formalism is usedto specify the concurrentbehaviour of
software. Cellular AutomataextendFinite StateAutomata
with a (discretized)notionof space.As such,they aresim-
ilar to Partial Dif ferentialEquationswhich adda spatialdi-
mensionto OrdinaryDifferentialEquations.Apart from the
formalismtransformationsdescribedearlier, thecentralpo-
sition of DEVS is striking. On the onehand,the expres-
sivenessof DEVS makesmany discrete-event formalisms
DEVS-representable.Recently, it hasbeenshown thatcon-
tinuousmodelscanbequantizedanddescribedin theDEVS
[5] formalism. This mappingwill be describedfurtheron.
It allows one to meaningfully handlediscrete/continuous
multi-formalismmodels.Also, thepotentialfor parallelim-
plementationincreasesdrastically[3].

2 The DEVS Formalism

For the classof formalismsdenotedasdiscrete-event, sys-
tem modelsaredescribedat anabstractionlevel wherethe
time baseis continuous(  ), but during a boundedtime-
interval, only afinite numberof relevanteventsoccur. State
variablesareconsideredto changeinstantaneously, only at
event-times.Betweenevents,the stateof the systemdoes
not change. This is unlike continuousmodelswherethe
stateof the systemmay changecontinuouslyover time.
TheDiscreteEVentsystemSpecification(DEVS)wasintro-
ducedby Zeigler [4] asa rigourousbasisfor discrete-event
modelling and simulation. The semanticsof well known



discrete-event formalismssuchas Event Scheduling,Ac-
tivity Scanning,and ProcessInteractioncan be expressed
in termsof DEVS, making it a commondenominatorfor
the representationof discrete-eventmodels. DEVS allows
for the descriptionof systembehaviour at two levels. At
thelower level, anatomicDEVSdescribestheautonomous
behaviour of adiscrete-eventsystemasasequenceof deter-
ministictransitionsbetweensequentialstatesaswell ashow
it reactsto externalinputeventsandhow it generatesoutput
events.At thehigherlevel,acoupledDEVSdescribesasys-
temasa networkof coupledcomponents.Thecomponents
canbeatomicDEVSmodelsor coupledDEVSin theirown
right. The connectionsdenotehow componentsinfluence
eachother. In particular, outputeventsof onecomponent
canbecome,via a network connection,input eventsof an-
othercomponent.It is shown in [4] how theDEVS formal-
ism is closedunder coupling: for eachcoupledDEVS, a
resultantatomicDEVS canbe constructed.As such,any
DEVS model,be it atomicor coupled,canbe replacedby
anequivalentatomicDEVS.Theconstructionprocedureof
aresultantatomicDEVSis alsothebasisfor theimplemen-
tation of an abstract simulatoror solvercapableof simu-
lating any DEVS model. As a coupledDEVS may have
coupledDEVS components,hierarchical modellingis sup-
ported.In thefollowing, theDEVS formalismis presented
in moredetail.

2.1 The atomic DEVS Formalism
The atomicDEVS formalismis a structuredescribingthe
differentaspectsof the discrete-event behaviour of a sys-
tem:

atomicDEVS ��� S� ta � δint � X � δext � Y � λ ���
The timebaseT is continuous( �  ) andis not mentioned
explicitly.

ThestatesetS is thesetof admissiblesequentialstates: the
DEVS dynamicsconsistsof an orderedsequenceof states
from S. Typically, Swill bea structuredset(a productset)
S ��� n

i � 1Si. This formalizesmultiple (n) concurrent parts
of a system. It is notedhow a structuredstateset is often
synthesizedfrom thestatesetsof concurrentcomponentsin
acoupledDEVS model.

The time the systemremainsin a sequentialstatebefore
makinga transitionto thenext sequentialstateis modelled
by thetimeadvancefunction

ta : S ����0 ��� ∞ �
As time in therealworld alwaysadvances,the imageof ta
mustbenon-negativenumbers.ta � 0 allows for therepre-
sentationof instantaneoustransitions:no time elapsesbe-
fore transitionto a new state.Obviously, this is anabstrac-
tionof realitywhichmayleadto simulationartifactssuchas
infinite instantaneousloopswhichdonotcorrespondto real
physicalbehaviour. If the systemis to stayin an end-state
s� forever, this is modelledby meansof ta 
 s� � � � ∞.

Theinternaltransitionfunctionδint : S � Smodelsthetran-
sition from onestateto the next sequentialstate. δint de-

scribesthe behaviour of a Finite StateAutomaton;ta adds
theprogressionof time.

It is possibleto observethe systemoutput. The outputset
Y denotesthe setof admissibleoutputs. Typically, Y will
bea structuredset(aproductset)Y ��� l

i � 1Yi . This formal-
izesmultiple (l ) outputports. Eachport is identifiedby its
uniqueindex i. In a user-orientedmodellinglanguage,the
indiceswould beuniqueportnames.

Theoutputfunctionλ : S � Y ��� φ 	 mapstheinternalstate
onto the outputset. Outputeventsareonly generatedby a
DEVS modelat the time of an internal transition. At that
time, thestatebefore thetransitionis usedasinput to λ. At
all othertimes,thenon-eventφ is output.

To describethe total stateof the systemat eachpoint in
time,thesequentialstates � S is notsufficient. Theelapsed
timeesincethesystemmadeatransitionto thecurrentstate
s needsalsoto be taken into accountto constructthe total
statesetQ � ��
 s� e� � s � S� 0 ! e ! ta 
 s� 	 . Theelapsedtime
e takeson valuesrangingfrom 0 (transitionjust made)to
ta 
 s� (aboutto make transitionto thenext sequentialstate).

Up to now, only anautonomoussystemwasdescribed:the
systemreceivesno external inputs. Now, the input setX
denotingall admissibleinput valuesis defined. Typically,
X will bea structuredset(a productset)X �"� m

i � 1Xi . This
formalizesmultiple (m) input ports. Eachport is identified
by its uniqueindex i. As with the outputset,port indices
maydenotenames.

The setΩ containsall admissibleinput segmentsω : T �
X �#� φ 	 . In discrete-eventsystemmodels,aninputsegment
generatesaninputeventdifferentfrom thenon-eventφ only
at a finite numberof instantsin a boundedtime-interval.
Theseexternal events, inputs x from X, causethe system
to interrupt its autonomousbehaviour and react in a way
prescribedby theexternaltransitionfunctionδext : Q � X �
S. Thereactionof thesystemto anexternaleventdepends
on thesequentialstatethesystemis in, theparticularinput
andtheelapsedtime. Thus,δext allowsfor thedescriptionof
a largeclassof behaviourstypically foundin discrete-event
models(includingsynchronization,preemption,suspension
andre-activation).

Whenan input event x to an atomicmodel is not listed in
theδext specification,theeventis ignored.

In Figure 3, an example state trajectory is given for an
atomic DEVS model. In the figure, the systemmadean
internaltransitionto states2. In theabsenceof externalin-
putevents,thesystemstaysin states2 for adurationta 
 s2 � .
During this period,the elapsedtime e increasesfrom 0 to
ta 
 s2� , with the total state � 
 s2 � e� . When the elapsed
timereachesta 
 s2 � , first anoutputis generated:y2 � λ 
 s2� ,
thenthesystemtransitionsinstantaneouslyto thenew state
s4 � δint 
 s2 � . In autonomousmode,thesystemwould stay
in states4 for ta 
 s4� and then transition(after generating
output) to s1 � δint 
 s4 � . Beforee reachesta 
 s4 � however,
an external input event x arrives. At that time, the system
forgetsabout the scheduledinternal transitionand transi-
tionsto s3 � δext 
$
 s4 � e� � x� . Notehow anexternaltransition
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Figure 3: StateTrajectoryof aDEVS-specifiedModel

doesnot give riseto anoutput.Oncein states3, thesystem
continuesin autonomousmode.

2.2 The coupled DEVS Formalism
The coupledDEVS formalism describesa discrete-event
systemin termsof anetwork of coupledcomponents.

coupledDEVS ��� Xself � Yself � D �$� Mi 	��%� Ii 	&�%� Zi ' j 	&� select �
Thecomponentself denotesthecoupledmodelitself. Xself

is the(possiblystructured)setof allowedexternalinputsto
the coupledmodel. Yself is the (possiblystructured)setof
allowedoutputsof thecoupledmodel. D is a setof unique
componentreferences(names).Thecoupledmodelitself is
referredto by meansof self , auniquereferencenot in D.

Thesetof componentsis � Mi � i � D 	 . Eachof the compo-
nentsmustbeanatomicDEVS

Mi
� � Si � tai � δint ' i � Xi � δext ' i � Yi � λi ���)( i � D �

The set of influenceesof a component,the components
influencedby i � D �*� self 	 , is Ii . The set of all in-
fluenceesdescribesthe coupling network structure � Ii � i �
D �+� self 	&	 . For modularityreasons,acomponent(includ-
ing self ) may not influencecomponentsoutsideits scope
–thecoupledmodel–,ratheronly othercomponentsof the
coupledmodel,or thecoupledmodelself : ( i � D �,� self 	 :
Ii - D �,� self 	 . Thisis furtherrestrictedby therequirement
thatnoneof thecomponents(includingself ) mayinfluence
themselvesdirectlyasthiscouldcauseaninstantaneousde-
pendency cycle (in caseof a 0 time advanceinsidesucha
component)akinto analgebraicloopin continuousmodels:( i � D ��� self 	 : i .� Ii . Notehow onecanalwaysencodea
self-loop(i � Ii) in theinternaltransitionfunction.

To translateanoutputeventof onecomponent(suchasade-
partureof a customer)to a correspondinginput event(such
asthe arrival of a customer)in influenceesof that compo-
nent,output-to-inputtranslationfunctionsZi ' j aredefined:

� Zi ' j � i � D �/� self 	&� j � Ii 	&�
Zself ' j : Xself � Xj �0( j � D �
Zi ' self : Yi � Yself �0( i � D �

Zi ' j : Yi � Xj �0( i � j � D �
Together, Ii andZi ' j completelyspecifythecoupling(struc-
tureandbehaviour).

As a result of coupling of concurrentcomponents,multi-
ple statetransitionsmayoccurat thesamesimulationtime.
This is anartifactof thediscrete-eventabstractionandmay
leadto behaviour not relatedto real-life phenomena.In se-
quentialsimulationsystems,suchtransitioncollisions are
resolvedby meansof someform of selectionof whichof the
components’transitionsshouldbehandledfirst. Thiscorre-
spondsto the introductionof priorities in somesimulation
languages.ThecoupledDEVS formalismexplicitly repre-
sentsa select function for tie-breakingbetweensimultane-
ousevents:select : 2D � D. select choosesa uniquecom-
ponentfrom any non-emptysubsetE of D: select 
 E � � E.
ThesubsetE containsall componentshaving a statetransi-
tion simultaneously.

A DEVSsolveror simulationkernelis basedon theclosure
undercouplingconstructionandcanbe usedasa specifi-
cationof a –possiblyparallel–implementationof a DEVS
solveror “abstractsimulator”[4, 3]. Thecoreof theclosure
procedureis theselectionof themostimminent(i.e.,soonest
to occur)eventfrom all thecomponents’scheduledevents.
In caseof simultaneousevents,the select function is used
for tie-breaking.

2.3 The parallel DEVS Formalism
As DEVSis aformalizationandgeneralizationof sequential
discrete-eventsimulatorsemantics,it offers little scopefor
parallel implementation.In particular, simultaneouslyoc-
curring internaltransitionsareserializedby meansof a tie-
breakingselect function.Also, in caseof collisionsbetween
simultaneouslyoccurring internal transitionsand external
input, DEVS ignoresthe internaltransitionandappliesthe
external transitionfunction. Chow [2] introducedthe par-
allel DEVS (P-DEVS)formalismwhich alleviatessomeof
theDEVSdrawbacks.In anatomicP-DEVS

atomicP � DEVS ��� S� ta � δint � X � δext � δconf � Y � λ ���
themodelcanexplicitly definecollisionbehaviour by using
a so-calledconfluenttransitionfunctionδconf .

3 Mapping the ODE Formalism onto DEVS

In the context of hybrid systemsmodels, the formalism
transformationsin Figure2 convergeto acommondenomi-
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natorwhichunifiescontinuousanddiscreteconstructs.Typ-
ically, this is someform of event-scheduling/stateeventlo-
cating/DAE formalismwith its correspondingsolver. A dif-
ferent approach,quantizingspacerather than discretizing
time, is presentedherewhich mapscontinuousmodels,in
particularalgebraicanddifferentialequationsof theform

1
dq
dt

� f 
 q � x � t � q � Q
y 
 t � � g 
 q � t � y � Y

with x 
 t � � X a known input function, and initial condi-
tions given by q 
 0� � q0, onto Zeigler’s DEVS formalism
presentedabove. If the mappingis doneappropriately, a
discrete-event simulationof the DEVS modelwill yield a
closeapproximationof the continuousmodel’s continuous
behaviour.

The normal approachof numericalmathematicsis to ap-
proximatean ODE solution basedon a Taylor expansion.
Hereby, time is discretised,and subsequentstate-variable
approximationsarecalculated.Zeigler [5] proposesto dis-
cretizethe statevariablesandto calculatethe correspond-
ing approximatetime-increases.TheDEVStransitionfunc-
tion (constructedfrom the ODE) will repeatedlygo from
onediscretisedstatevalue to either the one just above or
theonejust below. Thetransitionfunctionwill alsocalcu-
latethetime till thenext discretetransition(possibly � ∞ if
thederivative is zero). Both approachesareshown sideby
sidein Figure4. In mathematicalterms,themodelabove is
mappedontoaDEVS

atomicDEVS ��� Ŝ� ta � δint � X̂ � δext � Ŷ � λ ���
x̂ � X̂, q̂ � Q̂ and ŷ � Ŷ are the quantizedvariables. The
simplequantizationusedhereis basedon a grid of quanta
(∆x, ∆q, ∆y). Notehow eachof thequantaarehypercubes.
The quantizedstateset Ŝ � �2
 q̂ � x̂ � t �3� q̂ � Q̂ � x̂ � X̂ � t � T 	 .
A memoryof input andabsolutetime is kept in theDEVS
model.Theinternaltransitionfunction

δint 
4
 q̂ � x̂ � t �$� � 
 q̂ � sgn
 f 
 q̂ � x̂ � t �$� ∆q � x̂ � t � ta 
 q̂ � x̂ � t �$� �
Thetimeadvancefunction

ta 
4
 q̂ � x̂ � t �$� ��5555
∆q

f 
 q̂ � x̂ � t �
5555

specifiesafter how muchtime the trajectorywill leave the
quantumhypercube. The external transitionfunction de-
scribeshow autonomous(integration)behaviour canbe in-

terruptedby anexternalinput event(the input functionex-
ceedinga quantumboundary)

δext 
4
 q̂ � x̂ � t � � e� x̂6 � � 
 q̂ � x̂60� t � e� �
Note how ignoring the changein q (not q̂) during e is a
roughapproximationanda betterapproachis to internally
keeptrackof thenon-quantizedvalueq. In caseaninternal
and externaltransitionoccursimultaneously, the confluent
transitionfunctionof parallelDEVSdescribeshow internal
transitionandexternalinput arebothtakeninto account

δconf l 
4
 q̂ � x̂ � t � � x̂6 � � 
 q̂ � sgn
 f 
 q̂ � x̂ � t �4� ∆q � x̂6 � t � �
Quantizedoutputis obtainedafterapplicationof theoutput
function

λ 
$
 q̂ � x̂ � t �4� �87 g 
 q̂ � t � . ∆y 9 �
Coupling of the thus obtainedatomic DEVS modelsinto
a coupledDEVS providesa meansfor –possiblyparallel–
simulationof hierarchicallycoupledcontinuousmodels.To
achieve maximumperformance,equationsshouldfirst be
symbolicallymanipulatedandtightly coupledsetsof equa-
tionsmustbeclusteredinsideanatomicDEVS.
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