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Abstract

Hidden Markov Models(hmms) have been very popular tools for domain detection
problem in computational biology. However, when the size of the input data is large,
simple linear searches through the entire database against the hmm are not sufficiently
fast for realistic applications. In this paper, we propose different methods to accelerate
this process by using techniques from combinatorial data structures and graph theoretic
algorithms.

1 Introduction

Hidden Markov Models (hmms) are useful tools for modeling a sequence of unknown stochas-
tic processes, and have been widely used in speech recognition problems [13]. Beginning with
the famous Viterbi algorithm [14], many efforts have been made to use Markov models for
pattern recognition applications [3], and such approaches are also of interest in the domain
of computational biology, such as for multiple sequence alignment and protein modeling [11].

We consider the problem of detecting a particular domain in a database of sequences. In
particular, we assume that the hmm for the domain is given, and we wish to find a set of
sequences from the database which score high in the hmm. An example of such a problem
is to find CpG islands in the human genome [12]. Detecting domains with hmms is a well
studied topic in many other applications, but as the database of the sequences becomes large,
even linear search methods are not sufficiently fast for realistic applications. Here, we look

1



at different techniques from random data structures and combinatorial optimizations in an
attempt to accelerate the process of domain detection.

This paper is organized as follows: In Section 2, we give a short introduction on trie
data structures, and compare the sizes of computation to be done via simple linear searches
and via a trie structure. In Section 3, we describe our main results using the implicit trie
structure from the preprocessing of the database. In Section 4, we propose another method
for domain detection, which runs in parameterized running time and gives the user the
freedom to select the quality of output, or the time available for the computation. Finally,
in the Appendix we give a short proof of the upper bound on the size of trie structures, for
the purposes of the theoretical analysis of our approaches.

2 Preliminaries

2.1 Tries

Tries, also known as prefix trees or digital search trees, are d-ary position trees which can
efficiently store and access a collection of n strings, S = {s1, s2, . . . , sn}. Assume that each
element is a string of length w over an alphabet of size d together with a terminal character,
$, i.e: si ∈ Σw ∪ $. For the remainder of the paper, we let S denote the sum of the length of
all strings in S. A trie T can be either (1) null, (2) a string, or (3) a node with at most d child
nodes which are also tries. Where strings share the same prefix, they will be indexed by the
same path in the trie, branching off where they differ, until the point of uniqueness, where
the remainder of the string is stored in a node [9]. For an example of a trie, see Figure 1.

Tries are extremely useful for highly repetitive data, such as dictionaries and gene se-
quences; as more strings are added, the space savings increase rapidly. Intuitively, we can
see that this is especially true for large numbers of short strings, since a string that is very
long and does not share a prefix with any others will contribute its full length to the size of
the trie. Insertion of a string can result in a space increase ranging from zero if the string
is fully contained within those already in the trie—much more likely in the case of a shorter
string—to some number less than or equal to the total size of the string.

To the best of our knowledge, there appears to have been no formal examination in the
literature about the worst-case and average-case analysis on the size of a trie. Since we are
examining tries as a method of speeding up hmm searches, a size bound is crucial in the
projection of the degree to which tries can accelerate the process. Hence, we give a formal
proof on the exact bound on trie structures in the Appendix.

2.2 Comparison of Trie-Based and Tabular Approaches

We took both genomic data (random sequence data from H. sapiens chromosome 1) and
randomly-generated nucleotides (Pr(A) = Pr(G) = Pr(C) = Pr(T) = 0.25) both totalling S =
3,223,233 characters and split everything into words of size w for w = 5, 10, 15, . . . , 50. Then
for each word size we plotted:
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Figure 1: An example of a trie indexing the sequences ac, atg, atc, g, gt and gtc

• The size of the table needed to store all of the data (w(S − w + 1))

• The size of the trie generated from the data

• The theoretical bound on the space required by the trie, given as

dblogd nc+1 − 1

d− 1
+ n (w − blogd nc)

where d is the size of the alphabet and n is the number of strings in S. (For the proof
of this bound, see the Appendix)

In figure 2, we can see that the random data almost exactly followed the theoretical upper
bound, as would be expected, since multiple randomly-generated sequences are much more
likely to all be quite different from one another, impairing trie performance. The genomic
data resulted in tries that were generally around 55% smaller than the theoretical bound,
showing that tries offer a significant reduction in space requirements for biological data.
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Comparison of Trie-Based and Tabular Approaches
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Figure 2: Plot of the space required to store 3,223,233 characters split up into words of size w
in a table (blue), in a trie, given a theoretical worst case scenario (green), in a trie, given the
genomic data (red), and in a trie, given randomly-generated genomic sequence data (yellow).

3 Trie-based Approach with DAWGs

The conventional method of domain detection works by taking a substring from the database,
and simply run the Viterbi algorithm on the substring. The average size of a single instance
of a domain is implicitly given by the hmm, and for the remainder of the paper, we assume
that the substrings to be found are of length w. A single run of the Viterbi algorithm takes
O(|Q|2w) time, where |Q| denotes the number of states in the given hmm. Since there are
exactly S−w+1 substrings, the overall running time is O(|Q|2w(S−w+1)). As the typical
value for S is large, even a small change by a constant factor for S would hurt (or save) the
running time significantly.

The method proposed in this section uses two data structures to accelerate the process of
domain detection. First, we introduce the method of using tries to reduce the computation
time required for the Viterbi algorithm. We then make further improvements by preprocess-
ing the database, and as a result, each query with a different hmm can be carried out in
much less time.
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3.1 Trie-based approach

We have shown both theoretically (see the Appendix) and empirically (see Section 2) that
the sizes of tries are significantly smaller than the tabular representation of strings. The
method we propose is based on the compactness of the trie data structure. The first step of
the approach is to scan through the database, looking for substrings of size w. As new strings
are discovered, we insert the strings into the trie structure. Once the construction of the trie
T is complete, we can then run the Viterbi algorithm on T , in a Depth-First-Search(dfs)
fashion.

To see the correctness of this approach, notice that the Viterbi algorithm uses a forward
recurrence for the dynamic programming such that the solution for the nth character only
depends on the solution for the first n − 1 characters. In particular, the Viterbi algorithm
typically models first-order markov chains such as hmms, and thus we can safely run the
Viterbi algorithm on the trie using characters on the stack during the dfs.

The running time for this approach would consist of: (1) constructing the trie T with
a sliding window of size w on the database and (2) running the Viterbi algorithm on T .
The time taken for Step 2 is O(|Q|2|T |), where |T | denotes the size of the trie (the exact
bound on |T | is given in Corollary 1.) However, the construction of T in Step 1 would be
O(w(S − w + 1)) if we have to look at all possible substrings by a sliding window of length
w. In the next section, we improve this method by preprocessing the database.

3.2 Preprocessing using a Directed Acyclic Word Graph (DAWG)

The problem of storing a collection of strings has been studied extensively. One of the
most surprising results on space-efficient data structures for strings [4] is that the size of
the minimal automaton accepting the suffixes of a string is linear. The first graph structure
to represent subwords of a word was the Directed Acyclic Word Graph (dawg), and many
other variations were developed to store suffixes of a string in linear space. See Figure 3 for
an example of a dawg. Here, we define dawgs formally for completeness.

Definition 1. The Suffix Automaton DAWG of a string s is the minimal deterministic
automaton that accepts the set of suffixes of s.

An alternative data structure to represent suffixes of a string is a suffix tree, which is
constructed by inserting all of the suffixes into a trie-like structure. Of course, a suffix tree
would contain a greater number of vertices, as each suffix would be represented by a unique
root-to-leaf path in the tree. For an extensive survey on different data structures to represent
strings, see [10].

Recently, further improvements were made to reduce the size of dawgs. A Compact
Directed Acyclic Word Graphs (cdawg) (Figure 4) is the compact version of a dawg, where
each arc (u, v) is contracted if (u, v) is the only incoming arc for v, thus allowing multiple
characters to be represented on a single arc. After applying the compaction, the size of the
dawg becomes at most the size of the string. The following lemma is a result from [7].
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Figure 4: cdawg for cgtcgttta

6



Database
Viterbi 

Algorithm

CDAWG of 
sequencesstate / word sequences

for best matches

trie for all 
substrings of

length w

Figure 5: System layout for the trie-based method

Lemma 1 (Crochemore and Vérin, 1997). Given x ∈ Σ∗, if |x| ≥ 2, then 2 ≤
States(x) ≤ |x| + 1. Further, the algorithm that builds the CDAWG of a word x runs in
time O(|x|).

We propose the construction of a cdawg of the database as a preprocessing step. Due
to Lemma 1, the size of the database would stay the same as tabular representation, and
any updates on the database can be carried out in linear time. See Figure 5 for an overview
of the system.

3.3 Algorithms and Complexity Issues

There are three phases in the method we propose: (1) Construction of a cdawg of the
database, (2) construction of a trie T of length w from the cdawg, and (3) running the
Viterbi algorithm on T . The first step can be done in O(S) time and space. The second
step can be done via looking for all paths of length w, starting from the root node. This
can be done in O(|T |) time via dfs-like search. Finally, running the Viterbi algorithm on
the trie can be done in O(|Q|2|T |). Notice, however, that the first step can be done as a
preprocessing step, since it does not depend on the hmms given at each query. Therefore,
the overall running time per query is simply O(|Q|2|T |).

This time complexity shows a significant improvement over the conventional sliding win-
dow approach. The improvement is due to the indexing done in the cdawg, which allows
us to construct the trie without carrying out a repetitive linear search on the database.
However, there is a speed vs. space trade-off. The size of the trie helps us quickly evaluate
all of the substrings, but the trie structure needs to be stored in memory throughout the
computation. For a large number of distinct substrings, Step 2 may not be completed simply
due to space requirements. This problem can be resolved, however, by merging the Step 2
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and 3. If the Viterbi algorithm is run as we visit the nodes in the cdawg in a dfs manner,
the computation required at each node v only depends on the unique root-to-v path(ie. the
vertices stored on the stack). Thus, we can run the Viterbi algorithm on the trie that is im-
plicitly embedded in cdawg, and the overall space complexity for each query is then O(w).
A simplified pseudocode for the algorithm is given below.

DAWG-Viterbi(node v, depth d)

1 Evaluate v based on characters on stack.
2 Push v onto stack
3 if d = w
4 then Output the state sequence of the characters on stack.
5 else
6 for each neighbor u of v
7 do DAWG-Viterbi(u, d+1)

4 The k-Best Algorithm on profile HMMs

In this section, we propose another method for the domain detection problem. In particular,
we look at hidden Markov models with dummy states for the begin and end states, as in
the form of profile hmms. The main bottleneck of the Viterbi algorithm-based approaches is
that one needs to scan through the entire database of DNA or protein sequences, and then
feed all the sequences into the Viterbi algorithm, regardless of how high the substrings would
score. As the size of the database grows, the running time tends to slow down rapidly, and
even linear-time algorithms are not sufficiently fast for realistic applications.

Recalling the method we proposed in the previous section, the running time of the al-
gorithm is dominated by the size of the trie. Although such trie-based approaches guaran-
tee that one never misses high-scoring substrings, having to consider all substrings in the
database may result in exponential time, regardless of how high the string should score to
be considered a “good match”. The approach we propose in this section is sensitive to the
probability score computed via the hmm model, in the sense that the running time is inversely
proportional to the lowest score of all detected domains, and thus the user has the freedom
to choose how good the output should be, or stated differently, how long the computation
should be carried out.

First, let φ denote the probability threshold such that we consider a word sequence si

a “good hit” against the given hmm if the probability of state sequence found on si has a
probability above φ. Suppose we somehow have the list of all the permuted sequences whose
score is above φ. Then, we simply need to find where in the database such sequences occur.
Using the dawg-based representation of the database, the search can be done in O(kw)
time, where k is the number of such sequences. The method presented in this section deals
with how to find such high-scoring sequences from an hmm.
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4.1 Transformation of profile HMMs

Consider an hmm in its profile hmm form, and denote it by H. The model H can then be
defined by

• Q = {qbegin, qend} ∪M ∪ I ∪D, the set of states, where

– qbegin and qend, the begin and end states

– M = {m1, m2, . . .}, the matching states

– I = {i1, i2, . . .}, the insertion states

– D = {d1, d2, . . .}, the deletion states

• t : Q×Q → R+, the transition probability function between states

• e : M ∪ I → R+, the emission probability function from each matching and insertion
states.

Intuitively, the model H already exhibits a graph-like structure: each state can be con-
sidered as a vertex, and transition probabilities can be used as weights on each arc. However,
some states emit different characters, which complicates the matter. Unlike the Viterbi al-
gorithm, where the output is the state sequence of a given word sequence, what we wish
to compute here is the word sequence, given the hmm H. Thus, simply finding the state
sequence with the highest total transition probability alone on H may not give us the op-
timal word sequence. To modify the model H to suit our needs, we perform the following
transformation on H to obtain a directed graph G.

For every state qi such that qi emits at least one character (e.g. matching states and
insertion states,) we split the vertex into two new vertices, qin

i and qout
i . Define the sets

δ−(qi) = {v a state|t(v, qi) > 0}
δ+(qi) = {v a state|t(qi, v) > 0}.

Then, join every state in δ−(qi) to qin
i by an arc, and add the transition probability on

its weight. Similarly, join qout
i to every state in δ+(qi) by an arc, and add the transition

probability on its weight. To connect the two split vertices, we join them via multiple edges
from qin

i to qout
i and label each arc by the character that qi emits. The weight on these arcs

between qin
i and qout

i will be the emission probability of qi emitting that character. Finally,
if qi contains a self-loop, add an arc (qout

i , qin
i ) to allow the state to emit multiple characters.

To see an example, see Figure 6.
Notice that the only change in the structure from H to G is the splitting of emitting

states. Moreover, each emitting state now has one duplicate, with constant number of
multiple edges between qin

i and qout
i . Thus, the size of the graph G is still linear in the size of

H. Now, consider a path p from qbegin to qend; p is an alternating path between transition arcs
and emission arcs, possibly repeating on some transition arc, due to self-loops on deletion
vertices. Let s be the sequence of characters labeled on the emission arcs on p. Then, the
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Figure 6: Transformation from an hmm to a digraph

product of all the weights on p is the probability score of s on H. Moreover, the path p also
contains the state sequence that corresponds to the output of the Viterbi algorithm for s on
H.

The directed graph G computed has the following properties: (1) There are no cycles
except self-loops on delete vertices, and (2) all edge weights are positive if we convert the
probability into negative log-space. Furthermore, the weights in log-space imply that the
distance of a qbegin − qend path can be computed additively. Thus, the shortest path from
qbegin to qend would give us the word sequence that will score highest in H, as well as its state
sequence. Notice that the self-loops on deletion vertices are never considered in shortest
paths, since they merely increase the total length of a path. Therefore, it is safe to delete
such self-loops on deletion vertices.

4.2 k-shortest paths algorithm

The k-shortest paths problem is a long-studied problem in combinatorial optimization [6,
8, 2, 1, 5]. We draw our attention to the latest result in the literature; it is suggested by [8]
that the k-shortest paths can be computed in time and space O(m + n log n + k), and the
same algorithm can be used to list all paths shorter than some given threshold length. The
algorithm can be easily implemented using basic data structures, such as heap-ordered trees,
and the complexity results are shown to be optimal.

4.3 Complexity issues with the choice of k

As before, we assume that the database of biological data is stored in a dawg via the
preprocessing step. Each query is then composed of the hmm H, and a threshold value φ
which we use to decide whether or not to accept a state sequence. The transformation from
H to G takes linear time, as the size of the graph G still stays linear in the size of H. Looking
for the k-shortest paths from qbegin to qend takes O(m+n log n+k) time, and finally, looking
for the word sequences from the database takes O(kw) time.
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Notice that the running time of the algorithm is largely dominated by the parameter k.
As a comparison, recall that the running time of the trie-based algorithm is mostly due to
the number γ of distinct substrings of length w, which causes the trie to become large. Thus,
we must be careful not to choose too large a value for k with respect to γ. Let θ denote the
number of all permuted strings of length w, such that each string would score higher than
the threshold value φ against the hmm. If θ ≤ γ, then simply setting k = θ guarantees that
the k-shortest paths approach would run faster than the trie-based approach.

The strength of the algorithm discussed in this section, however, is that its running time
is sensitive to the threshold φ. For the trie-based algorithm (or for the classical method
using the sliding window), the algorithm must scan through the database regardless of the
threshold value. In the case where φ is set very high (e.g. the user wants the k best matches
in the database), the method proposed here would run much faster than the conventional
database scanning approach, simply because the size of our hmm graph G is significantly
smaller than the size of database. The space complexity of the algorithm is not an issue,
either; after the computation of k shortest paths algorithm, only those k paths are stored in
the heap tree in the form of shortest paths tree, which may be more desirable than having
to store the database in memory.

5 Concluding Remarks & Future Work

In this paper, we gave two different approaches to solve the domain detection problem. The
first algorithm introduced in Section 3 shows a major improvement in running time over the
conventional database searching method, while preserving the same space complexity. We
believe that this method can be easily implemented for many applications, and even further
improvements can be made to deal with different values of w for each domain.

The second method based on the k-shortest paths algorithm, however, may result in
exponential time, if the threshold value φ is chosen too generously. The fault in the expo-
nential blow-up is because our directed acyclic graph, on which the shortest paths are found,
is constructed from only the hmm. Thus, the substrings corresponding to the shortest paths
may not necessarily exist in the database. Furthermore, the k-shortest paths found may not
necessarily induce k distinct word sequences. This is because a path in the graph constructed
is an alternating path between transition arcs and emission arcs. Therefore, simply selecting
the first k shortest paths may contain two (or more) paths with the same word sequence but
with different state sequences. A natural question to be studied, then, would be how to make
improvements in running time of this algorithm. One way to attack this problem is to modify
the transformation discussed in Section 4.1, so that the graph constructed incorporates the
input sequences from the database as well as the hmm.

11



References

[1] J. A. Azevedo, M. E. O. S. Costa, J. J. E. R. S. Madeira., and E. Q. V. Martins. An
algorithm for the ranking of shortest paths. Eur. J. Operational Research, 69:97–106,
1993.

[2] A. Bako and P. Kas. Determining the k-th shortest path by matrix method. Szigma,
10:61–66, 1977.

[3] L. E. Baum, T. Peterie, G. Souled, and N. Weiss. A maximization technique occurring
in the statistical analysis of probabilistic functions of markov chains. Ann. Math. Stat.,
41(1):164–171, 1970.

[4] A. Blumer, J. Blumer, A. Ehrenfeucht, D. Haussler, and R. McConnel. Linear size finite
automata for the set of all subwords of a word: an outline of results. In Bull. European
Assoc. Theoret. Comput. Sci., volume 21, pages 12–20, 1983.

[5] A. W. Brander and M. C. Sinclair. A comparative study of k-shortest path algorithms.
In Proc. 11th UK Performance Engineering Worksh. for Computer and Telecommuni-
cations Systems, 1995.

[6] E. I. Chong, S. R. Maddila, and S. T. Morley. On finding single-source single-destination
k shortest paths. In Proc. 7th Int. Conf. Computing and Information, July 1995.
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Appendix: Exact Bounds on Tries

In this section, we look at exact bounds of a trie, given a collection of words. Let S =
{s1, s2, . . . , sn} be a set of strings, where each string si ∈ {a, c, g, t}w. (Here, we look at the
case for tries for DNA sequences; the case for protein sequences can be stated analogously.)
Let T denote the trie constructed from strings in S. Since the number of edges in a trie is
always exactly one less than the number of vertices, we only consider the number of vertices
as the size of T . Before we state the bound, let us introduce the notion of cuttlefish tries.

Definition 2. Let T be a trie rooted at r ∈ V (T ). Let d denote the size of the alphabet that
the T contains(e.g. d = 4 for DNA sequences.), and n denote the number of leaves in T .
If every vertex v with degree strictly greater than 2 is at most blogd nc distance away from
r, then T is a cuttlefish trie. We say a cuttlefish trie is complete, if it contains a complete
d-ary tree from r to blogd ncth level.

root

log n

n = 4

Figure 7: An example of a cuttlefish trie

In other words, if a trie contains no branching node below the blogd ncth level, we call
it a cuttlefish trie. See Figure 7 for an example. The intuition is that, when the strings
represented in a trie share very short prefixes, the size of the trie is large. Now, we are ready
to state our claim.

Theorem 1. Let T be a trie constructed from n distinct strings of length w over an alphabet
of size d. Let C be the complete cuttlefish trie with same parameters as T . Then the number
of vertices in T is bounded above by the number of vertices in C.
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Proof. To prove this claim, we consider different cases of the size of w. It is easy to see that
w cannot be strictly less than blogd nc, since we assumed that all strings contained in T are
distinct. Suppose w = blogd nc. Then, every leaf node in T is at most a distance of blogd nc
from the root node, and hence T is a complete cuttlefish trie.

Suppose w > blogd nc. Assume, for the sake of contradiction, that T is not a cuttlefish
trie, and contains more vertices than C. Now, we show that T can be transformed into a
cuttlefish graph by increasing the number of vertices in T . Let T 0 = T . We then create T 1

via the following transformation: First, take a root-to-leaf path p whose branching node is
below the blogd ncth level from the root. Let v be the leaf node in p, and u be the lowest
branching node above v. Delete the part of the path p from u to v, and instead, create a
path p′ branching off from a vertex t with fewer than d children, and located within distance
blogd nc away from the root. Note that the length of the newly added path p′ is chosen
appropriately so that the distance from root to leaf is w.

In other words, we are simply deleting the part of a path that violates the condition of a
cuttlefish trie, and adding a new path at a free vertex in order to keep the number of leaves
the same. To see the correctness of the argument, notice that the total number of leaf nodes
is fixed. Since we assumed that T is not a cuttlefish, by definition, we can always find a
violating path p. Furthermore, we are guaranteed to find a vertex with fewer than d children
above the blogd ncth level, since otherwise we must have more than n leaves in T . Also, note
that the newly added path is longer than the deleted u − v path, since the branching node
is now closer to the root.

Repeat the same process to go from T 1 to T 2, etc. Throughout this process, the number
of vertices in T i is increasing. Furthermore, the final residual tree TR is a cuttlefish trie.
Thus, we have the inequality

|V (T )| = |V (T 0)| < |V (T 1)| < |V (T 2)| < · · · < |V (TR)| = |V (C)|,

which is a contradiction.
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Now, we can compute the exact upper bound on the size of tries.

Corollary 1. Given a trie T that encodes n distinct strings of length w, where each string
is over an alphabet of size d, the maximum number of vertices in T is exactly

dblogd nc+1 − 1

d− 1
+ n(w − blogd nc).

Proof. This follows immediately from Theorem 1. First, we look at the size of the complete

trie of height blogd nc. This is a geometric series, evaluating to dblogd nc+1−1
d−1

. Then, if w >
blogd nc, we must add the number of vertices in the simple paths below the complete trie,
which evaluates to n(w − blogd nc).

Note that the second term in the equation evaluates to zero if w = blogd nc. Moreover,
notice that the first term is in fact linear. If the strings are stored in a tabular form, the
space required would be exactly nw. In the case of a trie, the space requirement is roughly
at most nw+n−n log n in the worst case, exhibiting a considerable amount of improvement
for large values of n.
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