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ABSTRACT

Several methods are available for computing eigenvalues and
eigenvectors of large sparse matrices, but as yet no outstandingly
good algorithm is generally known. For the symmetric ratrix case one of

the most elegant algorithms theoretically is the method of minimized

}iterations developed by ZILanczos in 1950 . This method reduces the

1or1g1nal matrix to tri-diagonal form from whlch the eigensystem can

Do

easily be found The method can be used 1terat1vely, and here the
convergence properties and different possible eigenvalue intervals
are first:considered assuming infinite precision computation, Next
rounding error énalyses are given for the method both with and without
re-orthogonalization. It is shown that the method has been unjustly
neglected, in fact a parulcular computatlonal algorithm for the method

without re—oruhovonallzavlon is shown to have remarkably good error

"properties. As well as this the algorithm is very fast and can be

programued to require very little store compared with other comparable
methods, and this suggests that this variant of the Ianczos process is
likely to become an extrenmely useful algoritim for firding several
extreme eigenvalues, and their eigenvectors if needed, of very large

Sparse symmeiric matrices,
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Notation

Unless otherwise stated upper case and subscripted lower case Latin
letters will represent matrices and their elements, thus aij'-is
the (i,3) element, and a; the j-th column of the matrix A . One
exception is ej which represents the j-th column of the identity I .
Unsubscripted lower case Latin letters usually represent scalérs, as
do small Greek letters, However a Latin letter immediately preceded
by 5§ will represent a small quantity.
A norm without a subscript always represents the 2-norm .

Their are occasional inconsistencies between main sections, for

instance early in the thesis the subscript E is used to represent

the Frobenius norm, and an eigenvector of the tri-diagonal matrix

1S -denoted Z: ¥ being used to denote an approxdimation to an

elgenvector of A , In later sections this E is replaced by F
and the roles of z; and y; are interchanged, this is not likely -
to lead to any confusion.

For convenience the scalar Si in Section 7 is represented

2 :
by gi' in Sections 8,.9, and 10, as it is known to be non-negative

in these later sections.

Vhenever § appears with two subscripts, e.g. §-.

11

, it

represents the Kronecker delta.
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1. INTRODUCTION

1.1 The Problem

A significant problem in computational linear algebra is findiﬁg

- reliable fast and accurate methods for computing some or all of the

eigenvalues kq,AZ,.....,Xn of a real n dimensional square matrix A,
along with some of the corresponding eigenvectors,  For matrices that
can‘be wholly stored in the fast store of a digital computér this
problem has been satisfactorily solved (see Wilkinson, 1965) except
for a few minor'points,,and several excellent computational algorithms
are available, particulariy in the 'Handbook Series on Linear Algebra’
in the jourﬁal 'Numerische Mathematik'., For largerumatrices these
Same algorithms can be used but obvious difficulties of speed, storage,
and transfer between arge' slow store and smaller fast store arise,
However a type of large matrix that is regularly encountered in
numerical work is the large sparse matrix which can be fully described

. 2 . - . . , : . .
in much less that n~ words of store, in particular those matrices with

Dii~zeriotelements, Vith these ratrices many of the

%
& £

methods that are satisfactory for small full mairices are uneconomic
and oiten impossible to apply, and methods that take account of this
sparsity must be sought, tested , and analysed,

1.2 Svecial Cases

For some sparse matrices satisfactory algorithms are already
available, in particular matrices with narrow band form havé been
extensively dealt with. For. instance Rutishauser (1963) and Schwarz
(1968) show how the bandwidth of symmetric ratrices may be reduced while
preserving the band property, and Rutishauser and Schwarz (1963) giVé an

algorithm for applying the Cholesky IR technique (see Vilkinson,
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1965, pp.54h-556) directly to symmetric band matrices. As well as this,
inverse iteration may be used for finding some eigenvectors and even
eigenvalues of both symmetric and unsymmetric band matrices, excellent

algorithms being given by Mariin and Wilkinson (1967). VUith the above

algorithms the band is considered full and any zero elements within the

band cannot generally be taken into account, and so for very large

- ._,_,f._

matrices which are sparse within the band even these algorithms may be
rather uneconomjc.
Other partly satisfactory methods are available for matrices of

speclalized form, for example Kron's method of 'tearing' large systems

(matrices) into subsystems with very few interconnections (e.g. Simpson

and Tabarrok, 1968) can be quite useful in circuit analysis, while the
special forms of matrices a;ising from tke f;nite difference replacement
of some elliptic partial differential equation problems suggest other
methods of limited application. Although these methods are interesting
and sometimes useful it is more important fo have more general methods
available, and no time will be spent on such special cases.

1.3 The General Case

General methods for the matrix eigenproblem can be roughly divided
for present purposes into methods which alter the matrix in a series of
tfansfofbations to a more amenable form, and those methods_which work
with the original unchanged matrix.

1.3.1. Transformations of the Matrix

These suffef from the introduction of éxtra non-zero elements
in intermediate stages and so most such methods are at present limited
for large Gbarsc matrices. llowever much work is being donc on the
solution of 1arge Sparse matrix equatlons (e.g. IBM Symposium, 1908)

(IMA Conference, 1970) and here great advantage can be taken of .
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sparsity, for inst;§€é§§dm%xjx A having only 5% non-zero elements
may have a decompbsiéion into lower and upper triangular matrices
with a total number of elements less than twice that of A, and with
careful programming very little ﬁore than these non-zero elements
need be stored and used. This immediately suggests:the ﬁée of
such techniques in inverse iteration for eigenvectors and eigenvalues
of large-sparse,matrices. Even more exciting‘is the thought that
some direct.similarity transformation methodé of reduction to tri-
diagonal or Hessenberg form may be able to preserve and take full
advantage of sparsity throﬁghout the computation, (Tewarson 1970).
In fact in the discussion at the I.B.M. symposium (1968, p.163) it
was suggested by Tinney that a technique for using the QR algorithm

’

on sparse matrices was already being developed. Such an approach

thus suggests a possidly very useful line of research which should .

definitely be examined, although until thorough rourding error

~analyses have been carried out the validity of these methods for either

i

solving equations or eigenproblems will be in some doubt, Such
methods are not considered here.

1.3.2 Preservation of the Matrix’

‘Methods which leave the matrix unchanged are more immediately

appealing and easily implemented. The basic use of the matrix in

these methods is, on being given a vector v, to form the matrix-

vector product Av., Often it is not .even necessary to store the non-
zero elements of A, as these can be generated as needed, and all

that is needed is a simple procedure far forming this matrix-vector
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product. The appeal of such methods as regards storage and time

per step is obvious, also they are quite general and in fact such
methods are often suitaele for finding approximate eigensolutions.of
more general linear operators than matrices., For the above reasons
this class of methods was chosen for closer study, but even then the
possibilities are so great as to precludete detailed study of the
whole -class., These matrix-vector product methods'can either be
essentially iterative in concept, such as the power methods (see
Wilkinson, 1965, p.570), or designed to produce a simpler matrix
hav1ng the same elcenValues.as the original matrix in a finite number

of steps, such as tne generallzed Hessenberg methods (see Wilkinson,

1965, p.377).

a) ITterative Methods

The iterative methods are designed to form seqqences_of vectors
converging to eigenvectors of the matrix A, usuaily corresponding to
extreme eigenvalues of A.' Direct iteration with a single vector is
the.most familiar of these methods, and here convergence is hopefully
to the eigenvector corresponding to the domirant eigenvalue, de-

flation could then possibly be used to find the next dominant pair.

'The trouble with this method is that it is slow, restricted to very

Tew extreme eigenvalues, and if more than one is wanted it is

cumbersome and even inaccurate for close eigenvalues. Useful geter-

alizations of this which iterate with several vectors were develoned

‘by F.L. Bauer in 195? and 1958 these are trepben-lueratlon and 1ts

orthogonal variant, and bi-iteration (see, for example, Wilkinson,

1965, pp.602-614) . A very effective method of accelerating the
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coﬁvergence of this type of tecﬁnique was examined by Laasonen (1959)

whereby a smaller eigenvalue problem is solved at intermediate stages.

7 Other work continuing in this direction has been by Jennings (1967),

~ Clint aﬁd Jenpings (1970), Rutishauser (1969) ,~and §tewart (1969),
g.and it i; clear that this is a very useful method for {inding some
.,”extreme eigenvalues and eigenvectors of both s&m@etric aﬁd unsymmetric

" matrices with good accuracy in reasonable time. The obvious drawbacks

of such methods are the uncertainty as to ﬁow many véctors will be
needed and the difficulty of storing several vectors for very large
matrices, Tﬂe fact that only extreme elceﬁvalues are easily found is
rarely a drawback as uhlS is usually what is wanted It does however
appéar that there have been no rounding error analyses of these later
technlques

b) Methods based on the Krylov seguences

The remalnlno direct matrix-vector product techniques are based on

v :4'

" the fact that if ijils§u1§&£§trary vector and v, =Av;, then there

1+1

- will be a vector'v‘;n_,_1 m<n, which is expressible as a linear combin-

b

ation of the preceding wﬁ. Krylov in 1931 based a method on these

'uq,....,uh+1 (see, for example, Wilkinson 1965, p.369), while the

generalized Hessenberg processes were attempts at producing more

accurate methods using related Segquences,. The most eleéant of these

is the 1ngenlous method propounded by Ianczos (1950) which is

theoretically Perhaps the most appealing of all nosslble methods for

" very large sparse matrices, ,Zg;ortunauely it has a cerualn practical

behaviour which has led to its neglect by numerlcal analySus over the

" last ten years, althougn quantum cherists ‘and others have found it very
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useful (e.g. Sebe and Nacharmkin, 1969). In 1957 Engeli, Ginsburg,

Rutishauser, and Stiefel (1959) examined different methods for
solution of certain large sparse matrix problems, and one of these
methods, called the cgl - method (conjugate gradient - Tchebycheff),

is the Lanczos method for symmetric matrices applied in effect to

' the matrix T (A) rather than to A, where T (N is the Tehebycheff

polynomial of the first kind, the purposé of this being to expand the
spectfum at one end of the range. In their very thorough wérk Engeli
at al (1959, p.105) reached the following conclusion -

"For the computation of some eigenvalues at the lower end of the

spectrum.ofia positive definite, symmetric matrix, of all methods

tr;ated here, the c¢gl - method is superior to such an extent that

the complexity of the method is fully compensated for and it can

be highly recommended". They are of course referring to large
sparse matrices., |

Because of the beautiful simplicity of the Lancgos method, the
work of Engeli et al, and initial computer runs, it was decided here
to examine the Lanczos process in detail in order that it ﬁay be more
fully unde}s£ood and se used with expértise and confidence.

It will by now be obviousithat the reader is expected to have some
familiarity with the comprehensive and authoritative work of Wilkinson

(1965), from which much of the work here has been developed. Many

~ older methods are described in more detail by Faddeev and Faddeeva

:5(1963)5 (in this text the Lanczos process is denoted by his own

o

description as 'the method of minimal iterations'), while the very

concise and excellent work of Householder - (1964) analyzes these methods
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and others showing clearly their theoretical interrelations.

1.4 Outline of the Thesis

The purpose of this thesis will not be to introduce new methods,
but to concentrate mainly on the Lanczos mehhod for real symmetric
: » ¢

matrices with the intention of showing that it has been unjustly dis-

¢ pBarded and has a lot to offer in practice. Rounding error analysis

will Ee the main tool used for this purpose and so Section 2 will
present the necessary theory which will iargely be .a reiteration of
some of Wilkinson's work (1963,1965), but with an additional
developmenf and terminology designéd t; facilitate the analyses,
Com%ents by Dr. Wilkinson rightly indicated that the error analysis

of the Lanczos process would b; no simple matter and so this is -
approached indirectly by first analyzing in Section 3 the more straignt
forward generalized Hessenbérg processes as described by'Wilkinson
(1965, ﬁp. 377-8). Sections 4 and 5 then gather together a lot of
important theory on the Ianczos process and present and extend some

of the relevant work of Lehmann (1663,1966) .  The results of the

- error analysis of the symmetric Lanczos process with re-orthogonal-—

. ization, and some practical results showing a definite case Tor the use

of this process in fawour of Householder's method for some eigen-

value problems of fairly large matrices are given in Section 6.

Then in Sections 7, 8 and 9 an analysis of the symmetric Lanczos

process without re-orthogonalization is given in an attempt to explain
sore remarkable computativaal results. Finally Section 10 sums up the

more important results. of the thesis,



A1 the rounding error anaiyses are believed to be original, as
is the small development of rounding error analysis technique in
Section 2 and the extension of Lehmann's work in Section 5., The

sensitivity analysis of Hermitian matrices included at the back of

the thesis is also believed to contain several new results, Althougﬁ

this analysis turned out not to be essential for the remainder of
the work it was developed in an attempt to explain the behaviour of the

Lanczos algorithm, and since it contains sqpé useful results in its

own right it is included here.
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where

Tounding Drvor analysis Technieues

Since this thesis contains several -aralyses, the tcchniaues
and terminology to be used will de summarized here aloag with
the analyses of tne more basic com%utations, such as forming inner
products of two vectors. The characteristice of the particular
computer used will then be given.

Bacic Theory

‘

The analysis will be for computations carried out in normnalized
' -

floating point base~-B arithmetic on a computer with a double

v X

precision accumulator, and the technigues developed oy Wilkinson

P

3

(1963) will be used. Thus if * denotes any of the four arithme
operations += %/ y, then a = f1(b*c) will imply a, b and ¢ are
floating point computer numbers and a is obtained from b and ¢ using
the appropriate floating point operation. If the computer numbers

have a significand represented by t base-B digits and a simn, then
(<) Py oty

\' * " )
f1(b*c) = (b e)(1 + ) {e1zsu , (2.1)
-t . . ot
( u= %81 for rounding by adding,
(
( -t - . o
( w=8 for chopping and forcing .

Sometimes it will be assumed that a facility is provided for
accumulating double length numbers g and h in double precision,

giving a double length number
(147 y -
g(1+ ) + n(1 + ﬂ~> ;TH ! iﬂzi < (2.2)

2t

=
i}

T = 2(B+)BT for rounding by adding,

wvhere

O

forcing,

[+
i

(
(" . (B 1)B—Zt for ch .
( : + _ _ . Tor chopping an
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wiiile the notation flz (g+h+ o0 ) will apply when several such
nuabers arc accumulated in double precision and then rounded to

single length,

A Simnlified liotation

Thc analyses will 1nvolve many products and quotients o;factors
(1 + €, ) like the one in (2.1), and to prevent the analyses and the

-equations from becoming too cumbersome a new notation and the rules

for its use in the error analyses will be introduced, based on tae

following theorem.

" Theorem 2.1

o Q
1-(p+q)u £ 1 (l7€ )/ T (1+e’) < 1 + 1.01 (p+a)u
i:1 i=1 :
1
vhere |e. | el <u ; 0s<ux<o0.001
1 b 1 ’ 3
and p and g are non-negative integers such that

(p+glu € 0.01

Proof:  following Forsythe and Moler (1567, ».91)
io]
1 - pu s (G-u)* s
Now (1 - W (1) < 1 N
s0 1 - pu < (1-w)® <1/ (1su)?

o u X
lext since 1 +u S e, and €'<141.006y for O < y< .01

it follows that (F+4u)® < PU< 1 1+ 1.006 ol

Then . (1-u)?/(1+u)? (1—pu)(14qu)2v1—(p+q)u ;

and since u < 0-001

"



s

(1+u)p N (1+U)P+Q

(1-u)1 (1-u?)4 1-qu® 1-qu®

< [ 1+ 1-006(p+0)ul[1+ 0-0011 qu]

£ 1+ 101 (p + qu
and the result folloﬁs.

It will be assumed in all that follows that the limitationz

€ 3

imposed for the theorem'are observed, since that on the unit error
u in (2.1) will ordinarily be observed, waile the constraint involving
P,¢, and u still allows the consideration of extremzly large matrices

on nmocdern comnputers,  With this result the analyses csn be

oilowing notational convention,

Lal?)

consicerably simplified by using the

v

Convention: in these analyses unless otherwise indicated o, £, O
and 7 (always witﬁout subscripts) will represent real numbers
satisfying
[o-1]<u i lefs(1-0t)u ,
(2.3
=", [3l=(1e01w’

vhere u and u’ are constants for the particular conputer, as

given in (2.1) and (2.2). D(x) etc. will represent diaconal maizices
vhose (not necessarily egual) elements satisfy the above bounds.

Thus if |eilsu there exists a value o such that

la—1[su

appear several times in the one egquation representing different
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numbers, it will be necessary to specify clearly the nossible
rules for taeir manipulation. From (2.2) and Theorem 2.1 it will

be obvious that if P, a = O are integers such that (p+q)us0-01

and %, y and z are real numbers then the Tollowing hold

D g D+
o.ar = P79
+ az

X =oly+z) = x=ay
- Py ) (2.5
. y = x

x = oSy )

~
!

[1+(p+a) 2]y

i

=y + (p+adey

where ;eyl < (1-0M)uly|

vvv\/\.}vvvvvvv

$

~

and the same sort of rules nold for g and 7.

Note that the implications are not necessarily true in reverse
since for example the a's in @y + @z may oe different., Ioie also
that since the analyses will always go from expressions involving

a's to those involving e¢'s and finally to bounés involving u, it

. . - . a . NG -
will e notationally couvenient to replace ap/a‘ oy o " | zthe

possible small error so induced disappearing when this is repiaced

Py (&}

oy [1+ (p+g)c].  Finally whenever o y €y 5, or T appear on the

right hancd side of an inecuality they will represent their upper

A

vt dvn s ¥ .
bounds, that is' T+u, (1-01)u, 1+u” and (1-01)u”’ respectively.

. .
.

Analyses of some Basic Commutations

Vector inner-products will frequently be reguired so, using
the notational conveation, if v and w are n dimensional computer

.. s
W, 1 =1,2, «.oyn, then
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n
fl(va) = vt 4D v etted
1 1
i=2
f! .
= VPD(qn)w ) ”
7 )
= v D(14ne)w )
) (2.5)
)
T T )
= v'w + nelvv] , )
)
vhile f1(viv) = oIy , )
and for double lensth accumulation of vector inner-products
. n .
fl (va) = (v W, -1 + 07 v.w.gn+1—l)a
2 1 . 11
i=2
T T '
= ov wsr(n=1)7]v"]w] )
) (2.6)
. ) .
= agn—1vTv if w=v .)

The basic computation involved in the nethods to be studied
is the product of a large sparse n by n matrix A with a vector,

Suppose A has at most m non-zero elements per row, then following

(2.5)

f1(av) = (a+8a)y L @)
vhere  [84] < me|A] .
Tow  llealisl] | ea | i sme] {4] i smellall )

out since for many large sparse matrices ”A”“ is a gross over-bound

9

for || |A] ”2, it will be assumed that
1Al i, = 2llall,
so that | 64 H2 s mesﬂ*12 (2.3)

a2
/2

vhere a bound can be found on 2; clearly 8=n .

20
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2.4, The Atlas Computer and Timing of Alpgorithms

The computer used in all the computations here is an i.C.T.
Atlas computer, this is a floating point 13 bit octal machine wi.th
a double precision accumulator and rounding by forcing for single
precision., For double precisionuccumuiation both forcing and chopping

are used, Thus in (2.1) and (2.2)

B = 8, ’ t =13
u = 812 2~36 . 10—10.84
-26

u' = 98
so that the'con@uter stores at least ten decimal figures of a number
accurately.

Nearly every multiplication in a matrix algorithm is accompanied
by an addition, and vice versa, and so in order to compare aléorithms
an }oﬁeratjon count' will be defined as the number of multiplications
with additions in the algorizhm, s will denote the time in micro-
seconds for adding the single-length product of two single~length
nuzbers to a single-length number, while d will denote the time for
adding the double-length product of two single-length numbers to a
double-length number. For a computer with a double-precision
accumulator d will be fairly reasorable as the double-length product
will be already available and the addition is simplified too.

-On Atlas the operation c: = ¢ + a X b, all ink single~length;
can be roughly described as follows (I.C.T. ABL Manual, 1965; and

Fairbourn, 1965)
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Accumulator Code Approkimate Time p Sec
224 2
362 7
320 ' 2
356 2 :

Function
acc:= a
acc:= accxb
acc:= acc+c

Cci= ace

so that § = 13 B sec, If ¢ represents a double~length number then

one way of performing the double-length addition of the product of

the single-length numbers a and o may be roughly described as

Code or Extracode

P

Approximate Time p Sec

32k 2

342 7
1500 . 29

N 1556 10

Function
acc:= a
acc:= accxb
acc:= acc+c

c:i= acc

n .
so that d = 48pSec. In fact if 2 a;b; is to be accumulated in

1

double-length then an even faster means, extracode 1437, is available .

This last takes about 20npSsc for the complete inner-product,

compared with 13n p Sec for ordinary single lengtn accumulation, so

that at the worst d < ks while d < 2%s is possible.

no
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Ihe Genernlirced Hecsenbers Proceszzen

Although the main purpoze of this work will be to examine the
Lanczos process for the symmetric matrix eigenproblem, this may be
classified as one of the generalized Hessenberg processes (see, for

example, Wilkinson, 1965, DPP.377-395) and it will be advantageous

to examine these processes as a group. Later in this sectioén i

ct

will be shown how the Lanczos process differs significantly in its
application from the other generalized Hessenberg processes, and
vhile this difference makes the former more importaﬁt for large sparse
matrices it -unfortunately makes the error analysis of the Lanczos
process substantially more difficult. The error analyses do have a
lot in common and so an error analysié for the generalized Hessenberg
probesses‘other than the Lanczos proceés will be developed both for
its own pgrticular interest and as a step towards the analysis of the
Lanczos process,

\

Basic Theory

Given an n by n matrix A, each of the generalized Hessenberg
processes requires a set of linearly independent vectors, Wiy Woyeee,

W, and an arbitrary starting vector Vi, and forms a series of vectors

vj satis{ying

hj+1)jvj+1 = vy —,%:1 Bisvs e 351,200k, (3.1)
vhere the scalars hij y 1=1,2,...,3 , have been ghosen 50 that Vi
"is orthégonal to w1,Q2,...,wj,
hij = W, Avj/w1 V1. , ; (3.2)
g )
hij = (w.TAvj - %23 hrj'winr)/wiTyi y 122,305 , g .



—h e

)
c&ﬁL
Only €, Gteps are indicnled as the theoretical process can be
congiaercd couplete for the {irst vector Vie 4 1 T 0. Clearly ko <n
o
otherwise there would be a non-zero vector orthogonal to n linearly

independent vectors W .

If

e
H.

then (3.2) is of no use, the method breaks down. and a nevw initial
. b ] b
vector Vy must be chosen. It will be assumed that this does not occur,
To examine the situation after k S ko steps the two n by k matrices

V = (V1,V2,...,Vk) and W = (wq,wz,...,wk) can be considered, then
Wy - 1 3.4)

where L is a non-singular k by k lower triangular natrix, so that V
has linearly i:dependent columns,

The matrix form of the set of equations (3.1) is

woE

CILEE BR 2
AV = VH (3.5)
vhere H is the k by k upper Hessenberg matrix of elements hij and
hn . . L Y - - . b
=10, ..., Oh v, . In particular if k¥ = k¥ then E is the
©, ..., 0, k+1,k 1) b ° ,

null matrix and to every eigenvalue 4 of H with eigenvector z there
corresponds an eigenvalue |b of A with eigenvector Vz, The problem
of finding the (partial) eigensolution of A has then been reduced to

that of finding.the cigensolution for the Hessenberg matrix H. Tne

extension of the process to the complete eigensolution of A if ko <n

Py

-is straightforward (see, for example, Wilkinson, 1565, p.378) and
need not be repeated here,

T “

nessenoerg

o~

The different members of the class of generalized
methods depend on the choice of the linearly independent vectors
’ i L}

L for example in his own method Hessenberg chose W, = e the

i-th column of the identity matrix,  Another choice is V. =V
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which is the method of Arnoldi (1951), while if the Wi are derived

T . .. , S
from A" in the same way as the v, are derived from A then this is

the Lanczos process (1950). Only the symmetric variant of the

. T

Lanczos process will be considered in this thesis, and this has A=A

so again W, = Vs making it theoretically eQuivalent‘to Arnoldi's
method for a symmetric matrix. Now from (3.%4), for these two methods

Vv - 1L

which must be, diagonal since it is both lower triangular and

symmetric, that is the A form an orthogonal set and from (3.5)

viAV = viVHE + V'E - 1 ) (2.6)

vhlch is symmetric and of Hessenberg form
and (3.1) becomes a three term recurrence

tremendous °av1nv:1n.coroutatlon produced

ISR VI Ja
LRt BE

G

%
By

with only two coefficients n;j and n 1,3
J

that malkkes the Lanczos process so fast for

As well as this only the two previous vect

go that H is tri-diagonal
relation. It is the

by this simple recurrence
to be computed at each step
very large sparse matrices,

rs need be held in the

fast store at eéch step and the resuliing matrix H is an easy to handle
tri-diagonal matrix, Unfortunately vwhen rounding errors are present
the vectors A will not necessarily form an orthogonal set and the

computation using the full expansions (3.1) and (3.2) with W, o= v

will give a significantly different result }p’that using e

with . h.. = v.TAv./v.lv. h. . . =v. TAv /v Ty

For convenience the former method will be referred to as Arnoldi's

method, tno latter belnv of course Lanczo s' method. Because the
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Lanczos method assumes the omitted terms are zero, it turns out that
the error analysis is in fact more difficult than that of the other
gencralized Hessenberg processes., Here an analysis will be given

for the process described by (3.1) and (3.2) where ﬁothing will be

assumed of the w, other than linear independence; this analysis,

i
with slight modifications, will then hold for all these methods apart

from that of Lanczos. This will be a stepping stone to the more
difficult analysis and will also provide familiarity with the

.

notational 'shorthanad! introduced in Section 2.

Error Analysis

The computation in the J-th step can ve considered in inree

. . . s s P .
parts - computing Av., calculating the nij or 1=1,2,..4,3

forming and normaiizing the next vector vj

, and

. The same notation
+1
will be used for computed components as was used in Section 3.1, as
at no stage will a comparison of computed and theoretical components
be needed.

With the assumptions made in Section 2 it follows from (2.7)

and (2.8) that

fl(Avj) = (A+6Aj)vj , oA,

Ordinary fl arithmetic will be assumed for tne formation of vec
inner-products, although the analysis using f1, is no more Gifficult
and is given by Paige (1969 a). The computation of (3.2) is not
fully defined until the order of operations is’given, and it will
aiways be assumed that such right hand sides are evaluated from left

to right and with the index increasing in the sug, then with the

notation introduced in Section 2.2 ang using (2.5),
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T ., n | T, ny
h1j = e, D(a YA + GAj)vj / mqD(q )v1

T ., .n T, 0+
or w1D(a J(A + 5Aj)vj = h1jw1D(J )v1

remembering that the o's are not necessarily eoual, that D(an) is
a diagonal matrix with different elements all of which may be
represented by o , and that 1/% may be represented by o at this
stage, and vice versa. = Now replacing D(a™) by D(1+e) etc. gives
T, . T '
quvj -h vy = 1 , (3.9)

with qu satisfying

T o s T
qu = (n+1)w1[n1ju(e)v1 - D(e)(a+6nj)vj] - wqéAjvj

\ In a similar manner

i-1 .
i-1 7 n i-r+1, T 7y 7
hij = Q[Q \-liD(’J )(A+6Aj)vj —rEl;[' nrj.'liD(O( )VI‘}
e D(a™)v.
i i
or 5
T n+i-1 : - T, n+i=-r+7s
wiD(a A+ 6Aj)vj _f;ﬁhrjyiu(a v,
giving
T 1 T ~ . - . ( O)
wiAvj - Ezthj WiV = Iij y 1=2,3,...,3, 3.1
with fij satisfying
) ( ’)-T{; h_.D(e) D(e)(A+54.) ] Toa
Lijl: n+i Wierq r eV, - e)(A+ Aj vj l— v jvj .

-



A2

The elenents iij 6o far defined may be recarded as the unoer
triangular elements of the full matrix F defined by

WAV - It - F ©(3.11)

where L is the lower triangular matrix with non-zero elements

' T .
1. = W.V y T = 1,2,...,1 .
ir ir

Equation (3.11) thus describes the errors introduced by the
computation of the elements of H using (3.2).
In order to form vj+1 the rigat hand side of (3.1) is computed

from leit to'right and then each element divided by the chosen

normal:.z:.ng‘.’Cact‘.or.hj_*,l,j y 8iving

. 2 _; J-1 o3 RO B R .
j+,l’jD(o: )vj+1 = D(a )(A+5Aj)vj iZquhijD(a )vi (3.12)

which for j = 1,2,...,k may be re-written in matrix notation as

AV = VH +E + 6V ' . (3.13)

in analogy with (2.5). Here 6V is a matrix with columns satisfying

bv, = - D(e)(A+éAj)v - Ay

J i3

Thé rbunding errors introduced by the computation have now been
described, with their bounds being given implicitly by the notational
coﬁvention used., It now remains to find a bound on the eifect of

these errors on the eigenvalues. This can be done by considering

the departure from orthogonality of vj+1 to Wiy eeey wj, as a result
of which (3.4) no longer holds, instead
L - M - 3 1k
IV =L +U W, = . (3.14)

where U is a strictly upper triangular matrix, and U and the vector

U 1 need to be expressed in terms of the rounding of errors,



First defining the two k by k upper triangular matrices

— - . . N
U= (uppugy weey g ) Hos| By hys el by
an cee h}k

K o . hk+1,k)

where u,, ..., w_are the colums of U , it follows from (2.11),

(3.13) and (3.14) that

FoWAV - LH = UH « WE + WovT T + wov (3.15)
Now since UH = TF - wTév is upper triangular it can be seen fron
the expressions for F and 8V that this can be bounded in terms of
\8 ~ 13 )
Hy V, W, A, and € . Then while hia 5 £0
T = (Fwlev) 7 (3.46)

This useful result shows how the departure from the required

ortnogonalily, represented by U, is related to the elements of H.

This error can be consicdered in two parts, that in brackets in

(3.16) vhich represents the rounding errors introduced in each step
_.-1 . M ) 13 o ' - : ] > >

and H wnich shows how the efiect on later steps of previous errors

is magnified. To examine the first component it follows from the

expressions for fij and 5vj that for i<j

H e

f.. - wiévj = (n+1+3)wiL P

1y ) \
i3 D(e)vr - D(e)(A+5Aj/vj

fnrj

Note in passing that the error in computing Av, has at most a second
1>
order effect on orthogonality. FKowever no ‘a priori' bound may be

found on the above cxpression because of its cependence on %he
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elements of H, and ;{rop (3.2) these may be large if any pair w, ang
..f_._‘ * -

VIR

.
N
e
¥ ,‘h

' A <
Y@ . - : T 1
V; are nearly orthdgonal “ and any method keeping LA relatively

large will prosper accordingly, for example Arnoldi's method with
Wio= V5.

The magnifying factor in (3.16) may have very Iarge elements
even vhen none of the normalizing factorsr(chosen for example to Sive
”Vj”2 = 1) are very small; this can occur if there are several
instances of‘mild cancellation, and explains why even Arnoldi's method
is likely to be numerically unstable,

An indication of the effect of the loss of orthogonality U on

the eigenvalue problem can easily ve shown for the case where a complete

solution is obtained (k = k, =n), Here (3.13) may be re-written, if

- - ,
V  is non-singular s

\

H= V0 (AA | 5o = - (zaoy)y™

, S (307

with the non-zero column of £ given by

T\-1
— 1 Pod - ™ -
hn+’l,n Yne = (W) (*n nn> Sv

b

from the last colurmn of (3.45), L Yeing the last colum of H. Tous

in the spirit of reverse error analysis H has the same eigenvalues as

the perturbed matrix A + 5A.- Clearly 6A cannot in gereral be bounded
‘a priori' and nay in faét be quite large because of large ﬁ, or.large
H, or both, The special form of B has considerable eignificance, but
é discussion of this will be left till later,

At this point it is vorthwnile digressing and eXamining Hessenverg's

£y [

. R s T
method more closely. Since W, = e; in (3.2) the inner-products WV

introduce no error, and by making the first j elements of VJ.J’,l zero,
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3/

orthogonality is automatically obtained, there is then 1o ma- cnified

effect of earlier errors on later steps. The only worry then i

[0}

1

to

that large elements of H will lead to large rounding errors beins
introduced at each step.  Fortunately the elements of H Gan e kept
to a reasonable size by taking the A to be the columns of the

. . P . . v . T .

identity matrix in an order which ensures that w;v. is as large as
possible in (3.2), this is equivalent to the use of interchanges in

the direct reduction to Hessenberg form (see Wilkinson, 1965, v.357).

Re-orthoronalization

For methods other than that of Hessenberg, re~orthogona¥ization
is usually recquired to maintain orthqgonality, and double lengtﬁ
accumulation of vector products is ofien used for increased accuracy.
In step j the elements of H are computed as previously from (3.2),

but an intermediate vector cj is then formed

3 oy i (3.8

and vj+1 is found from this by re-orthogonalization

50,3 340 = fq"ra MRS : 3-19)

where since the brj vill usually be very sm all this order of

cozputation will probably reduce errors. The coefficients b. i3 are
computed from
T
. T
544 = VqCy / WV, g
) (3.20)
U 'r : )
Dij = (wicj - 21 rjulvr) / WoVeo o, 1=23,...,5)
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A rounding error analysis of this general process is given by
Paige (1969a), The analysis uses the same anproach as that for the
process without re—ofthogonalization, and that is to describe the
errors introduced in each computation in the j-ih step, put them in
matrix form representing the firét~k steps and manipulate thesze métrix
cquations to obtain an expression for the loss of orthogonality, The

. )
analysis will not be‘repeated here because of its limited interest,
but it can bekshown that.if WTV =L + U as in (3.14) then under certain

restrictions on n and L

in'F
193¢

gy

_# ET

Ol + 2602030l ,12 2

Py iq sl o

x+1,k k+142
‘Small values of w’__fvi lead to large L-q and so it can be seen that the
same factors that led to inaccuracy in the rethod without re-ortnogonal-
ization (i.e. near orthpgonality of a pair v and Voo, and cancellation
leading to small hk+1,k ) could cause trouble here, except that the
squared term in square brackets here leaves a much greater margin of
safety.

Of these generalized Hessenberg processes with re~ortnogonalization

nly the Lanczos process is ever likely o be used, and a full analysis
of this will be given later. This is more complicated than for the

L]

other methods, but the same approach as was described eérlier in this
section can be used. Although other of tae generalized Hessenberg
processes without re;orthogonalization are of interest for smalle;
‘matrices, only the Lanczos prééess is likely to ve of continﬁing

interest for large gparse matrices and an analysis of this will be

given later, basecd on the insight gained in this section,
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of % in the manner given by Kaniel (1966), where infinite
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Theoretical Converronca ol +h
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Although the Lanczos process applied to an n by n real syumetric

matrix A is usually thouscht of as a direct method procucinrg an p by n

$%4 ST A

tri-diagonsl matrix T in n steps, it is in fact far nore useful as an

’

iterative method procducing after the li-th step 2 k by k tri-diafonal
matrix T, the eigenvalyes of which approximate k eigenvslues of 4.
In fact Lanczos intended such a use of his method as the following .

comment in his paper (1950, p.270-271) clearlv shous

- -

"The correct eigenvalues of the matrix A ore obtained by

evaluating the zeroBiof:-the last polynomial pﬂ(z):O. What actually
S VERE R by
ST EY BRSO

-

happens however, is that the zeros of the nolynomials pi(x) do not
change much from the beginning, If the dispersion is strong, then
each new polynomial basically adds one rore root but corrects the

higher roots by only smail amounts. It is thus well possidle that

the series of largest roois in vhich we are primarily interested

o)
0

practically established with sufficient accuracy aiter a few iteratio
«e-« The same can be said aboui the vibrational rmodes associzted

with these roots. "

N

just the eigenvalues

¥,

Here the roots of the polynomial p{(x) = 0 are
of the i by i matrix T afier i steps
In order to support this iterative use, thé theory will be
develobed here to obtain eﬁpressions Tor the rates of

of the eigenvalues ang eigenvectors of T with - -increa

computation is assumed. However because of the lack of clarity of

Kaniel's paper end

«
0

veral significant errors in the vorking and results

ngG,



his basically goed ideas will be develoned fairls
(&3 i S

N

<

ailfercnt, and hopefully more easily dicestidle,foz

4

fully in a very
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Backrironnrd Thanior

Let A be @ real gypumetric matriz on the resl n dirensioral
T R,y then it has been chown in Section 7 how ¥ stens of ths

ervor iree Lancuos process ctarting with an arbitrary non-zero

vector vy produce a ik by k tri-diasonal matrix T such that if k < i

(%)

. AV = V0 + B . V'E=0 . (4.1)

vhere the n by k matrix V'= (v,, v,, ..., Vi) hes non-zero
! .

orthogonal columns lying in the linear ranifold, from here on to

be denoted oy Ii_, in Rn spanned by the sequence of XKrylov vectors
Ie

-1 .
A A me — . T N SR -

Vis AVqs ...y A7 Vo o The matrix E%(0,...,0,t v, has as

its last column the component of Av, orthogonal to Hk

the Zorivhich T = O it follows that ko is the
e
UL m

- .

maximum number of lineariy independent vectors in the Krylov seauence

-

starting with V.. From the above it also follows thatl

‘ T o =30 - ,
T = (VV) 'V AV (k.2
Let the eizensyvstem of A be such that
Ax —\.y x Tx = 9§ ; i, =1,2) (5.3
SIS S T T X e S e N e
where ii* is the Kronecker delta. Then v, can be expressed
kY]
n
V :ECZ.X. -
1. 171
i=1
Supnose 11 = AZ , thea for any r
n
A, = N e tx) + 5 ek x. ' '
] 1 171 7272 il T ’

i=3%

so that if the vectors of this Krylov seguence alone are considered,

~/
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the matrix A can be thought of as acting in that subspace of Rn

1

only one vector in the space spanned by X1,%, can be obtained

spanned by the n-1 vectors « XgHXo s Ko sy X It is because

from these Krylov vectors that coincident eigenvalues of A appear

as simple eigenvalues of T (see Section 4.1(c)). Likewise if aj =0
then every vector in the Kryloy sequence will be orthogonal to xj s
50 A here will again be acting in a subspace of dimension less than
n, and no combination of these Krylov vectors can produce xj .

Thus only the cqmponents of the eigensystem of A lying in the

linear manifold M, which is invariant with respect to A, will be
found, Realizingothat the total eigensystem is unobtainable in the
above cases with this cone Krylov sequence, it is now only necessary

to examine the case where A has simple eigenvalues and afé'o, 1=1,2,.0.

Note ‘here that k°=n. In what follows the eigenvalues of A may then

be ordered

A <A < e <Ay (& .4)
In order to relate the k by k matrix T in (4.2) to the n by n

matrix A some basic theory will now be given.
13

k.1 () The Orthogonal Projection Overator

Let y € Mk, where {v1,v2,...,vk} is a basis for Mk, then there
exists a k dimensional vector = such that y = Vz, and vice versa.
But Mk and the real k dimensioral space Rk are isomorphic; and Z is

then the répresentation of y in Rk with this basis, Let w.—_(wk 8

+1,0.o’

be a matrix whose n-k. linearly-independent columns are orthogonai to

those of V, then (V,W) is nonsingular'and any x é Rn may be répresent%
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as X = Vz + Wu for some k vector = and (n-k) vector u.
The symmetric matrix
P = v(viv) W
v
is the orthogonal projection operator onto Mk, for using the above

representation and the fact that VoW = O,

_ Py—=1,T
- Px =V VVz = Vzenm

and  (x-Px)'Px = (W)Vz=0 .

4,1 (b) The Restriction of PAtoM

Note that PA R, ->M_, but the main interest will be the

operation of PvA on elements of Hk. The k by k matrix

T = (V) WA Y
is called the restriction of PvA to Mk , since if y = Vz;e.Mk then

Tz= (V) WA V=

and  PAY = VOO WVAVZovr=

80 if Z is the representation of y in Rk with basis {v1,72,...?vk} ,
then Tz is the representation of PvAy with the same basis,
If Mk is invariant with respect to A then it follows that T

is the restriction of A to Mk.

L.1 (¢) The Eigensystem of T )

The n by n symmetric matrix PVAPv will be shown to be ciosely
related to T. Let its n orthonormal eigenvectors be Yi o with
corresponding real eigenvalues By o 1=1,2,..0,n,

Let WR+i;...,wn be any n-k orthonormal vectors which are all

orthogonal to vi o, 1=1,2,0.00,k, then
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PVAvai = 0 i=k+l,...yn

so at least n-k eigenvalues “k+1"j"“n are zero, and these have

»

eigenvectors Vi =W, i=k+1,...,0 + The remaining k eigenvectors,

being orthogonal to these, must then lie in Mk , and so there exist

vectors.zi such that

T T . s :
Y. =Vz., ¥. ¥.=Z VTVZ = éij ;s 1,351,000,k ) (LF.S

' . m
and defining & = (2,,...,7,) this gives ZVVZ =T ,

so these Zi are linearly independent. Then

T o= T
wVz, = by, =P APy, = vivv)T v AVZ,

ivi ?

or by multiplying on the left by (VTV)-']V‘Il

i = 1,2,00.0’]‘ ] (Li'us

so that the k eigenvectors of T correspond to the k eigenvectors

of PvAlév lyiﬁé?ihgﬁkﬁf %nd the corresponding eigeavalues are the
éame for both matrices. The larger matrix however has an exira
n-k& zero eigenvalues,

Now in (3.6) it was shown that in the Lanczos process T is
tri-diagonal and VTV =D, say, is diagonal, D clearly has positive

diagonal elements so

~1.7 T

e R I
T =D VAV = D Z(D VAW ?)D?

which is similar to a symmetric matrix, thus T is quasi-symmetric.
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. But from (3.7)

T 7 - P
vj Avj+1 = vj+4 Avj = tj+4,j vj+1 vj+1

and t

. 341,37 341 £O, i<k

5 , S0 that no next to diagonal
elements of VTAV or T can be zero, From these results it follows

that unity and the leading principel minors of T-pIl , taken in
increasing order as polynomials in i , form a Sturm seguence ; but
more importahtly, the roots of the leading principal minor of degree r
strictly separate the roots of that of dégree T+ 5 (see for example,
Wilkinson, 1965, p.300). Thus the eigenvalues of the k by k matrix

T are real and distinct and can be ordered

e < B g < oeee <Wg __— (5.7)

\ Note that this argument does not depend on the eigenvalues of A being
simple, it is in fact a rigorous way of showing that repeated

eigenvalues of A will not be detected by the Lanczos process,

L 4 (d) Comvarison of the Eigenvalues of T with thqse of A
The Courant-Fischer minimum-maximum characterization of eigenvalue
(see for example, Wilkinson, 1965, p.99) can be used very effectively
here to obtain inequalities involving tbéAt;ﬁ sets of eigenvalues,
- Here the eigenvaiues of A will be compared with those of PVAPv as
this seems an easier épproach than is usuall& given in the literature
(see for example, Gould, 1957, p.39), even iflﬁhe execution here is

slightly longer. If the n eigenvalues of PVAPv are ordered
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then from the minimum-maximum characterization, for i = 1,2,...,n

y o . T
e = :1n1mumw m;nmum ‘ Y vavy (of course g #c
U Ty y w.=0 T
J Yy

321,000, i1

Qhere the wj are arbitrary vectors in Rn « A vector y = y{ giving
this ui is then a corresponding eigenvector. Howevér k of thnese
eigenvalues and their eigenvectors correspond to those of T, these
elgenvectors of PvAPv lying in Mk’ while the remaining n-k eigenvalues
of PvAPv are zero and have eigenvectors orthogonal to Mk + Thus if
the vectors y in the above characterization are constrained to lie

in Hk , then only those eigenvalues of PvAPv corresponding to eigen-~
values of T will be given, and denoting these by Bgseeesty with thé

ordering given in (4.7), it follows that for i = 1,2,...,k

pi = minimun maxd.mum yTPvAva (4.8)
W W, T —
R T Y w.,=0 T
J yY

J=eeei~T5k+,...,0

vwhere Wiyeesy¥W; , are arbitrary vectors in Rn and W qrees W, are
linearly independent vectors orthogonal to,Mk « But for a vector
vy e M ,y=Py, and so-yTPvAva may be replaced by yTAy in

(4.8) so that for i =1,2,...,k

- . . . - T
A, = minimum maxdmum FA oz,
WasoooqWe . T T
1 i1 yw. =0 ¥y

J .
3=1,2,00.,1-1
since Hy is subject to n-k extra constraints. If now the

e qreeea¥y can be varied over all of R in (4.8) the value of
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the right hand side may be decreased, giving for i = 1,2,...,k

.. . T -
W, 2 minimum maglmum' ITAI = ki+n-k
w R ' w.,= 0 .
3 € n J 3 NN

j=1'...‘i-1;‘k+1‘...,n j=1,..o,i—1;k+1,c.o,n

so that
)\i Z p‘i 2 Xi-‘—n—k Iy i = 1‘2,.00,1{ . _ (409)

Thus finding.the eigenvalues s of T gives lower bounds on the k greate:

and upper bounds on the k least, eigenvalues of A,

Suppose ¥; Eives y; in (4.8), then it can be shown that

PP = Wy
and from (4.5) and (4.6) ¥; = Vz, where Z. is the corresponding
eigenvector of T , so that finding the eigenvectors of T will allow
these vy to be obtained. These v cgn then be taken as approximations
to some of the eigenvectors of A, From (4.8) and (4.9) it can be seen
that K is the best approximation ﬁo kq that can be found by
considering Rayleigh quotients with respect to A of vectors in Mk ,

and ¥4 can be taken as a corresponding approximation to x The

1 L ]
maximum value of the Rayleigh quotient for a vector in Mk which is
orthogonal to Ya then turns out to be By s and the vectoi*_y2 which
gives this can be taken as an approximation to x, , and so on.

These y; are certainly not the best approximations to the x5 in tae

2-norm, as these would be vai .



— -~ -

4.2

4.2 Accuracy of Eigenvector Approximations

As a result of the re&arks in the last paragraph it is
necessary to examine.the closeness of approximation of the vectors
yj to some eigenvectors $3 of A, Here a theoretical result will
be derived that will also be useful for obtaining theoretical
eigenvalue bounds later, First the Y4 » normalized as in (k.5),

can be expressed in terms of the xj in (4.3), let

n

L =T8 .
EAFEE R R R

=% The 2-norm error of yj as an approximation to xj can then be denoted
by ej where

2 _
j o=

€ ”yj - Sx”é = 282 1-8.2 (4.10]

3; J if3 3 33 ’

with the normalization already chosen, Note that ej is a measure
of the component of yj orthogonal to xj rather than the difference

between yj-and xj as is sometimes chosen, Now

: - n 2
. = ylAy. = Y
H3 T3 V3 S M
.
i3
S0 ) ) v ‘ -
j=1 2 n o,
i=1 doamga B
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because of the ordering in (4.4) ; but from (4,10)

n -1
52 - 2Tl
i=3+1 J i1
, -1 . o
therefore ej S A —u +7“1B (K J+1) (4,11
Xj - Xj+4

with equality xi.f'Bij =0, 1> j+1 . In order to bound Bi? , 1< 3,

use will be made of Bj? =1 - e‘j? 3 =12,000k . Now

T T . .
Big = ¥j% = -V (y; - Byyx )85y 143 )
since ijyi = sij s ;o-tﬁat
2 2.2 2
Bij % ”y.” €5 / Bii by Cauchy-Schwarz
- /‘75’5‘2}“ , i43 .

Combining this result with (4.11) gives

=) > 2
e.?S )‘3"”3 +’7“1(>\ x )ei/(‘!—ei) (4.1
)‘j - )‘j+’1

Kaniel (1966) sought to determine a result of this kind, but the

result given in his Lemﬁa 5.3 is incorrect, Thus, with a knowledge

of the eigenvalues oy of T, (4.12) gives theoretical bounds, depending
on the eigenvalues ki_Of A_, on~the.error in the vector yj as an
approximation to the eigenvector xj of A | as long as the €5

i=1,2,44.,3=1 , can be bounded so that ei <1. From (4.,10) e? <1

so that (4,12) is only useful when kj-pj <7Xj = A that ié, when

i+
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there are no eigenvalues of A between kj and w, with the ordering
in (4.4) and (k.7). It is now clear that (4.12) is most useful
for the larger eiéenvalues, but a similar expression céuld also
be found to bound ei ’ equ y e+ in that order,

It is of passing interest to note that most of the theory so
far given in th%s sgction applies equally well for any set of |
linearly ipdependent vectors V4r1Vo1eee spanning an arbitrary

k dimensional.linear manifold Mk o

Rate of Convergence of the Figenvalues and Eigenvectors
FEET EY R
In this section a“comparison of the Lanczos process with the

Tchebycheff iteration will be used to bound Xj - pj after k steps
with a given distributiop of eigenvalues li and initial vector V4.
The expression (4.12) can then be used to bound the eigenvector
errors.  The theory was developed by Kaniel (1966), but his
proofs and results are often obscure and sometimes erroneous, and

50 a simplified but full and hopefully correct account will be

given here,

First for all g € M_ such that g-g = 1 and gox, = 0, ie1.2
1 b ] b}

1'00’3

it will be shown that for j < k with the ordering given in (4.4)

and (4.7)
P 1, . 2
A= y. > A - €. 2 g - .
3 pJ g Ag ;;1plel g Ag ;%21161 . (4,13)

With ¢; as in (4.10) and (4.12). The first and last inequalities

. : T4 )
follow directly from (5.9), while if g = gy + %D Biy. where
. | ;W

i=1
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gfyi =0 ,1i=1..,31 , then using (4.10) and the Cauchy-

Schwarz inequélity

IBll = lgTYil = lgT(yi"Biixi)l = € » i=1,000,3-1 .

Now gq = Pvg1 and for i <k , ¥; = vai so that

z Ty
) .;.'81 ’."i‘

as

oy T

bl

LT _ T .
zs%PvAvai = B8 Y; =0 , 1< ?

', T T
= D = 1.3
yi AYJ - b’l ka‘;ij = piéij ) 1,3 sk *

from Section %.1(¢) , so that as a result

-1 j-1
T T o2 T 2
E—_czg"" = EmeAg + ij‘p'iai < BqAgy + ~ 3% .
ge g8 N a— T B
g8 &1 8
But g1EMk and is orthogonal to yq,...,yj_1 , 950

T T

lﬂj = max1$um _1551 > g,]TAg1
yet, vy y;=0 Yy
k> 1 g1 81

11,2, 000,31

and the result (4,13) follows.

Note that for g satisfying the conditions of (4,13),
gTAg < lj , and the closer this is to‘equality, the closer pj
approximates Xj~' The aim then is to find g satisfying theée

conditions such that gTAg is as large as possible. If Tk(t)

" denotes the Tchebycheff polynomial normalized so that
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max IT (t)] = 1 R then use will be made of
~1stg1 K

the rapid increase of T, (t) with increasing t > 1 (see, for

example, Todd, 1962, p.127), to obtain such a vector g giving

a good lower bound on “j in (4.,13). TFor this purpose it will

M P o
- D

be nedessa;j7%63§35§§d%r the shifted and scaled matrix

B = [2A-(a+b)1]) / (a-b) = cA + 4T |, say , (Bl
which has the same eigenvectors as A, but with eigenvalues

v, = cki +d,1i=12...,0 , (4.15)

and tgking a = As , S any integer such that 1< s< n , and b:kn

gives

<
il

;= [2h - (xs+xn)3 / (xs-xn) (4.16)
so that
=y < <v =l <y <l v, (&.17)

Jj<s,
In order to bound the j-th eigenvalue,kthe n indices in

(4.17) will be divided into three seis as follows
{33

L = {1,2,..o,j"‘1, j+1, ...,&‘1}

(&R
il

(%.18)

=
Il
s

{s,s41,...,n}

Now the linear manifold Mk has the Krylov sequence {v1,Av1,...,
k-1

A v1} as a basis, so from (4.14) any vector yeM, can be representec

7 = B (B)v, | SN ORES
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where pk(t) is a polynomlal in t of degree less than or equal

tok . So writing V= chc X.  and defining

i=1
1T (3-»1)v o 1T (=) x,
U, =]eel 2 o, = LZ, ‘el * (4.20)
J, i€ L ie The anPTj saﬁ‘)
and

g =T, (B)v = Zo< <>)>H(>J 3z, (4.2.1)

then this is of the form g t2n+s z(is)la ,50 if m=k-s+2 = 0 it

follows that g€ , and from the choice of v ngi =0, i€ L .

b)

Thus g satisfies the conditions for (4.13), apart from normalization,

and all the components of g corresponding to eigenvalues of B in

(5.17) with moduli greater than unity are suppressed except X5 The

choice of 1ﬁ_is then just a way of singling out )ﬁ ,and so the
Tchebycheff polynomial will give a very fast increase with increasing
k in the coefficient of xj , relative to the remainder.

To be useful in (4.13) a lower bound on gTBg/ng is required,

and from (4.21)

. 2
g 5 [T ”'»)LTL( =20 (9=,

- )) - =1

J o — _— 2
2 e, T 00T (oY ]
i=1 Ler ¢ %

Z[oﬂ—(v v)](v -v.)

Y - LeL

Lo T Y)Y TT (v, -y 317

v

(4.22),'

.
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Now uzing the expressions (4.14) for B , (4.15) for )%

’

A )j and )é , and (4.16) for %. in (4.22) , and substituting in

(4.13) gives

n 2
C 2T e O aY
MEHE A “ 2 ne (4

[J k‘m(,\ A+d>—I—<A A@] i1

lel

where dj = Xj—ls , and the &€, can be bounded as in (4.12). Thus

by varying the integers j and s , various bounds can be given for

the different eigenvalues pj of T after k steps of the Lanczos

process. - For instance putting j=1, s=2, gives

(o, 1= el ) (A= 20)

[1 h(i*z z)]

so that for a well separated maximum (or minimum) eigenvalue, the

AIZ/X,th

rate of convergence is always very fast, in fact at least as fast
as that obtained using the optimum Tchebycheff iteration (see, for
example, Wilkinson, 1965, p.617), with the Rayleigh quotient.

For a closely bunched set of large eigenvalues it will still
be possible to choose s in (4.23) so that &, = A, - A, is a
reasonable size, thus again establishing fast convergence to 11

even though the initial error may be large because of the

H(Xj-xz)z term in the denominator.
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In order to illustrate the bounds that can be obtained by

r
e : ~ the above expressions Kaniel considers the following example:
A,=1.00 145=0.99,4,=0.96, A, 0.9 for i> 3, A,=0 , while in
? (4.20) “v1”§ =1 and lail =0.01 , i=1,2,3 .
Bounds after, for example, k=52 steps can be found by taking
s=4 in (4.18) and choosing j to be 1, 2, and 3 successively. For

_i this example the numerator in (4.23) satisfies
Lo n 2 n
a S 2
' ' Z—[OCL Il (AL“%53]<7\-“ A;\) < _ZOC; = 1
g . &=3 Lel d t=z1
| so that (4.23) simplifies to

2 e e Loor T (BEe) O T S

4

b for j =1,2,3 y L being the complement of {3j} with respect to
. \ 2 :
g {1,2,3}. 'The &; must be bounded successively using (4.12)
! ' so that the errors in the eigenvector approximations, described by

(4.10), are also bounded. Thus for the 1argestkeigenvalue

12 P,z 1 - [0-01X0-01X0-0O4xT (21 1y)-2

. - 50575
SR _ > 1 - [4 x '10'6 X 0.83 % 1014]-2
>4 - 107"
: ™73
~ using T (coshB) = cosh m3 > } &
> 55Tt then follows from (4.12) that : »
- -177 -2 -5
e < [0 ///O = JO

.

so for the next eigenvalue
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0-99 = pu, 2 0-99 - [0-01 % 0:01 x 0-03 x T5O(1.2)3-2 _10~15
> 0-99 - 1.5 x 10712

which with (k.12) gives
< (1-5 x 10717 4 0081 x 10715)/0.03

< 0-6 x 10”12

Finally

0-96 = iy = 0-96 - [0-01 x 0-04 x 0-03 x T_ (2292)1=2 _15=15 _ 5.gx10-13

50°0-9
> 0-96 - 2 x 1072
while
e§ < (221072 4 0.11x107 17 o-091>><o-6x10‘13)/o-o‘6

< 0-4 x 10”10

In summary

-17 . 2 -15
X1 - B, < 10 ; e, < 10
-15 . 2 -15
Ay = B, < 2¢10 g €S < 10
-12 2 -10
A, - x10 ; 0
3~ K3 <2 63 < 1

so that these eigenvalues and their eigenvectors can certainly be

found very accurately in 52 steps of the Lanczos process. Two points

must be emphasized however, first these bounds may in theory be far
too'large, for example if the dimension of the matrix n < 52 then
the eigensolution ié theoretically exact; secondly these results
assume perféct computation and in any practical computafion these
bounds are iikely tb be exceeded. All that can,really be said from

these results is that for very large symmetric matrices the Lanczos -
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process carried out with infinite precision is an excellent method

for finding some extreme eigenvalues and their eigenvectors in much

. less than the full number of steps.

" It is also indicated in Kaniel's paper that most of the theory
in this section can be extended to Hermitian operators on separable

Hilbert spacés.
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5. Eipenvalue : and Eigenvector Inlrrvals

e -

Since it has been-shown in the previous section that the

symmetric Lanczos process with exact arithmetic converges rapidly

when used as an iterative method, the question now arises as to what
bounds may be computed on the eigenvalues and eigenvectors of A after

k < n steps. The most easily obtainable useful ipﬁervals, to be

called the basic .intervals, will first be developed here, and these will

also be viewed as a lead in to Lehmann's work, Lehmannl(1963,1966)

considered very thoroughly the optimum intervals of this type when

exact arithmetic is assumed, and since an English translation of his
worx does not appear to be easily available, some of the relevant

as
Lehmann will be used in places as,pell as giving motivation, it leads

theory will be developed here, An approach different to that of //rh:/
to three different algorithms for computing eigenvalue intervals, one
of which is more accu?éte than the equivalent one suggested by Lehmann
when finite precision arithmetic is used; the other two are of
interest, but of only minor importance in pract*ce

The advantages of the dlfferedt possible intervals will be com- -

..
'

P’n—thelr usefulness will be drawn.

pared and some'conclus )

5.1 The Basic Eigenvalue L Inte“vals

—r > it

First the most obvious approach to finding eigenvalue intervals

will be given, Later the Lehmann intervals will be secen as a

development of these, ILet V = (ua,vé,........., V) be an n by k

matrix with linearly 1ndependnnt colums, then as in (4.2) put

= (V) Nay

ro
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Suppose
Tz, = .2 N =Vz yTy =£. .31, 3=1 k,
j - p'J j ] yj j 9 J 137 ? 1000
‘then :
T VT TVT
= Vz, = VT 2.VVz, =,
yJAyJ z VfA z z z szJ zJ ua,

so that uj is the Raylelgh quotent for the matrix A with the vector

¥z Now using (4.3) to give the spectral expansion of Y

n

=2, X, . (5.1)

i=1

it follows that

n
2 2 2
. . . = . X.— .
”Aya uJyJHZ Eqal ( 5 uJ)

8o that for at least one eigenvalue, Xr say, of A

J
Il -u.l < LT (5.2) .
| byt < Mlay g=pz I, 5
\ J
since 55 2
i=1 i
If the vectors V. were obtained from the Lanczos process then
from (4,1)
AVz. = uVz., + Ez.
J J J
giving

l)\rJ‘U-JI S ”EZJ” ! fk‘] X+ kl”U’- +1”2:‘ (5.3)

whéretrkj is the last element of Z.

In order to obtain an idea of the over-all error, let Ar be

: J
the closest eigenvalue of A to uj, J=1,...,k, then
k » k
2 - A 1P OEe 2 - ez
=100 Ty Ty 32 .

where the subscript E indicates the Frobenius (Euclidean,uSchur)>porm,

e
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- so that D % 2 is an orthogonal matrix, and

and % :"—:.(z1 Y Zoy een, zk) . But V'V =D is diagonal, and from
(4.5)

zWVvz = (DzYD¥z = I . (5.4)

k : 31 _A
Zl,uj-x,,‘_‘!2 < IED Dzl = |ED 11

2

- T T 5.5)
tkﬂ,k vhnl].kﬂ/vk U‘i ' ° (

The magnitudes of the last two vectors thus give an immediate

the
indication of the overall state of)process, while with a knowledge

vof\any eigenvalue-eigenvector pair of T an interval containing

an eigenvalue of A 1is given by (5.3). The value uj giving (5.2)
and (5.3) is the Rayleigh quotient corresponding'to yj, and so
gives.the best interval using ﬁhe given vector yj, but it will be
shown in Section 5.3 how an even smaller interval may be obtained

using Lehmann's work to find a more suitable vector than Y-

Eigenvector Bounds

Eigenvéctor bounds are not so easily available as are eigenvalue
bounds, since information on the separation of the eigenvalues of

A is first needed. For example if for some scalar“u and vector

.' n N | '
el L R

(=1

-a?constant a is known such that

ct
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5.3

RS ST
then
2 rl
"Q‘:S'f“juz :?"‘ (7 /M) > éAoc

so that for the component of y'orthogonal to xj

”13~oéx Zoé < llﬂ%~,¢3(\:_/al,', (5.6)

i
Thus with a knowledge of a this could be combined with (5.2) and (5.3)

to obtain a useful bound by taking y = VzJ and y = uj, as long as con-

vergence of the process is such that

17\ /”‘bl << a

(see Wilkinson, 1965, pp. 173-L). However it is also true that if such a

- constant a is known then very much better eigenvalue bounds than (5.2)

and (5.3) may be obtained (ibid).

The aim of the next section is to decrease the right hand side of
(5.2), which will do the same for (5.6), and so nothing further need be
said in this section on eigenvector bounds, |

The Iehmann Figenvalue Intervals

The bound (5.2) considered only one trial vector y and the corres-
pondlng Rayleigh quotlent pJ, and the partlcular pair chosen was useful

because it gave an immediately obtainable bound on the distance from an

eigenvalue of T to the nearest eigenvalue of A. However from its deri-

- vation it is clear that (5.2) is independent,of the choice of p or y, as

long as y?y = 1, and so0 a different choice of y“CQﬁld give a smaller

interval,

Lehmann (1963) con31dered the follow1ng problem.— leen only the

, 1nformaulon

55
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R

J(n) = {v;,w;}@, (5.47)

. where the o-,.....,.,ui are a linearly independenf set of real vectors,

1

find optimum intervals containiﬁg eigenvalues of the real s&mmetric
hatrii A. (In fact he considered a symmetric or self-adjoint operator A
over a real separable imner-product space H with domain DA dense in H or,
if A is bounded, equal to H, and assumed that the eigenvalues of A did
not have an accumulation point and there existed a corresponding ortho-
normal system of eigenvécfbrs spanning H.)

By considering all Fémbinations of the v; in'(5.7) the vectors

y =Vz . (5.8)

are obtained where there are no restrictions on the real k-vectors Z,

O R

and an‘obvious approaéh'iggiéfﬁiﬁimize (5.2) over all such vectors ¥ with

unit norm and real values p. (5.2) then becomes, for some i,

and the problem of minimizing the bound can then be stated

minimize zTVT(A-uI)ZVz,
/L,z T T (5.10)_
subject to 2 V'Vz =1

This is a constrained minimization, but by introducing the Lagrange -
multiplier ¥ it can be reformulated as the unconstrained minimization
minimize gy yH,2)
Y,u,z

where ‘ | (5.11)

Y ,u,2) = 2vT (A-p,I) Vz —Y(z vivz - 1)

Since this is unconstrained with continuous derlvatlves, the extrema will

be given by the vanishing of the partial der1Vat1ves of the functlon

2 ( X K, z) . -



Now (/3Y) = O gives the required normalization, while

@/op)=0 = p=2TVIANVE/ZVVE (o

with an obvious minimum for this value, and
(3¢/0z)=0 = VIA-puI)Va =¥ VTVz . (5.3

This iast is a k by k eigenproblem, and since VTV is positive definite,
while the matrix on the left is at least positive semi-definite, the
eigenvalues "must be real and non-negative and may be written as- E,E-ﬁf(}*)
or just Zka. Now it is no simple matter to find z and p satisfying

both (5.12) and (5.13), and so first (5.13) will be examined in isolation

for an arbitrary choice of p. Multiplying (5.13) on the left by 2T and
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combining with (5.9) then gives for some eigenvalue A, of A

I Ai -l < A ' ' (5.14)
where 152 is the minimum eigenvalue of

VT(A—p.I) Ve = A2V Vg (5.15)

Different values of p will vary this®valv@, and values p and z that ;

. &
simidtaneously satisfy (5.12) and (5.15) (for the minimum eigenvalue)
will give best bounds of this type. A means: of finding these will be

presented later, but for the moment (5.15) will be examined in more

detail,

First let the eigenvalues of (5.15) be ordered according to

0<H, £ 4, =, . <458

A | (5.16) 4

' foilowing Lehmann, denote the eigenvalues of A by Xs, the superscript

B determinging the ordering by distance from p

DY - b xg— WS e R CR T N
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" so V (A—tI)ZVz = t;_tfv (A—

Then because of the similarity of (5.15) to the eigen problem
VTAVz = pVTVz

the theory of Section 4.1 (d) may be applied here which, with the"

ordering just given, gives the equivalent of (4.9)

2 2 ' 2

(A}:-J’+1 —.f*) 2 Ak-i*‘ 2 (AH":V‘—/U)) j: 1)..)‘( )
or writing i = k-j+1°
- ul < A, < n“ e m, i=1,...,k : (5.18)
From this and (5.17) it follows that in each complete A- interval

(A Dpi<a ), 351,00k, " (5.19)
lie at least i eigenvalues of A, vwhile in each regiog

(As IA-pl> Ai} y 1=1,.00.0,k, (5.20)
lie at least k-i+1 eigenvalues.

 So far a fixed values p has been taken in (5.9) and the smallest

intervals of this type have been found by choosing optimum z, These

intervals have centre kb and width 2A . However if more information

is available then better bounds may be found, for instance Temple
(1928) considered the case where a value t was known such that with
the ordering (4.4)

ALt <, , (5.21)
and he used a single t;iai Yector to find a useful upper bound T dnri
Aj. This result was generalized by Lehmann t1963) as follows, Re-
arranging (5.15) and defining t = p-a o
and T = p+A | that is lettlng [t,7] denote the prev1ous 1n»erva1

viLA2. (t+T)A+t'rI]Vz_~ = -o

T,

-'-A‘

£I) Vz

Cor V(AT Va = 1 vEawD) v, ) (5.22)

(7-t)
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80 that given a real value t this eigenvalue problem can be solved

for the real eigenvalues 1/(Ti-t) as long as t is not an eigenvalue
of A, Now if t is not an eigenvalue of A then 7=t # 0 and the k -
eigenvalues can be ordered so that
TpSeee eI g <E<T i dr_, THs = k (5.23) |
From the definitions of t and T and the results for the intervals
(5.19) and (5.20) it then follows that in each closed interval
Ce,ridy i =1ciiiys _ (5.24)
Jie at least i, and in each remaining region
RoN\(E,7) 1= 1,.0l,s , (5.25)
lie at least k-i+1 eigenvalue of A, and the same holds for
[T_i,t], i=1....,r
\ Such results can be very useful if for instance a value t
close to an eigenvalue Aj+1 is known such that with the ordering
(4.4)
'xj+1_<_ <Ay (5.26)

then T, is an upper bound on Xj, T, on Aj—1’

and so on. Lehmann (1966) shows how such added information may often
be found for a symmetric matrix, thus giving mich better results than
could be found by the p,A approach without any added Winformation.

In the next section a means of computing values of pu and z
satisfying (5.12) and (5.15) simultaneously will be presented, but
first, in order to gain insight into just how good the corresPonding‘
intervals (5.19) and (5.20) will be, consider the case where k = 1
and v, = (x1 + xa)/V? , |

with the eigenvalue ordering (4.4). Here (5.15) -becomes -

899
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and the minimum value of A is given by p = (x1+k2>/2, which
gives A= (x1 - xa)/z; The results (5.19) and (5.20) then state
that at}leaét one eigenvalue of A lies in [12,11] while at least one
eigenvalue lies outside (A ,X Y. Now as nd eigenvalues lie inside
zﬂ‘le eg@ p01nts of the inclusion interval can be

dropped without destroylng the theorem, ILehmann (1963) proves in

general that if Mk contains no eigenvettors of A and if only the

. information of (5.7) is to be used then only one of the end points

of each of the intervals (5.19), (5.20), (5.24) and (5.25) can be
dropped without the stated results being destroyed, that is, the

results use the information SIA) in (5.7) optimally.

\ .
- 5.4 Computation of the Lehmann Intervals

In his 1966 paper Lehmann considered means of computing theée
eigenvalué intervals, however he concluded that to obtain u, z,
and A such that both (5.12) and (5.15) were simultaneously satisfied
was a difficult probiem. Instead he chose to take the eigenvalues of
T, the matrix defined by (4.2), as the centres of his intervals — .
these being good approximations to the required p giving the smallest
intervals. Ngxt he gave methods for finding:the values of A on be;ng
given W, or T on being given t, and to do these he considered mainly"

the Lanczos vecto;s and a limited generalization of these.

It is however clear from the different approach used in this

'.theSis that for given values of p or t the corresponding values of A

or T.could always be found from the eigenvalue problem formulations
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(5.15) and (5.22), for any set of linearly independent vectors
UH,......,U&. What is more, if the ﬂg are the Lanczos iterates
then these eigenproblems became particularly simple, as will be

shown later. Now the smallest eigenvalue of (5.15) will be of

" particular interest, and so it is interesting to note that with

this eigenproblem formulation it is possible to find values of
and z satisfying (5.12) and.(5.15) simultaneously, with not much
more trouble than for just finding the smallest éigenvalue 22 for
a given B, and this can be done for é general linearly independent
set of vectors [WQ,ﬂE,...,ﬂk}, .

The required local minimum of (5.9) as a function of both m
and z.canin fact be found by the following simple iterative process,
a;d as only the smallest eigenvalue of (5.15) will be considered here
tgé\usual notation will be temporarily dropped for expediency, and in
what immediately follows the subscrijt i will denote the iterate.

Thus having chosen P1 y for i = 1,2,... define

M. = V(A-p. DV | - (5.27)
i i
and solve
2 T '
Mz, = A7 VTVzi y 25 VTVzi = 1, (5.28)
where lli is the minimum eigenvalue of'Mi,
then form )
T .
b g = 2, VTAVzi L (5.29)

and name this Algorithm (1)

Sﬁch a process commencing with any Hq will converge to values p, & s

and z so that both (5.12) and (5.15) are satisfied, for

Mg =My = (iyomg

) V-G DTV, (5.30)
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but by the minimum property of this eigenvalue

2 - _ 2
. Ai+'l < zl M1+1zl A (p P-) ! (5.31)

so that A is strlctly monotonlcally decreasing with i while

B 4 # Wy o But Ai >0, so0 Ai > A, therefofzzzg 31) W, => B, and
from the form of the algorithm p and A satisfy (5.12) and (5.15),
whether z, converges or not,

The disadvanfage is that there must be two'iteration processes here,
the innef 6£e using for example inverse iteration to find the smallest
eigenvalue, and the outer iteration towards the required W, A, and
(subspace for) é. It is natural to attempt to telescope these into one
itgraﬁion process, such as the one given below, the question then arising
as ko whether the resultiﬁg itération ;ill converge as required.
Consider the combined inverse iteration commencing with a vector z

Z.TVTAVZ./E.TVTVzi R
1 Vivz, M; as in (5.?7).

1+1 i?

Let this be named Algorithm (2), and define.

1

g =

5. ='z.TM.z./z.TV‘IVz. > 0
i i 7i%1% i<

then if éi decreases, convergence can be proven. Now

T

© B M %40 %5 41 1(VTV) M ”TV) M2
8. - § = -
%541 7 % T -1
Fare 2141 vaziﬂ 1+1M v M523 41
but using (5.30) o
= Ty 2
841 = Zi4q Mi%g 4y 1+1VTVZ = (B yq - S

and .since VTV is positive definite it is possiblé to define a symmetric

matrix B so that



viv=82 , c=pB"

‘ giving
T.2

. ‘ T T T.,3 e 2
_6i+1-—'6i=wa/w‘w-wawa-(p.i+1 p.i)

Now C is clearly symmetric positive seﬁd-definite and so has an -
eigensysten

T ..
Cwg = gy Wiy = 855 3,0, = 12,000k
s0 let w ==Zh&wi'and denote the Rayleigh quotients
r 2 T 2
p(A7) =20f >/ 2,
then if p(A) = 0 it also follows that p(A%) = 0, r =2,3,... Next
24 2 _ 2 20 ;1 2,2
) (E:Yi > = fZXai)(a'i))i)] S(Eai)@ai))i)
by H6lder's inequality, giving p(C)2 S_p(CZ),
while
Y2 22 3/2 2y12 293 o2
(Eai »° = [Z(ai))i Mey ¥ )] _<_(Eai9 i)(Eai Y,
again by Holder's inequality, so on dividing through
p(c®% < p(c?) p(o)
... p(0)p(c?) <vp (c)

as a result
2
S 8 = (g - )
So with the same argument as before N N 8y 1 > p, and therefore

Mi => M. Now it is clear from the inverse iterations that 6§ will be an

eigenvalue of

‘ T

Mz = 6 V'Vz
but whether or not this will be the required Aa'wj_ll depend on Zge
For Algorithm (1) a good choice of the initial value Wy is an

eigenvalue of T, while for Algorithm (2) Z, can be taken as the eigen-
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vector corresponding to the smallest eigenvalue of Mq, again choosing

Hy to be an eigenvalue of T. In practice however the results of these

(believed new) algorithms were rarely significantly better than

Lehmann's suggested approach of just finding the smailest eigenvalue

of M1 where Hq is an eigenvalue of T, and in this light the reward
would'scarcely be worth the extra effort involved in either of these
iterative procedures. The eiéenproblem formilation (5.15) for fixed

v however still hes an advanéage over Lehmann's suggested algorithm
(1966), especially when the intervals become small, because then inverse
iteration converges very swiftly to the minimum eigenvalue AZ and
corresponding eigenvector z, an§~by using double-length eccumulatiog in
the formulation of the Rayleigh quotient with z as will be shown in -

Section 6.3 , the loss of accuracy noted by Lehmann (1966) in his
\ .

calculation of A can be avoided.

5.4(a) Simplification using the Lanczos. vectors

It has already been mentloned how the problem of finding optlmum
invervals is 51mp11f1ed in the case of the Lanczos process. Suppose the
vectors of V are normalized to have unity 2-norm in (4.1), then

I, VE =0

VI - BV + E in (5.15)

AV = VI +E, VY

i}

1l

and substituting AV-pv

© gilves

UT - D2 v ETE)s = A% (5.32)
Now E'E has only its (k,k) element non-zero and so thls is an easily

obtalned penta-dlagonal symmetrlc matrlx elgenvalue problem and the

-Asmallest elgenvalue can be found very qulckly, for examble by inverse

1terat10n. W1th the same' ubstltutlon equatlon (5 22) becomes

v
t'-\'; te






