Polynomial Interpolation (PI)I
Problem:

Given n+ 1 points (zo,yo), (x1,¥1),- - ,(@n, yn), where z; are distinct, seek a polynomial
p(z) with least degree such that p(z;) = y; for i =0,1,...,n, i.e., the polynomial curve
passes through the given points.

Here z; are called nodes, and p is said to interpolate the n + 1 points.

The Vandermonde Approach

Theorem. If nodes zg, 1, ..., x, are distinct, then for arbitrary real values yq, y1, ...,
Yn, there is a unique polynomial p of degree < n such that p(x;) =y; fori =0,1,...,n.
Proof. Let p(x) = cg + 17 + c2x® + -+ + ¢,x", where ¢; are to be determined. Set
p(z;) = y;, then
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Write this as a matrix-vector form Ac = y:
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where A is called the Vandermonde matrix and it be shown (check a linear algebra book)
that

0<i<j<n

Thus A is nonsingular and Ac = y has a unique solution ¢ = A™1y. i

The proof provides a method to compute the coefficients of the interpolating polynomial:
Step 1: Form the linear system Ac = y.
Step 2: Solve Ac =y by GEPP.
Zo
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Computational cost: In step 1, A(:,j +1) = A(:,7) .* for j=2,...,n.

L,
It needs (n+ 1)(n — 1) ~ n? flops. In step 2, 2n® flops are required. Total: 2n? flops.
Note: A has structures and actually faster algorithms are available to solve Ac = y.



Evaluating p(z):
Nested multiplication

p(x) = co+ax—+or’®+.. . ca"
- CO+‘I(CI+x(CQ+...+I(Cn_1—|—xcn))...)'

Procedure for evaluating p(z) for some :

P—cCn

forecr=n—-1:-1:0
p<c+axp

end

Computational cost: 2n flops.

The Lagrange Approach
Lagrange form (LF):

P(iﬂ) = Z lz’(fﬂ)yi,
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Obviously p(z) defined above is a polynomial of degree less than or equal to n and
p(z;) =y; fori=0,1,... n.

We can rewrite p(z):
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where ¢; = ma q(z) = IT_o(z — ).
Computational cost of finding ¢y, cq, ..., cy:

For each i, computing ¢; needs 1 division, n subtractions, n — 1 multiciplations, a total
of 2n flops. So computing all ¢; needs 2n x (n + 1) ~ 2n? flops.

Computational cost of evaluating p(z) for some z (given ¢; for i = 0,...,n):
Computing ¢(x) needs 2n + 1 flops. Computing # needs 2 flops for each 7. Thus
computing p(z) needs a total of (2n+ 1) + (n+ 1) * 2+ n ~ 5n flops.

Note: In practice we usually do not use the Lagrange approach, since the evaluation of

p(z) is not efficient.



The Newton Approach

Idea: Suppose a polynomial py(x) of degree < k has been found to interpolate (xg, yo),
(x1,91), -y (@k, yg). We seek a polynomial pgii(x) of degree < k + 1 to interpolate
(o, Y0)s (T1,1)5 -5 (Ths Yn)s (Tt Yny1)-

Let pri1(z) = pr(z) + age1(x — xo)(x — 1) ... (x — x3), where ayy1 is to be determined.
Obviously we have

Pr1(zi) = pr(z;) =y, 0<i<k.

Set pr+1(Tk+1) = Yky1, We obtain

Ykt1 — Pk (Tht1)
Tk+1 — $0)($k+1 - $1) te ($k+1 - xk)

Ag+1 = (

This pry1(x) with the above agy; interpolates (zo,¥o), ..., (Tk+1,Yk+1). Also notice
pr+1(x) is a polynomial of degree < k + 1. So it is what we seek.
Finally p, has the so-called Newton form (NF):

pu(z) = ag+ar(x —xp) + as(x —xo)(x — 1) + ...
+ap(r—x0) (T — 1) - (T — Tpq).

Evaluating p,(z) for some x:
Nested multiplication

po(z) = ap+ar(x —xp) + as(x —xo)(x — 1) + ...+ an(x — xo)(x — 1) -+ (T — Tp_1)
= (- ((ap(z — 2p_1) + an1)(® — Tp_2) + an2) - )(x — x0) + ag
Procedure for evaluating p,(z):

p—ap
fori=n—-1:-1:0

pe—px*(r—x)+aq
end

Computational cost of this procedure: 3n flops.

Cost of computing ay, as, ...a, by

Y1 — Pr(Thi1) ‘
Try1 — $0)($k+1 - $1) cet ($k+1 - xk) .

k41 = (

Cost of computing aj1:
(1+3k)+[(k+1)+k]+1=>5k+ 3 flops.
Total cost: Y-3p=4(5k + 3) = 2n? + in ~ 5n? flops.



A more efficient method for computing ag,ay,...,a,

Since
n i—1
pa(x) = Zaz‘ H(IB )
=0 j=0
interpolates (z;,y;) for i =0,1...,n, we have

po(z) =y, 1=0,1...,n.

This gives the linear system Aa = y:
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Notice A is a lower triangular matrix and its diagonal elements are nonzero, so A is
nonsingular and Aa = y has a unique solution a = A~1y.

Since A has special structure, we can design an efficient algorithm to compute the
solution a.

The pattern of finding ag, ay, ..., a,:

fork=0:n-—1
ar, < yr  (updated yy)
fori=k+1:n
subtract equation k£ from equation ¢
and divide equation ¢ by x; — z
end
end

an <= Yn

Notice when we update the equations we need only keep track of changes in the y vector.

Algorithm. Given x;, y;, find a; (i =0,...,n):

fork=0:n—-1
A < Yk
fori=k+1:n
Yi — (yi—yk)/(l’i—xk)
end
end

an <= Yn




Remark: The computation can be performed in a table (an example will be given in
class).

Computational cost: Y7—;3(n — k) = 2n(n+ 1) ~ 3n? flops.

Dangers of High Degree Polynomial Interpolation
Let y = f(x). We approximate f on [a,b] by an interpolating polynomial p at n + 1
nodes, i.e.,

p(zi) = yi = f(w:).
Q. Is it true that f will be well approximate at all intermediate points as the number

of nodes increases?
Answer: No. The Runge function:

flz)=1/(1+252%), z€[-1,1].

If p,, is the polynomial that interpolates the f at n+ 1 equally spaced points on [—1, 1],
then

Jim max |f(x) = pa()| = oo.

We could choose better nodes. But in general high-degree polynomial interpolation
should be avoided.

Interpolation error theorem: If p is the polynomial of degree at most n that inter-
polates f at the n + 1 distinct nodes zg,zy,...,z, belonging to [a,b] and if "V is
continuous. Then for any x in [a, b], there is z, in (a, b) for which

1 n+1 n
£) = plo) = gy I (o — )



